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MpoAoyoc

To MaveAAnvio Zuvédplo ZTaTIOTIKNG AMOTEAEL TNV KUPLAL EMLOTNMOVIKN €K&AAWON
OTO XWPO TNG ZTATLOTIKAG Kal Twv MBbavotntwy, otnv EAAGSa. JuvSlopyavwveTtol o
etnoLla Baon, and to 1985, and to EAANVIKO ITATLOTIKO IvoTitoUTo, To omoio ival
Kol pENOC tne Opoomovdiag Eupwmaikwv EOvikwv Itatlotikwv Etapeltwv
(FENStatS), kot éva EAAnVKo f Kumtplako Akadnuaiko 16pupa. To 350 EBVIKS Kat to
1o AleBvéc JUVESPLO ITATIOTIKAG TOU Tpaypatonow|Bnke tov Mdio tou 2023,
SlopyavwBnke amod 1o EAANVLKO ZTATLOTIKO IvoTitoUTo Kot To MAveEMLoTAKLO AUTIKAG
ATTIKAC, otnv ABrva. H ev AOoyw ekbnNAwon £depe KOVTA ITATIOTIKOUG, AVOAUTEG
Aebopévwy, MaBnuatikolg, MAnpodopikols, KaBWE Kal EMLOTAUOVES Ard OAo TO
daopo Twv BETIKWY EMOTNUWY, HE OKOTO TNV avtaAlayn WSewv Kal tn oulntnhon
Twv poodatwy e€eAifewv aTNV EVPUTEPN MEPLOXH TNG ITOTLOTIKAG EMLOTAMNG Kot
el61KOTEPA OTNV £dAPUOYN TNG OTATLOTIKNG OTIC EMLOTAKES Yyeiag. H wotopia tou
Juvebplou eilval peyahn kat omoudaia. Kataypddel tnv otopia tTNG ITATIOTIKAG
gmLoTAUNG otnv EANGdSa, avadelkviovtag kaBe xpovo VEEC TAOELG TG0 oTh Bewpia,
oA\ kal oto edapuocpéva mpoPAnpata mou epdavilovtal cuvexwg o OAAEC
ETUOTAMEG Kal avalntolv AUCELG oTig MBavotnTeg Kol TN ITATLOTKA. To Zuvédplo
O6lvel Pruoa, adevog ot KATALLWHEVOUC EPEUVNTEC KOl EPEUVATPLEG, KoL
okadnuaikoug Sackdalouc, mou polpalovtal TV MOAUTLUN YyVWon KoL TNV eUmeLlpla
TOUG KoL, ApETEPOU OE VEOUG KOl VEEG TIOU EEKIVOUV TNV EMLOTNUOVLKA KOPLEPD TOUG
LLE TLG TIPWTEC OVAKOLVWOELG TOUC 0To ZuveSpLo. H emutuyia Tou Tuvedpilou 6Aa auta
Ta Xpovia eival cuvduacpog TNG UYPNARG OLOTNTAS TNG EPEUVAG, TNG TIOLKIA LG TWV
ETOTNUOVIKWY Bgpdtwy mou mapouotalovtal, aAAd Kal Tou BeTikoU KALpaTog mou
£XEL KOAALEPYNOEL AVAUECH OTOUG CUUETEXOVTEC.

H kawotopia tng detvig ekdnlwong ntav n SteBvomnoinon tou Iuvedpiou. MNa
npwtn popd to A tou EXl, oe cuvepyacia pe To avadoxo MAVEMLOTAKLO AUTIKAG
AtTtiknG, Sdlopydvwoe 1o 1° AleBvég TuveéSplo ITATLOTIKNAG, LE Kuplapyxo BEéua tou
Tuvedplou tnv «ITatiotikn oti¢ Emotnueg tne Yyeiacy». H ev Aoyw ekdnAwon oL
Jtatotikolg, Blootatiotikolg, EmdnuioAdyoug, MabBnuatikolg, AvaAuTEC
Aedopévwy, MAnpodoplkouc, KabBweg Kol EMLOTAUOVESG Ao To euputepo Tedio Twv



Edapuoopévwy Emotnuwy, amo Siwadopa MEPN TOU KOGHOU, LE OKOTO TNV
ovtaAdayn 8swv kot ™ oulAtnon twv mpoodatwyv efelifewv otnv gupltepn
TepLoxn tTNG ZTATLOTIKAG EmiotApNng kot twv epoppoywv tng oTtnv uyela. Ito
Juvédplo ouppeteixav 6 EAANveg Kal E€vol Kevtplkol OpAntég, KaBwg emiong Kat
37 EAANveG Kot E€vol opANTEG oto TAaiolo Ewdikwyv Suvedplwy, pe Bepatoloyia
ard 6Ao To pACHA TNG ITATIOTIKAG. ZUVOALKA CUMUETELXAV TieploooTepol amd 150
olvebpol, kal mapouatdotnkav 106 epyaociec. Na to EAévelo BpaBeio KaAutepng
Aldaktoplkg AlatplBg OTn ITOTLOTIK TIOU OUTOVEUETAL OTN UVAMN TNG MKPNG
EAévng pe mpotacon Kal xopnyla twv yovéwv tng, Tou cuvadéldou Tpudwva Adpa
Kot tng ouluyou tou MoAuéévng ol detwvol umoPndlol Atav ot : OWUASAKNG
Xpnotog pe tn Siatpipn tou «Statistical modeling of CD4 cell count evolution in
HIV-positive individuals before and after antiretroviral treatment initiation under
missing data due to various dropout mechanisms», KaAAwyépng EppovounA-
Nektaplog pe tn Slatplpn tou «New Developments on Modelling Techniques for
Dynamical Systems with Applications», AUkou P6&n pe tn datppn g «Didtpa
Fevikwv Kpudpwv popkoBlavwy povtédwy, BeAtiwoslc oto ¢idtpo cwpaTdlwy pe
eMumy  6edopéva kot edpapuoyég», Meoehidbng Xprotog pe tn Slatplfr) tou
«Mathematical Modelling of Categorical Data with Actuarial and Financial
Applications», Mmnoupald¢ Kwvotavtivog pe tn Swatplpy tou «Self-Starting
methods in Bayesian statistical process control & monitoring», kat XatinAéva
Avaotaoia pe tn Slatplp tng «Essays on Epidemic Models and their Statistical
Analysis». H Emutponty afloAdynong mou amotsholvtav and touc Kabnynteg
Mapia Katépn, Mavaywtn ManactagoUAn, Taun TpéPela, ABavaolo Pakitlh kat
Anunitplo ®ouokdkn, amévelye 1o BpaPeio otov k. X. Owuaddkn o omoilog Kot
napouociace oe oAopélela tnv epyacia tou. To BpaPeio KaAutepng Epyaociog
Néouv EAAnva Ztatiotikol, To onoio €xel SwpobBetrioel o KaBnyntr¢ Balakrishnan
(McMaster University, Canada), amovepn0nke, petd amnd anddacn tng Emttponng
BpaPeiov, otoug k. Baoihelo MNamayswpyiovu kalt Maria Jaenada. Ot umoyrdlot
Atav ot Maria Jaenada pe tnv epyacia «Robust estimation for step-stress
experiments with non-destructive one-shot devices under lognormal lifetime
distribution», EppavounA-Nektdaplog KaAAlyépng pe tnv gpyacia «On Stochastic
Dynamic Modeling of Incidence Data», T{oupépkag Mwpyog He TNV epyacia «A
Comparison of Power-expected-posterior Priors in Shrinkage Regression», kal
Mamnayewpyiou BaoiAelog pe TNV epyacia Tou «Eva EMEKTETAUEVO ETILONULOAOYLKO
diktpo ocwpotdiwv yla TNy meplypadn tng petadoong



poAuopatikwv ooBevelwy. Edappoyn ota dsdopéva COVID-19 otnv IltaAio». H
Ermutponty tou BpaPeiou amoteAeito amd toug KabBnyntég Mmoatoidn A,
Mrmoupvéta A., kat Wappadko I. Ita xépla oag kpatdte ta Mpaktikd tou Tuvedpiov
ota onoia urtoPAnBnkav 15 epyaocieg, kat £ywvav dekteg 13 epyaoieg. H Emtponn)
‘EkSoong Mpaktikwv Tou EZl ekppAdlel TIC EUXAPLOTIEG TNC TIPOC TOUC KPLTEG: K.K.
Adévépag I., Bovta |, FewpyakomouAog I., Anuémoulog A., Owpaddkng X.,
Kapayiavvng B., KoUtpoc B., Makpidng A., MapaBeAdakng M., Mayxaipdag N.,
Maupidng A., MeoeAibng X., Mnatoidng A., Mmnoumotdg M., Mwuowadng N,
Owkovépou M., Nanayswpyiou T., NamaoctapoUAng M., Metpomouvlog K., TaxAdg A.,
Juya B, Zwtnpakoylou K., T¢aBeldg ., TpravtaduAonoulog K., XeAtwtng A., Toma
A. yla TNV empeAnUévn Kol TIPOOEKTIKA 0floAdynon Twv epyacwwv. H oelpd
TAPOUCILACNG TWV EPYACLWV OTOV TAPOVTIA TOMOo elval aAdafntikn pe Bacn to
EMWVULO TOU TPWTOU cuyypadea.

Ot ZuvtovioTtég Twv MpakTikwv

EAeuB£plog Ayyelng
MoaABiva BapBakapn
ANEEavSpoc Kapaypnyopiou
Jwinpia Mahedpakn
Jwtnploc Mmepoipung
AnpooBévng Navaylwtakog
lewpylog Wappakog
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Mpoypappa tov Zuvedpiov

IEMIITH 25 MAIOY 2023/ THURSDAY MAY 25 2023

Aifovca A/ Hall A: Kevrpwké apgiBsatpo/ Central Amphitheater

13:30 - 14:30

Eyypagn Tvvédpev/ Registration of the Participants

_ - Xapetiopoi — Welcome Addresses

N. Balakrishnan
15:00-15:30 Linear Prediction
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16:00-16:30 | 5-Datta
Regression Analysis of a Future State Entry Time Distribution Conditional on a Past State
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of discrete distributions
17:00-17:30 Ch. Charalambides
A class of power series q-distributions
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On Stochastic Dynamic Modeling of Incidence Data
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The Method of Moments vs Maximum Likelihood -An overestimated difference?

16:20 — 16:40

A. Kopdaing, E. Tpépelog
The Convolution Algebra of Multi-time Markov Renewal Chains and elements of Statistical
Estimation

16:40 - 17:00

S. Trevezas, G. Gavrilopoulos, L. Votsi
Nonparametric Maximum Likelihood Estimation for discrete time Denumerable Markov
Chains

15:40 —16:00 I'. Kooua, B. Kapvot
Avalvon xat ITpofreym Xpovooepdv pe dedopéva smoyiic ypinng
16:00 —16:20 M. Mapkov, B. Kapvom
TIpoPieyn ¥povosepdV Kat HEALOVTIKGV aKPOTAT®OV Gt ayy®@dels datapayéc otov TAnbuoud
me EAadac.
16:20 — 16:40 L. Mois@akn, II. Owovopov
Mapaxokodnen paxporpéBecung cyEomg petald GUVOLOKANPOUEVGV JPOVOCEPAV
16:40 -17:00 M. Xolakuag
Behnotonoinon Zyedracpédv Enavalapfavopsvov petpiceev 2 ay@y®dv eKTIUNGT GUECOV
smdpacewv (direct effect)
18:00 - 19:30 IZTOPIKOX IIEPIITATOX X*THN AO®HNA — HISTORIC WALKING TOUR IN ATHENS
20:30 EINI*XHMO AEITINO — CONFERENCE DINNER

a4
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YABBATO 27 MAIOY 2023/ SATURDAY MAY 27 2023

Aifovce A/ Hall A: £109A
Aifovce B/ Hall B: £109B

09:00 -9:20 K. Bourazas, K. Fokianos, Ch. Panayiotou, M. Polycarpou
An Adaptive Kernel-based Multivariate CUSUM for Location Shifts
09:20-09:40 K. Fountoukidis, D. L. Antzoulakos, A. C. Rakitzis
The Variable Sample Size and Sampling Interval Run Sum Max Chart
09:40-10:00 T. Gkelsinis, V. S. Barbu
Recent advances in reliability indexes for semi-Markov repairable systems with applications to
financial credit scoring
10:00-10:20 K. Tasias, P. Mpistintzanos, F. Pekridis
A mission reliability redundancy model for an aircraft fleet with cold standby spare parts
10:20-10:40 I. Triantafyllou
Combined m-consecutive-k-out-of-n: F & consecutive kc-out-of-n: F structures with cold standby
redundancy
10:40-11:00 D. Lyberopoulos, N. Macheras
Martingale characterizations of mixed compound Poisson processes with applications in risk
the O

T. Adapag, B. IHavrovia, B. Mavéwkac

il et Tpémot spappoync e Ipappxic Awyepiotikic Avalvong oe dedopéva and 1o ydpo g Yysiag
09:20 — 09:40 L. Aagwic, X. E. ZoTog, A. Pavtomoviov, I'. K. Iuradoémovioc
T H Eridpaocn Tev Hepiédav Avepyiac Tmv Atouxy Yysia
L. ®opme, . Ntehikov, A. Iavvakn, A. Zvdakn, K. Meyyevae, X. ®Povvriovia,
09:40 —10:00 . .
E. Horaysopyiov, A. Kprepnapdnc
Emxotvevia KxuTtapmv ToV ailatod HECK WKPoKVeTIdiav: O pOAOC TOVC GTN SPEMUVOKVTTIUPIKY
avaio
10:00 — 10:20 II. Apécoc, E. Haviov, E. Popmg, E. Haraysopyiov, K. Zrapoving, I. Buicaun,

M. Ioiitov, A. Kpiepmapdnc

A106TaTIKG Suvapkd oponeTalinV arofnKEVIEVEOV GTO YHYO0g

10:20 —10:40 E. Hoviov, . @optne, M. Zwovpdia, E. Agokaiakn, A. INevwiay, B. Mriptoac,

E. Haroysopyiov, A. Hetpac, E. Nopkov, A. Kpreprapdng

H emidpaom mg apoxdBaponc oty adotacn

10:40 - 11:00 II. K. Pepéiov, X. Honnac, I'. Haredomoviog, II. Tapavriing

Avayvepion g Botavikic Tpoélevong Tov EAAViKoD Aatodddov pe vEpLBpn pucpaTOCKOMIA
Ka1 epappoyl povrédev emPendpevng pabnong

11:00-11:30 ATAAEIMMA - COFFEE BREAK

11:30-12:00 C. Heuchenne
Anomaly detection for compositional data using support vector data description
12:00-12:30 K. P. Tran
Secure and Robust Federated Learning with Explainable Artificial Intelligence for Healthcare

Systems

12:30-13:00 P. Otto
A Dynamic Spatiotemporal Stochastic Volatility Model with an Application to Environmental
Risks

13:00-13:30 T. Perdikis

Distribution-free Control Charts for Monitoring Dispersion in Finite Horizon Productions
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Aifovca B/
Hall B
11:30-13:30

LYNEAPIA / CONTRIBUTED SESSION
ZroTieTiki - Statistics
vov/Chair : . Aggvijc / S. Dafnis

11:30-11:50

V. Chasiotis , D. Karlis
Subdata selection for big data regression based on leverage scores

11.50-12:10

G. Seitidis, S. Nikolopoulos, I. Ntzoufras, D. Mavridis
Inconsistency identification in network meta-analysis via stochastic search variable selection

12:10-12:30

K. Kontouli, O. Koutsiouroumpa, Ch. Christogiannis, S. Nikolakopoulos, D. Mavridis
Single-Arm Trials In Evidence Synthesis

12:30-12:50

F. Milienos, N. Balakrishnan, S. Pal
A multiple stage destructive cure rate model

12:50-13:10 A. Anastasiou, J. Tsimikas
Optimal threshold selection on a two-cut point optimal ROC curve
13:10-13:30 P. Papastamoulis

Estimating mixtures of multinomial logistic regressions

13:30 - 15:45

MEXZHMBPINH AIAKOIIH - MIDDAY BREAK

Aifovca A/
Hall A

15:45-17:45

IIPOZKEKAHMENH TYNEAPIA / INVITED SESSION
Stochastic Modeling and Statistical Methods: Advances and Applications Part IT
IIpocdpsvmv / Chair: A. Kapaypnyopiov/A. Karagrigoriou

15:45-16:15 V. Bisht and S. B. Singh

A Study on Dynamic Reliability Measures of Multi-state k-out-of-n systems
16:15-16:45 V. P. Koutras, S. Malefaki, P. Psomas and A. N. Platis

Modelling wind intensity effects on wind turbine maintenance policies

16:45-17:15 V. S. Barbu

Nonparametric estimation of semi-Markov processes and applications to reliability
17:15-17:45 N. Eleftheroglou

Adaptive Prognostics of Engineering Assets Utilizing Markov Models
15:45-17:45 POSTER SESSION

T. Tsiampalis, D. Panagiotakos
The AFFINITY method: A methodological Framework for Imputing missing spatial data at an
aggregate level and guaranteeing personal data privacy; implementation in the context of the
official spatial Greek census data

N. Nikolaou, M. Valizadeh, S. Behzadi, J. Staab, M. Dallavalle, A. Peters, A. Schneider, H.
Taubenbock, K. Wolf

A machine learning framework for cardiovascular health prediction modeling the interplay
between various environmental, neighborhood and socio-economic features: a German-wide
application

T. Moysiadis, D. Koparanis, K. Liapis, M. Ganopoulou, G. Vrachiolias, I. Katakis, Ch.
Moyssiadis, I. Vizirianakis, L. Angelis, K. Fokianos, I. Kotsianidis
A novel personalized stepwise dynamic predictive algorithm in Chronic Lymphocytic Leukemia

M. Ganopoulou, D. Koparanis, K. Liapis, E. Lamprianidou, S. Papadakis, K. Fokianos, I.
Kotsianidis, L. Angelis, T. Moysiadis
Causal Structure assessment in Health-Related Quality of Life questionnaires

K. Gourgoura, P. Rivadeneyra, E. Stanghellini, Ch. Caroni, F. Bartolucci, G. Pucci, R.
Curcio, M. Cavallo, L. Sanesi, G. Morgana, S. Bartoli, R. Ferranti, M. B. Pasticci, G. Vaudo
Modeling the Health Impact of COVID-19 using Mixed Interaction Models and Chain Graph
Models

Z. Kyrana, E. Pratsinakis, N. Papafilippou, A. Markos, G. Menexes
Comparison of dimensionality reduction and clustering methods on the multidimensional dataset
"Forest Cover Type" with mixed-type data

M. Tpwvtagiiiov
TUYKPITIKY] OVAALGY) KOGTOUS VOGNAEINC YEPOVPYIKOD TONER GE £va ONUOGIO VOGOKOUEID TNV
nevraetio 2016-2020: H nepintecn tov 'evikod Nocokopeiov Abnvov «ITmokpdteion

A.-A. Bapoov, A. Teovpavne, M. Aptepiov, N. Xeypopioc, A. Horedrwopavme, A. Agavritne
Isalos Analytics Platform: Eva Aoyiopixéd pnyavikic pabnong yio jin-TpoypopiaTicTag

[17:45-18:15

AL4AEIMMA — COFFEE BREAK




18:15-18:45

E. Polyzos, L. Pyl
Stochastic modeling of the elastic properties of carbon-fiber-reinforced 3D
printed filaments using polynomial chaos expansion

18:45 -19:15

A. Kumar, P. Kumar
Understanding a system’s performance in the Presence of k-out-of-n: Fand
Standby redundancy: A Reliability approach through Markov process

19:15 -19:45

G. D’Amico, F. Gismondi, F. Petroni
On some generalization of the ROCOF for general multi-state systems with
applications

19:45 -20:15

P. C. Trandafir, Ch. P. Kitsos
Applying LSI to Probability and Statistics

20:15 - 20:45

M. Markatou
Likelihood Methods in Pharmacovigilance

18:15-18:35

K. Georgiou, K. Charmanas, N. Mittas, L. Angelis
Thematic analysis and research trends on medical diagnosis patents using state-
of-the-art topic modelling

18:35 - 18:55 V. Georgakis, P. Xenos
Healthcare Risk Management: Machine learning in Cardiovascular intensive care
unit (CICU)

18:55-19:15 A. Nalpantidi, D. Kallis
Multinomial mixture model for spatial data with an application to demographics

19:15-19:35 E. Panagiotopoulos, 1. Oikonomides, S. Trevezas
A Comparison of Generalized Linear Mixed-Effects Models and Random Forest
Models on Crop Progress Monitoring

19:35-19:55 L. Champezou, D. Kallis
Spatiotemporal clustering with an application on COVID-19 deaths in the
provinces of the Netherlands

19:55-20:15 D. Kouloumpou, G. Anastassiou
Brownian Motion Approximation by Neural Networks

20:15-20:35 M. Ravani, K. Georgiou, G. Liantas, |. Chatzigeorgiou, L. Angelis, G. K. Ntinas
Carbon footprint and human toxicity study of greenhouse products from
aquaponic cultivation

20:35-20:55 M. Ravani, K. Georgiou, G. Liantas, L. Angelis, G. K. Ntinas

A comparative study of carbon footprint of sheep milk production using
archetypal analysis




KYPIAKH 28 MAIOY 2023/ SUNDAY MAY 28 2023

Aifovca A/ Hall A: £109A
Aifovce B/ Hall B: £109B

09:00 —09:30 0. Jones, L. Hayes, J. Cable
Fitting a detailed stochastic population model using Approximate Bayesian Computation
09:30 -10:00 M. Limnios, N. R. Hansen

Nonparametric Modeling of Event Processes with Applications to Conditional Local
Independence Testing

10:00 - 10:30 S. Georgiadis, D. Di Giuseppe, A. Scherer, M. Lund Hetland, K. Pavelka, J. Vencovsky,
Z. Rotar, K. Perdan Pirkmajer, G. T. Jones, B. Glintborg, A. G. Loft,

B. Gudbjornsson, O. Palsson, B. Michelsen, E. Klami Kristianslund, H. Relas,

J. Huhtakangas, A. Ciurea, M. J. Nissen, J. K. Wallman, A. Yazici, M. Birlik,

L. Ornbjerg

A registry-based simulation study evaluating interchangeability of patient reported outcomes
1n axial spondyloarthritis

10:30 - 11:00 A. Burnetas
Recursive Computation of Equilibrium and Optimal Strategies in Unobservable Feed-Forward
ueing Networks with Delay-Sensitive Customers.

A. Poxatlig, E. Maplepidov

Avoe povémievpa Awypappata Etyyov pe Extyunpéves Iupapétpovg yia
Mndevodoykepévee Aepyacisc

09:20 — 09:40 I'. Horaysopyiov, M. Xaiwag

THYKPIoT) EXTUNTAV Y1a TV Tp6BAsyT eXAOYIKOV 0MOTEAEGUATOV

09:40 -10:00 X. Evayysiapog, B. Tpamoviaving

Tyebacpoi yia definitive screening pe ehay1ot) cvoyEToN petald TOV TEIPUYOVIKGOV
smdpaceav

10:00 —10:20 I. Tlavivng

H mBavétnta ypeoKomias 6 £va YEVIKEDUEVO UVAVEOTIKG LLOVIELD KvEhVOL

10:20 - 10:40 II. Biopa, I'. Poppaxog, A. Toomaj

Mia ooyéveta PETp@V petaPintomrag mov Paciletal v aBpo1cTiK VIOAEOpEVY
EVIPOTiQ KAt GE GTPEPLEC GUVOPTHOELS

10:40 - 11:00 L. Aocgwig, M. B. Kovtpog

Melim TOV 1IS10TTOV [1OC EVPEINS OIKOYEVEINC CUVEYDV KATAVOUGV

11:00 - 11:30 AIAAEIMMA — COFFEE BREAK

11:30 —12:00 S. Denaxas

| Methods for using electronic health records to study human diseases

12:10 -12:30 L. Zagaipatov, M. Stafoggia, E. Tapoin, A. Aveivnic, X. Ievvakoémovioc, K. B.
Bopatoog, A. Schneider, K. Katcovyiavvny
Emdpacsic vynlédv Bsproxpacidv otn Bvnoypwomrta oto vopd Atuxic, spapudéloviac un
YPUMKG HOVTEAO KOTGVEPMUEVIC YPOVIKIIG VOTEPNGNG GTO MAGIGIO TOV MPOYPEUMNOTOC
EXHAUSTION
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12:30 - 12:50

L. Povooog, B. Toya
MeBodoloyia exTipnong Tov peyEBovg SVoKOL TPOCEYYIcIEV TANBVGUGV |IE EQUPILOYT] CTOV
TANBVGHO TOV YPNCTAV EVEGILOV VOPKOTIKGOV oTnv Abijva

12:50 -13:10

B. Mropaiov, X. Oopedakns, N. Aspipne, I'. Toviovun

TToToTIKES 1EB0G01 aviyveLoNC GE TpayHaTIKo Xpovo g Evaping xar g e&éléng HIV
smdNuKeOV ekpifemv 6E dTopa TOL KAVOLV XP1oT evOoQAEPIOV VapKOTIKGV

13:10-13:30

N. Kaimovptin, I'. Tovi.ovun
TIpoPréyets apBpov Bavateav and xapdayyeiaxd voonuata péypt to 2035 omv EAhada,
xpnmponmmvmg powelo ATOMIKDV TPOCOUOIDCERDY GE MEPTOCELS e EAAEYT EBVIKOV

12:10 —12:30 A. Karaminas, P. Economou, S. Bersimis
T Improving healthcare services using machine leaming techniques
. X F. Bersimis, P. Bagos
12:30 -12:50 Polygenic risk scores and applications in clinical practice
12:50 — 13:10 E. Nika, T. Tsiampalis, D. Georgakellos
T Health budgets using data analytical techniques
13:10 — 13:30 Ch. ulis, O. A tonop ulou, A. F u, P. Economou and S. Bersimis
The use of data analytics in Insurance: an overview
13:30 - 13:50 Ch. Spyropoulos, P. Economou, S. Bersimis
o The value of data exploitation in sports industry: an overview
13:50 - 16:00 MESXHMBPINH AIAKOIITH — MIDDAY BREAK

16:00-16:30

16:30-17:00

17:00-17:30

17:30-18:00

N. Pantazis

Missing data and reporting delay in surveillance data

G. Touloumi, Ch. Thomadakis, L. Meligkotsidou, N. Pantazis

Longitudinal and Time-to-Drop-out Joint Models under at Random Drop-out Mechanism

Ch. Thomadakis, N. Pantazis and G. Touloumi

Issues with the expected information matrix of linear mixed models provided by popular
statistical packages under MAR dropout

G. Bakovannis

Semiparametric regression for competing risks data with missing not at random cause of failure

16:00 —16:20

I. Yoppakoc
Troyaotiki S1ataln Kot TOVTOTNTEC GUVHIAKDUAVONC

16:20 —16:40

P. Avkov, I'. Bacu.ewadng, I'. Tookhriong
diktpo Khetotov Kpvoov Opoyevoic MapkoPiavov Tvotipatoc Me Ienepacpéveg
Xopnuxomreg It Katactdosig

16:40 —17:00

A. Mnratcidnge, M. D. Jiménez Gamero kot B. MiloSevi¢
"EAeyyog KaAc TPOGOPUOYHG V1o T1) Yevikevpuévn Poisson xotavopmn

17:00 -17:20

II. Owovépov
"Evag véog adyop1Buog cuctadonoinong napovsia smxalvntopevev I'kaovciavey
vronAnBucuev

17:20 - 17:40

II. Mropmotac, . Kovpovking
Belniopévn extipnon nopapétpev o inverse Gaussian KoTavoun

17:40 - 18:00

A. Iavaperog, A. Zayhac, I'. TlaPeiriac, M. Bappoxdpn, A. Hoveyiotakos
AZwohoymon g axpifelag 1OV TopayovIeV GTIV SIEPEUVIITIKY TAPAYOVTIKY AVAAVGT): OPIGHOC

npofAfuartog
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18:00 - 18:30

AIAAEIMMA - COFFEE BREAK

Aifovca A/ Hall A: Kevrpwké apgiBsatpo/ Central Amphitheater

AifBovca A/ TNPOIKEKAHMENH LYNEAPIA / INVITED SESSION

Hall A Statistical Methods and Applications in Systems Assurance & Quality Part ITII
Iposdpevmv/Chair: E. Maepoipng / S. Bersimis

18:30-20:30

18:30 — 19:00 J. M. Poggi

. ) Statistics and Machine Learning in industry: combining heterogeneous or multi-scale model

outputs
C.Ley

19:00 -19:30 Sport Statistics — When Figures are more than Numbers

19:30 — 20:00 M. Bourguignon

A parametric quantile beta regression for modeling case fatality rates of COVID-19

20:00 - 20:30

D. Jeske
Design and Inference for a RCT when Treatment Observations Follow a Two-Component
Mixture Model

AiBovoa A/
Hall A

20:30-21:00

AHZH TYNEAPIOY — CONFERENCE CLOSING
IIposdpevmv/Chair: E. Ayyeinc/ E. Angelis

22
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Epyocics ota Elinvika

Papers in Greek
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MEAETH TON IAIOTHTON MIAY. ETYPEIAY
OIKOI'ENEIAY, ¥TNEXQN KATANOMSN

M. B. KoOtpoacg, X. A. Aagvic

Tuhue Etatiotinic xar Acgahiotxic Enotiune, Havenotiwo Hewpoude, Mewpande,
EX\é8a
mkoutras @unipi.gr, dafnisspyros @ gmail.com

[TEPIAHVH

Yy nopoloa epyoacia UEAETAUE TIC WOLOTNTES Miog EUPElNC OLXOYEVELNS CGUVEY WV
HOVOUETAUBANTOV XoTavopdy e othptypa 1o didotnue (0,00), n onola tpocpépet
onuovtixr] svehi&la yioo Ty mpocapuoyy 6cdouévev. H uelétn mepthauBdver xou
HETPA xWOLVOUL, To oTolal €youv Wiaitepr oNuacior 6Tov Toyéa Tou AVoloyiouoL.

AéZeic xhedid: Metooynuatiopol xoatavoumy, Boduido arotuylug, mpocopuoyy| de-
BOEVWY, UETEA XWVOUVOU.

1. EIXATQI'H

Y1 otatiotxr) BiBAMoypapla udeyel UeYIAO TARUOC EQYACLOY UE XUPLO TEQLE-
YOUEVO TNV avallATNOT VEWY XUTOVOUMY TOU UTopoly Vo yenotuonondoly »we xa-
TEANAOL TOpAUETEXE HOVTERD Yia euTelpixd dedopévar (BA. .. Lee et al., 2013).

T teheutaleg Sexaetieg TO EVOLPEPOY TEOC TNV TEOAVAPEROUEVY xatelYuvo
elvon oxoUa o EVTOVO ol apopd xLElKE GTNY AVATTUEN TO EUEMX TGV XATAVOUMY,
ue Wtadtepn EupooT vor BIVETAL OTIC XUTAVOUES TOU ToEOUCLELOUY aCGUUMETElO ot
Baptéc oupée, oL onoleg epapudloviol GE TEPLOYES OIS TOL OLXOVOULXE, TA YENUOTO-
oovouxd ot 1 avahoylo T emothun (BA. m.y. Ahmad et al., 2022).

Or teplocdtepeg YedobohoYieg TOU YENOUOTOLOVVTOL UTOPOUY VL YUEAUXTTOL-
odolv wg ‘wédodol cuvduacpol’, xadde cUVBUALOUY UTIEEYOVOES XATAVOUES YLoL VOl
ONULOLEYHOOLY VEES 1) TROCUETOLY TURUUETEOUE OE UTIERY OUCES XATAVOUES. LUUPW-
va pe toug Lee et al. (2013) ot pedodoloyiec autéc unopolv va xatnyoporoundolv
oTI¢ £€NC TEPLTTWOELS:

1. Tr onuovpyio ACOUUETEWY XATAVOUOV.

2. Tn dnwovpylo VE®Y xatavou®y pe Teoc XN TUpUUETOMY OTIC UTEOY OUGES

HOTOUVOUEC.
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3. Trv owoyévelan twv Brito-noporyduevmy xatavoumy 1 yevixdtepa, T uévo-
00 OAOXANEWTIXOV UETACY NUATIOULOD TdavOTNTOG Ylag Tuyolas HETUBANTAC HE
othprypa To ddotnue (0,1). Xougwva ye auth, Zexwvdue pe pio Tuyaio pe-
ANt opouévn oto (0,1) (my. 0 Brta) xou Yewpoldye 1o ohoxhipwmua
e ouvdptnone TuxvéTnTde e and to 0 we to F(z), 6nou F(z) eivan n
adpoloTixh cuvdptnon xatavounc (aox) ulag GAANG Tuyalac peTaBAnThC.

4. Tn obvietn yédodo, 1 omoio cLVBUALEL BUO TEQLXOUUEVES XUTOVOUES UE ETL-
XAAUTITOUEV G TNRlYHoToL Yiar T Onutovpyio Ylag VEUC XATovourc.

Y1y napoloa gpyacia TeoTelvoUUE Wlar TEY VXY, UE TNV omola €yovTag uio xota-
vout| (amd g xhoootxés ) xou GAAY) xau piot ouvdpTnom g 1 omola TAneol xdmoleg
AmAEC WOLOTNTES, ‘TaPAYOLUE’ WUlal VEX OXOYEVELD GUVEYMV LOVOUETOBANTOV XATAVO-
uoVY pe othptype o ddotnua (0,00). Xty Evomta 2, opilouye ) véa owxoyévela
XoTavouoy. DTNy Evotnta 3, tpocgépoupe emimhéoy eueMElX OTNY TROAVAPEROUEVT
OLXOYEVELNL XUTAVOUMY YIoL TNV TEOCUPUOYT| BEBoUEVKY, opllovTac Wla UETUCY MU=
TIouévn owoyévela. Xtny Evotnta 4, peietdue uétpa xwvoLvou Tta omolo €youv
Wiaitepn onuaocio otov Topéa Tou Avahoyiouoo.

2. OPIXMOI

YTIC MEQLOGOTERES XAACOIXES XATAVOUES, Ol OTOlEG €y0ouv OThplYUa To VETIXO
nudova (0,00), unopel edxoha Vo BIATLOTWOEL XAVELS OTL UTdpYEL 1) BuVOTOTNTA 1)
aox F'(z) va petaoynuoatioVel xatdhhnho €Tot HGOTE var XaTtahAZOUPE OE pio YRoxy
ouvdptnon tou . Autd onuobvel 6Tt unopel va Beedel plo mporypotixy cuvdptnon
g(x) tétow Hote

g(F(z)) =cx+d, ¢>0. (1)

Térolol petaoynuatiopot divovton otov Iivoxa 1.

Mivoxog 1: MeTaoynuatiopol The oox XAACCIXGY XaTtavouny ot wopet g(F(z))

=cr+d
Kotavoun F(x) Metaoxnuatiopudc g(x) c d
Exdetixd 1—e 7 —In(l — F) = Az —In(1 — ) A 0
T T T T
Weibull 1— e~ A (—In(l — F))a =)Moz (—In(1 —z))a Ao 0
I s
Pareto 17(w+¢k)a (LF)a =2 +1 ()@ 1 1
Gompertz 1— (e -1 ln(ﬂji—Fl +1) = Az ln(Lﬁlim2 + 1) A 0
—a\ P — -1 _ _ 1
Dagum (1 + (%) O‘) (F=1/P — 1) =2 (z=1/P —1)" @ % 0
K - T m(—(—p)e %) B 1 pl—F _ T 1-=
Exdetuxh-Aoyoptduixh 1 n m’; < ln(—#) = Az 1n<_1P—T) A 0
. 2 F \& _a Y 1
Log-logistic o (7)) =% (55)« x 0

Y ouvéyela, pe tn BoRdewa tng oyéone (1), Ya opicouue wa véa owxoyévela
CUVEY OV LOVOUETABANTOV XATAVOUMY UE oThHpLypa To didotnua (0, 00) tv onolo Vu
oupfBoliloupe pe Djf (¢, d).

Optopdc 1 Mio xoavoyr| avixer oty owoyévewr DY (¢, d), ¢ > 0, av n aox F(x)
el othprypa o ddotnua (0,00) xou YpdpeTon ot popeY

F(z) =g~ (ca +d), (2)
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6mou Y ) ouvdptnon g : (0,1) — R oybouv ot &g ouviixec:
* H g etvou yvnolwe adlovoa xou mapaywyiown.
e limy_y1-g(z) = oo.
* limz—>0+g($) =d T/] limw—>0+g(1") = —00.

¥n ouvéyea Yo ypnouonoolue Toug cupoliouolc X ~ Df (¢,d), F € Df (¢, d)
Yior vo dnhadvoue 6T e Tuyedor petoBAnTh axohoudel Ty xatavour; Dy (e, d) 1
1oodVvapa 1 aox F avixer oty owoyéveln Dyt (e, d).

Bdoel tov dothtov tng ouvdetnone g tou Oplopot 1, etvon dueco ot 1 F ebvan
TEAYHATL ACX.

Agob éyoupe oploel v oxovévewr Dyt (e, d), pnopolue otnv cuvéyelo Vo mo-
patneioouue 6t 1 avtioToyn ouvdptnon tuxvétntag f(z) pmopel vo exgppoactel
0e

c
f(z) = % —. 3
= gEw) ?
O napamdve tomog unopet vo tpoxder topaywyilovtag Ty (2), ondte Yo mdpouye
f(x) = F'(z) = (97") (cx + d)(cx + d) = c(g™") (cx + d)
X0 YENOWOTOLOVTOS OTH CUVEYELN TN YVWOTH OYEo
1
=1y
g T) = —F—-
= @)
H Boduida anotuyiog 7(x) wog tuyodag petoaBintic X ~ Df (¢, d) unopei va
exppaotel wc (BA. m.y. Barlow and Proschan (1965))

xou pe yeron e (3) npoxinte
() = :
g(F(x)(1 = F(z))’

1 1oodlvapa, Yétovtae Q(z) = ¢'(z)(1 —z), 0 <z < 1,

T(m):; x > 0.

Q(F(x))’

3. H METAYXHMATIXMENH D,—OIKOI'ENEIA KATANO-
MON

Botw F € Df(c,d) xu pia yvnoing adfouou xa mopaywyiown ouvdeton
go: (0,1) = R tétowx tote

limg_yorgo(x) =0 xau limg ,1-go(x) = 1. (4)

Av oploouye 0 cUVETNON g1 = g © go TAEATNEOVUE OTL
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’

* ng1:(0,1) = R elvor yvnolnwg adouvoa xan naporywyiown.

o limg,_o+ g1(2) = lim,_0+9(go(z)) = limy,_,o+g(y) = d.

o limg_1-g1(x) = limg_1-g(go(z)) = limy,_,1-g(y) = oco.
Yuvenog, n ouvdptnon g1 : (0,1) — R unopel va yenowonomdel we yevvhtopog
lag véag Dy—owoyévelag xatavouwy. H owoyévela auth Yo ovoudletar uetacyn-
wotiopévn Dy—owoyéveia xa Yo supfBolileton ue DY, (¢, d).

Kévovtag yprion tou tinou (2) ouprepaivouye 6t n aox F*(z) tne D, (c,d)
Yo Eyel TN Lopt
F(z) = g1 '(cx+d)=(gogo) (cx+d) = (g0~ " 0g")(cx +d)
= g g Hew + )

ONA.
F*(z) = go~ ' (F()). (5)
Ynueidvouue 6tL cuvRiwe, N cLVAETNON go Vo TEQLEYEL XOU TUEUUETEOUS, OTOTE 1)
véa xatavounr F* Ya éyer mpbodetec napapétpous (oe oyéon ue v F(z)), xdtt 1o
omolo Yo Tng Tpocdidel awENuévn eueMEla Yo TPOCUPUOYT OE TEAYUATIXG OEDOUEVAL.
Ou eeTdooupE OTN CUVEYELL CUYXEXPLIEVES ETLAOYES TG oLVEETNONG go(z) oL
oToleC 0BMYOUV OE OLXOYEVEIEC XATAVOUWY ToU NdN €xouv eupavicVel ot Biedvy
BBhoypagplo.
Mopdderypa 1 Eotw go : (0,1) — R pe

B 1
140 1)

Mropet ebxoha va eheyydet 6TL 1 go elvon yvnolwg adouca pe

go(x) 6> 0.

limg_o+go(x) =0 o limy,_1-go(z) = 1.

+

490 (6> d) pmopet va tpocdloploiet

Av F € D (c,d), npetooynuatiopévn xatavour D

and tov tomo (5,) apol evxola SomoTHveTaL OTL

1

—1

g0~ (¥) = —1 1
1+4(1-1)

Enopévee n aox tne D, (¢, d) Do éxer tn popen

1 LOOOUVOLYL, YENOWOTOLWVTOC T VEX TUPGUETPO 0 = =5 < 1,

| ol=F()

P =1 ==

H xotovous; auth €xet npotadel tpdogota and touc Ahmad et al. (2022).
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Mopdderypa 2 'Eotw go : (0,1) = R pe

In((0 —1x+1)
Ind
Mrnogel ebxoha vo eheyydel otL 1 go elvon yvnolwe adfovoa pe

, 0<0#1.

go(z) =

limg_so+go(x) =0 xou limy,_,1-go(z) = 1.
Av F € D{ (c,d), n petaoynuotiouévn xatavoury D (¢, d) unopel ehxoha vo npoc-
dtoptovel amd Tov tuTo (5,) apoU 1 avtloTEoPT CUVAETNO go_l diveton wg e€hg
-1
-1

90 ' (z)
Enopévee n aox tne D, (¢, d) Do éxer tn popen

. gF () 1
B ===

H xoravour auth éyet npotadel and touc Mahdavi and Kundu (2016) (BA., eniong,
Khalil et al. (2021)).

Mopdderyua 3 Eoto go @ (0,1) — R pe

0 -1
go(x)=<1——l) ,0>0, a>0.
In(l—z=a)

Mrnogel ebxoha vo eheyVel 6T 1 go bvan Yvnolwg adgouco e

limg_o+go(x) =0 xou limy,_,1-go(z) = 1.

_l’_

Av F € D (c,d), n petooynuotiopévn xotavour) Df

dloptofel amd tov Tomo (5) yenoylomoudvTog HTL

(¢, d) umopet ebhxola vor tpoo-

g~ ) = (1— "),
Enopévee n aox tne D, (¢, d) Do éxer tn popen

F(z)

F*(z) = (1 - 6_91*”@)&.

H xotovout; auth €xet npotadel tpdogota and touc Barati and Rashidi (2022).

YNUEWOVOUUE OTL OL WBLOTNTES TOU AMAUTOUVTOL YIOL TN CUVAQTNOT| UETACY NUATL-
ouol go (povotovia xou ouvifixes (4)) avomoLVVTAUL GTNV TERITTWOT TOU WS go
emhé€oupe
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1. v aox yog tuyadog uetoBAntrc ye otiptypa to didotnue (0, 1),
2. v avtioTpogn cuvdpTnon NS aox Wag TUYlaS UETUBANTAC YE OTrRLYUO TO
ddotnua (0, 1).
[Ma napdderypa, Yo uropoloe we go(x) vo emheyel 1 aox (1 1 avtiotpogn e oox)
wog xatovopung Brita ye mopopépoug ar, B, dnhad

— 1 ¢ a—1¢1 _ \B-1
go(z) = m/o (1 —z)” da.
Q01600 auTH N emhoYH euneptéy el BUoXOMES Yior TN uehétn g owoyévewac D (¢, d),
oo eV UTEYEL XAELGTOS TUTIOC YO TO OAOXAHEWUA IOV EUPOVIETOL TUPATEVE ol
1 éxqppaon (5) xadiotatar Svoyenotn. H teheutaia mopatrenon dev woylet av emthe-
YOUV GUYXEXPWIEVES EWBIXEC TIEQLTTWOELS Yio To @, B, 1 GAAEC XAUTAVOUES UE G TrRLY U
10 (0,1), ot omolec €youv amhéc EXPEECELS YlaL TNV 0OX TOUC.

Ynuewdvouye entiong OTL oL WBLOTNTEC NG CUVIETNONG UETACY NUATIOUOD BLoTr-
polvTAL AV YENOUWOTONGOUUE 800 TETOIEC CGUVUPTAGCELS XUl 0TI GUVEYELX ONULOUE-
yhooupe 11 obvieor| Touc.

To enduevo moapdderyua Bondd oty xatavdnon TS YENOWOTNTIS TWV TOUEUTAVE
TOUEATNPHCEWY.

Hopdderypya 4 Eotw goq @ (0,1) = R pe

11
goa(r) =1—(1—-27)2
xou go,2 : (0,1) = R n ouvdptnon nou yenotponotidnxe oto Hopdderypa 2, dnhady

Goa(w) = In((8 —lnl@)x + 1)'

Tote, opllovtag tn obvieon, go = Go,1 © go,2, N UETACYNUATIOUEVY] XATAVOUT|
D;fgo(c, d) Yo éyel aox g popeic

oF ) — 1
0—1
H xotovops; auty| €xet npotadel and toug Hozaien et al. (2020).

F*(a:):(l—(l— )2)ﬁ,5>0,0<07é1.

Yrov Iivoxa 2 Siveton évog eVOEXTIXGS XATANOYOS CUVIPTACEWY go(x) oL omoi-
€¢ UTOEOLY VoL yenotwonondoiy Yo Tr SnuLoupYiol UETACY NUATIOUEVWY XUTOUVOUWY
D (¢, d), Eexvdvtag and xdmolo yevvitopa g () 1oodlveya amd xdmolo xatovou
F € Df(c,d)). Enuewdveton 611 10 pbho g go €0 pmopel va tov Siodpapartioet
elte n ouVdpETNoTN oL BlveTan GTNY TEWTN OTAAY, ElTe 1 cuVdETNoN oy dlvetal oTn
0e0TeEPN OTHAY, lte 1 oLV¥eom 600 1| TEQIGCOTERMY ETAOYWY ATd TNV TEWTN 1 TN
oeltepn othin tou Ilivaxa 2. Elvon govepd 6T, xdvoviag yehon authg Tng duvo-
ToTNTAG, XodioToTon EPIXTO Vo EloayVolV TOMES VEEC XATAVOUES TNG OOYEVELNG
TIOU TPOTEVOUUE TNV ooV EpYasiaL.
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Iivaxac 2: Evlewtindc xotdhoyoc cuvopthoewy go(z) yio 0 dnuovpyia UeTaoymuat-
ouévawyv xatavoudy DT, o (¢, d)

go(x) g0 H(z) Hopduetpol Ly O

:L,a

T a>0 Eww  meplntw-
on NG XATAVO-
wic Bla,f) pe
=1

1—(1—x)8 1—(1- az)% B>0 Ewwr  meplntw-

on NG XATAVO-

wic Bla,f) pe

a=1
1—(1—2%° (1-(1- x)%)i a,>0 Katovour;  Ku-
maraswamy, [\

n.x. Tov Jones

(2009)
(14+60(:—-1)" (Q+7(:-1)"" >0 opdderypo 1
% 9(;__11 0<0#1 [Mopdderypo 2
# (1—e 1) 0>0,a>0 [opdderypa 3
In(l—za)
e e - -

4. METPA KINATNOYT

Yy evotnta auth Yo peAetcouue péTpa xvdlvou To omola €youv oLdTERN
onuacio 6Tov Toyéa Tou AVoloyiopoU.

4.1 A&la o xlvduvo

Ly avohoylo x| emotThun, 1o pétpo tne a&lug o xivduvo (value at risk, quantile
risk measure, quantile premium principle) efvar évo eup€ng YpnolLoTolVUEVO PETEO
YENUATooovouIXo) xvo0vou. Extiud tn U€yioTn Suvatr) an®AEld EVOC YopTO(U-
hoxiou (ue pla Soopévn mdavdtnra, éotw q) ot plo cuyxexpyévn ypovixr nepiodo,
YewpmVTAS OTL ETUXEATOUY XAVOVIXES UVITXES oty ayopd. [ mopdderyua, €0tw
oTL éva yopTo@UIdXio Exel o&ia ae xivBuvo ulag nuépac ion e €2,000,000 oe enine-
b0 eumiotoolvne 95% (¢ = 95%). Autd onpaiver nwe (tpobrnodétovtoug nwe Vo
eTXEATOUY Xovovixéc ouviixec Yo pa nuépa) N tedmelo avopévet, pe miavdtnta
95%, n i Tou yapTogLIaxiou vo unyv uetwlel teploadtepo and €2,000,000 xotd
™) Sdpxeta plag Nuépac, R toodbvopo undpyet miavotnta 5% vo pewwdel 1 o&io Tou
yopTopuAaxiou teptocdTeRo amd 2,000,000 xatd Tr Sudpxeta Ylag NUERACS.

Av n toyaio petoBAnt X neprypdper ) yelwon oty o&la Tou yapToguloxiou
o€ CUYXEQUEVT YpovixT| Teplodo xan cupfoiicouue pe x4, Ty ofio o xivduvo oe
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eninedo epmotoolvng g, o toylel:
P(X>zy)=1-—q= F(zq) =q,

onAadY) n aior oe xivduvo plag tuyaiog uetaBAntAc X elvon 10 g-0016 TOoCOGTINO
onueto g xoatavourc e X.

Av X ~ Dy, (c,d) xa oupBolicovye pe VaRy tnv oo oe xivduvo v tnv X
oe eninedo eumioToolvng ¢, Yo €youue

P(X >VaRy) =1-q,

1) LoodUVoL
F*(VaR,) =q

or’ 6mov, ye Bdon v (5), npoxintel 6t Yo TEEnel vo Loy Vel
g9o(q) = F(VaRy).
Emopévwe 1 aio o xivduvo yio tnv X umopel va Beedel and tov tOno
VaR: = F(go(q)), (7)

f 16odlvapa, eivar 1 aflo oe xivduvo yia ™y apywd xatavour) F € Df (¢, d) mou
avtiototyel oe eninedo eumoToouVNG go(q).

HMopdderypa 1 (ouvéyewa) Av n X axoloudel tnv xotavour Tou tpotdinxe and Toug
Ahmad et al. (2022), pe aox v (6), n olio oe xivduvo VaRy Yo diveton and Tov
TUTO

VaR; = F~(t),

6mou t = 7. To anotéheopa autd cupnintel pe tov TUno (20) Twv Ahmad et al.
(2022).

4.2 Avapevouevn Cnuio alloc oe xivouvo

Extoc and v oio oe x«ivduvo, onuovtixd eniong UETEO YENUATOOLXOVOULXOU
xwd0vou ebvor 1 avoevopevn Inuio ofioc oe xivduvo (Tail Value at Risk, TVaR).
ITapd to yeyovog 6t 1 aior oe xivduvo amotekel To dnuophiéoTtepo PéTpo xvdlvou,
EYEL TO ONUAVTIXO UELOVEXTNHA OTL OEV Blvel xdmota TANpo@opia Yol TO TOGO UEYIAN
umopel va yiver 1 {nulo oto yedtepo cevdplo. T o Adyo autd ypnowonotle-
fron extetapéva xou 1 avoevouevn {nuta o&lag o xivduvo 1 avaevouevo ERAeluUa
(expected shortfall).

Eotw F € Dj(c,d) xou F* € D, (c,d) n ovtiotoyn UeTaoy NuaTiopévn xotd-
vour|. Oa BOCOUUE OTN GUVEYELN OPLOUEVES ExPEAcELS Yo To PETpo TV alRy tng F
xow TVaRy tnc F*, pe€ow Tou YEVWWATOPO g ol NG CUVEPTNOTC PETUOY NUATIONOU

go-
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Yougwvo pe tov opioud tov TVaR, (BA. m.y. Dowd (2005)) Yo éyoupe

1
TVaR, = R . zf(x)dx
alvg

xou xdvovtag yeron e (3) xatahiyoupe otny éxppaon

TVaR, = — /Oo R
" 1—q Jyar, 9 (F(x)

Extehdvtog to petaoynuotiopd Y = F(z) oto ohoxhfipwpo, TeoxinTel

1 1
TVaR, = —— F~(y)dy
1 —q Jrwary)

1 160d0vapa, Moy T wétnrac F(z) = g (cx + d) n onola odnyel otov timo
Fl(z) = (g(z) —d)/e,

1 1
TVaR, = / z) —d)dz. 8
el =) Jyr(evargra) (o) =) )

Ynuewdvoupe 6Tl oTic TeploobTERES Eapuoyés €xouue d = 0 ondte o tonog (8)
Talpvel TNV amhoUGTERT LORPPT

1 1
TVaR, = —/ x)dx.
! C(l - q) g 1 (cVaRy) g( )

[ty noodtnta TVaRy Yo €xoupe, xat” avahoyia, pio exgppaon duowa ue tny
(8), 6mou ot Véon e ouvdptnone g Ya tpénel va yenowonowmdel o yevvAtopac
g1 =gogo e F* € D}, (c,d), mo ouyxexpyiéva

1 1
TVCLR*:—/ g(go(x)) — d)dz.
I C(l - Q) go_l(gfl(cVaR;-i—d))( ( O( )) )

Kévovtag téhoc ypron tou timou (7), o onolog diver F(VaRy) = go(q) xou hop-
Bévovtac unddrn 6t F(z) = g~ (cx + d) xomodfyouue otny éxgppaot

1 1
TVaR*——/ g(go(x)) — d)dx.
ey RCCCIN
ETXAPIYTHPIO: H nopoboa epyacta €yet yenuotodotniel and to Ipdypouua
Metomtuyloxdy Xnoudmy otny «Avahoyio i) Emotiun xon Awryeioion Kwdovwvy
tou [lavemotnuiou Iepanddc péow tou épyou CI08: «Avdntuén Néwv Medodoro-
yiov otic Acgarioelc xou otny Awoyelpion Kivdivwvy.
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Aviké Xratietikd Ivetitovto
[paxtukd 35 Iavelinviov Zvvedpiov Xratiotikng (2023), cel.35-45

ITPOBAEYH XPONOXEIPQN KAI
MEAAONTIKQN AKPOTATQN XE AT'XQAEIX
ATATAPAXEXZ XTON IAHOYXMO THX EAAAAAX

M.Mdpxov', B.Kapvoty®
L2Tunua Atoiknong Tovpiouov, Iavemotiuo Hatpdv
m_markou@upatras.gr, vaskar@upatras.gr

NNEPIAHYH

O kpioelg Gyyovg kAt 1 avENomn TEPOTATIKOV KOATAOAYNG Kol GAA@V SoTopaydv Tng
YOYIKNG vyelog, amotedel TAéov cofapd {Nnua maykoopimg, To onoio kafiotd avaykaio ™
peAétn Kor v avéivon Ttov. Q¢ mbavéc outieg dlepguvdvial, TOGO T aveEEAeyKTa
EMITOQLVOLEV] AVATTTVUEN TNG TEXVOAOYIOG, GUVOPTICEL TV ATOITNCE®Y OV EMUPEPEL OTNV
Kkafnuepwvn pog (on, 660 Kot 1 véa Taén Tpayudteov o arotélecua ¢ mavonuiog Covid-
19. Zmv moapovca epyacia, pehemOnkav 600 SOPOPETIKES YPOVOGEIPES: TO TOGOGTH TOV
ATOU®V TOL TTAGYOVY amd AYXoc & KOTAOAWYM otV Y®pa pog, ond to 1990-2017.H pelém
TOV YPOVOCEPDV CVTMV, ETKEVIPOONKE TNV TPOPAEYN, AALL dtapoporotdnke S TPOG TO
avtikeipevo g mpoPreymc. Ztox0c TV mapayduevov TpoPfréye@v, MTOV O YPOVIKOG
EVTOTIOUOG TOL PEALOVTIKOD OMUEIOV, GTO 0010 M POVOGELPE avapéveTal va PedtioTomombel
tomikd.I'ie ™) povtelomoinon tov dedopévav ypnoiporomdnkay 1 yvooty Box-Jenkins
puebodoroyia yioo v avdAivon ypovooelpdv kot o aiyopduog LipschitzINdicator yio tnv
TPOPAEYN TOL HEAAOVIIKOU TOTKOV PEATIOTOV. ZVYKEKPUEVAEVIOMIGTNKAV Ol YPOVIKEG
oTLypuég oL Bl ELEAVIGTOHV TO TOTIIKA PEATIOTO TV TOGOGTAOV TOV ATOUMY TOV TAGYOLV OO
ayyoc kot Katddiwym otnv EAAGSa.

Aéleic Klewowa: Xpovooeipés, TIpoPreyn, Axpdtota, Beltiotonoinon, Moviéha ARIMA,
LipschitzINdicator

1. EIZAT'QI'H

H xotdbAivymn eivan pia dtotapayn woyikng vyesiog mov ennpedlel nepimov 10 5% twv
EVNAIKOV Taykoopimg, mTocootd mov oviwetoryel oe 350 exatoppdpla avBpdmovg
naykooping. Xopeova ue tov Iaykocuo Opyaviepd Yyeiag (ITOY), n katdOiwyn
amotelel TV KLpla autio avoamnpiog otov KOGHO, WPE TEPIGCOTEPOLS amd 264
EKOTOUUOPLE. avVOpOTOVG Vo Thoyouy e PETpla ¢ kot coPapn kotadinyn (WHO,
2023).

Soyva, 1 KatdOlym cuvvdietal pe ayymoelg dwtopoayéc. To dyyog amotelel éva
QLOOAOYIKO UEPOg TG CmNG, MG OmOTEAEGUO TNG OvNoLYiog Yoo TV vyeio, TNV
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OLKOVOLIKT] ELUAPELD, TO OLKOYEVELOK( TpoPfAnuaTe, TNV TPOoc®MIKY €EEMEN aAAd
kot Vv emPioon .Otav 6umg T0 Gy)os, 1 avnovyia Kol To aichnua tov eofov givor
£vtova otV KaBnUeEPVOTNTO Kol dEV VITOYMPOVV, LE UTOTEAEGLO VO, ETLOEWVDVOVTAL,
toTE YiveTon AOYog Yo ayyddelg dwatapayég (National Institute of Mental Health).

Or xotabMmtikég Owatapayég enmpedlovv Tov TPOMO pE TOV Omoio evepyolv,
aoBdvovtal Kot GKEPTOVTOL 01 AvOp®TOL, 01 00101 TAGYOLV OTd AVTEG. ZVUTTOUATO
Ta omola ekdnAdvouvv &gival, M OAiym, n kénwomn, n aneAmcia, n abmvic | o
vrepPoikdg Vmvog, M Tapayr, TO AyX0S, M oduvapio CLYKEVIPMONG Kot
KOIWV®VIKOTOINGTG, TPOPANUATA GTNV EPYUCLOKT OmOO0GT KOl GTNV OLKOYEVEINKN
GUVELGPOPA. Z& GOPOPEC TEPITTMGELG EKONADVOVTOL GKEWYELS BOVATOL 1] AVTOKTOVING
(Beaglehole, Mulder, Frampton, Boden, Newton-Howes, &Bell, 2018).

‘Epevveg éyovv Ocifel 611 ympeg youniod ecodnuatog teivouv vo epeavifovv
VYNAOTEPA TOCO0TA KaTAOAyN G o oYéomn pe ekeiveg vyMAoD elcodnpatog. Eniong,
glvar avnovyntiky 1 adénon Tov KatabMnTiKdv Stapaydv 6tovg eenfovg tnv
terevtaio dekaetio. H EAAGS0 avikel oTic yMpeg UE TO LYNAGTEPO TOGOCTA
KatdOiyng maykoopuimg. H otk mopeia tng otkovopiag, 1 adéEnomn tov emmédny
QTOYEWG KOl TOV TOCOGTOV OVEPYIOC G cuVAPTNON Ue TO avéNUéEVo kO6oTog CmNg
KOl TN OTOCIHOTNTO TV [ebmv amotelovv Pacikd TopdyovTa Yio TNV €KONAWMOT
CUUTTOUATOV Gyyovg Kol KOTaOAyng e vynAotepo eminedo and GALEC YDPES TIC
Evpomne. Ocov agopd tovg véoug, 1 ovac@aielo emayyeApatikng e£EMENg ko
TPOCOTIKNG ove&aPTNTONOINGNG OO TOV OIKOYEVELNKO 16TO AOY® TG OLKOVOMIKNG
apyKd Kotdotaong otny yopa Kot g epedviong tov Covid-19, mov empPpadvve kot
dhae ta dedouéva (mng, To T0cooTd avéndnkay Kupiog amd v nAkia tov 17
ETMV. LTOV TOPOKAT®O YAPTI, CKIOLYPOPNUEVEG LE EVIOVO YPMUO,TAPOVSIAlovTal ot
YDPEG HE TO LYNAOTEPO TOGOOTH TMOV OTOUOV 7OV TAGYOLV Oomd KOTAOAWYM.
(Wisevoter & Institute for Health Metrics and Evaluation (IHME), 2023).

Eiwxova 1. [layxdouios Xeptne pe 10, T0600T0 KOTGOLIWNS OV Yo,
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Mo mv odvtaén og ASITovpytkng Kowvmviag kot Yo, T PeAtioon ¢ Woytknig
vyelog etvor amapaitnto va peretnBovv kot va emPeformBodv o1 mapdyovieg mov
glvar kVptot LTEVBVVOL Yo TNV EKONAMOT] YLYIKOV KOl 0yX®OMV JaTopay®dV, Ommg
emiong kot N a&lodldynon g véag TAENG TPOYUATOV TOYKOGUIMS KAl GTN YMPO. LOG
petd v movonpio.

Mo v KoTovomon Kot TNV oVTIHETOTICT] TOV ayXOd®V doTapaydv £va 16Yvpo
gpyoleio amoterel 1 TPOPAERTIKY IKAVOTNTA TOV ¥POVOGEPDOY. Mécw T mTpdPreyng
TOV HEALOVTIKOV AKPOTATOV TOV YPOVOGELPDOV OL0QUIVETOL L0 SUVOIKY] TPOCEYYIoN
YO TOV TIPOGOIOPIGUO TPOANTTIKOV UETPOV KOL TNV TPOCUPUOYT T®V VLANPECIOV
YUYOKOW®MVIKNG VYELDG. AVLT 1 TPOCEYYION, EMTPEMEL TNV E0TIOCT GE ELOAMTEG
opnadeg tov TAnBvouov kou TN Pertioon TG KOW®VIKNG gvaicinTonoinong yo Tt
Oépata g youypkng vysiog. H mpoPreym, cvvdvaopévn pe ol oAOKANp®UEVY
KOTovonon g €EEMENG TV ayy®mdmv SloTapay®v, LITopel vo amoteAésel To Bepélio
AlBo vy mpoypbppota mopEUPacnS, TOV OVTOTOKPIVOVTOL OTOTEAEGUOTIKE OTIG
AVAYKEC TNG KOWOTNTAG TPO®ODVTOG TV YUYOKOIVMVIKT EVTUEPiaL.

210)0¢ NG MEAETNG HOG, OmOTEAEl O €VTOMIoUOS TOL ¥POVOL TAPOLGIOCTG TOV
tomkov BéEATioTon TG e€€TALOUEVNG YPOVOGELPAG. ANAadT|, LOG EVOLOQEPEL 1] YVAOOT
TOV YPOVIKOL OMUEIOV, KOTO TO OTOl0 Ol EAGYIOTEG KOl HEYIOTEC TIMES TNG
ypovocelpdg Ba mpokvyouv. To pobnuatikd 16od0vapo TpoPAnua sival 1 €0pecN TG
YPOVIKNG GTLYUNG oL Ba eppoviotel £va Tomikd akpoTato (LEYIGTO 1| EAGYIGTO). ATTO
™ Biproypoeio TpokOTTEL, OTL | TPOPAEYT TOV UEALOVTIKOD ¥POVOV KT TOV 0010
avapévetor vo  Peitiotomoinfel Tomkd o xpovoocelpd v £xel  epevvnBel
EKTEVEDTEPAL.

v mopovca epyacia, emAéydnkav katdAAnio poviéla ARIMA kot epappocTnKe
0 akyopiBuocLipschitz.

H epyocio dopcitan g €€ng: omv evomta 2, mopovctaletal 1 wEPLYPOP| TOV
dedopévav kat o1 péEBodot Tov ypnooTodnKay, EVM oTNV EVOTNTO 3 TPOYMPOVUE
o™ peAétn Tov dedopévav. Exyovtog emidé€etl, Ta KatdAANAQ HOVTEAD, TNV EVOTNTA
4 mpocdiopileton T0 peAloviikd PEATIOTO Kot TOPOTIOEVTAL TO, GUUTEPAGLOTA TNG
perétng. Télog, m epyacio oAoKANPOVETOL HE TIC UEAAOVTIIKEG TPOTAGELS Yo
TEPOLTEP® EPEVLVAL.

2. AEAOMENA KAI MEO®OAOI
2.1 Agdopéva Avdrveng

INa ™mv avdivon mov axoiovbel, ypnoyoromdniay dedopéva amd TNV NAEKTPOVIKN
Baon Kaggle. To Kaggle eivar pio xowdmnta dedopévov mov amevBivetar o€
EMIOTAOVEG HE OKOMO TNV avantuén HovTEAmV kot pebodoloyidv yio TV €miAvon
TpofAnudtev mov aeopovv peydia osdopéva kot TV avdaivon tovg. e tovg
OKOTOVG TNG Tapovoos epyaciag, emiéydnke detypa amd tn Pdorn dedouévev mov
ePLELAPOVE TO TOGOGTA VOGT|POTNTAG GE YUYLKEG SLATAPAYES TOYKOC LIS, ové Ydpo
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Kol mepintoon dwrtapayns. Q¢ deiypo emiAéydnkov To TOCOGTH TEPIGTUTIKOV
KatdOAyng kot dyyovg oty EALGS, amd to 1990-2017.Agdopéva petd 1o 2017 dev
glvan dnpoctevpéva.

2.1 Tgyvikéc Evtomiopod Tov ypovikod onueiov Pertiotomoincng pog
APOVOGELPAC

Soupove pe t Awoyoapd (2011), to @ovouevo OV OVOTAPICTOTOL OTO Lo
YPOVOGEIPG dVVATAL VO OVTIUETOMICTEL MG oL HOONUOTIKY) GLVAPTNOT HE p
TEPLOPIGUOVS TOV ENNPEALOVY TN CLUUTEPLPOPA TNG.

‘Eotw, F: RP - R givorl pio Gyvootr, oA DIOpKT GLVAPTNOT, IOV TEPLYPAPEL TO
e€etalopevo Povopevo og Z = F(Xq, X3, ..., Xp), OOV Xq,X3, ..., X, Ol TWUEG TOV
emnpealovv to eoavopevo. EmmAéov, mapatnpeiton 6t n ) kédbe mepropiopon
eEaptdral omd o Ypovo.

Emopévocg, nY = Y{t: t € T} sivor 166TIUN TNG TAPOUTAV®D OYECNG, KAODS KOl O TIES
toug. Emiong, F (xl,t, X2t ...,xp,t) =Y, Vt €T, 6mov Xx; ¢ VIOIMADVEL TIG TIUEG TOV
x; otov xpovo T. 'Etol, n F pmopel va vmohoyiotel yioo kédbe mbBav tipr g
puetafantg x;. Kobdg 10 @oawvduevo efehicoeton ov p mopduetpor opilovton
aplfunTikd, apa mn ypovocelpdY; tovtileton pe T YPOEIKN OVOTOPACTOCT TOV
dakpLtdv onueiov mov anaptiCovy M GUVAPTNON TOV X1 Xo ¢, ) Xpt- APO KEOE
ypovooelpd pmopel va Bewpnbel ¢ ocvvdaptnon vmokeipevn o€ moALAPOUOVG
TEPLOPICUOVE, avaroyo pe T @Oon g efetalduevng ypovooepds, Kol vo
npooeyylotel péow ¢ Bewpiag e avéivong.

H Mé€60dog OmicBodpoumong amoterel 1o de0tEpO GKEAOG TG peAéTNG pag. Baoikdc
oKOTOG NG HeBOSov, givar va TpoPrepdel o peEAAOVTIKOC XpOVOG oV Ba TPOKVYEL 1
TOmIKN BEATIOTN TIUN LK XPOVOGELPAC, LEGM TNG XPNONG TAPEADOVTIKAOV TILMV.

Avéloya pe T @VON TOV KAOE TPOPANLOTOG, TO OTASLN TNG dladkaciag TPOPAEYNC
TOV HEALOVTIKOD ¥pOVOL O6mov Oa TPOKVLWYEL 1 TOTIKY BEATIOTN TIUR TNG YPOVOCELPAG
S pOPOTOLOVVTOL.

Ta Bacikdtepa Prinata tng daducaciog etvar Ta akdolovba (Aoyapd, 2011):
1. Mooicaoio Edpeanc HopelBovrixod Tomixod EAdyiorov

e autnv I @don eléyyoviat 6la Tta mapelBoviikd onpeio g vd eEETacmg
YPOVOCEPAG, doTe Vo Ppebovv ekelva Ta onueia pe Ty WKpOTEPN 0Id TO
TeAeLTaio YVOOTO onueio.

2. iadikooio llpocéyyions Mellovtikod Bruatog
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To uéyebog tov peldovtikod Prpotoc mov Oo ePaPUOGTEL GTO TEAEVTOIO
YVootd onueio g ypovooelpds mpooceyyiletar and v emelepyacio tv
onueimv g akolovbiog. ' avtd, mpooceyyiletor Tl ™ otabepdg
Lipschitz.

H otafepd Lipschitz ypnoiponoteitar ¢ uétpo yio v mopakoAovdnen g
péyomg aAdayng g ovvaptnone. 'Etot, m otabepd Lipschitz péom g
Beltictomoinong umopei va Pondncer otnv WO ypyopn €VPECT TOL
BértioTov.

Méow mpoceyyicenv, exktindtol to féATioto frpa k, To onoio o epappootel
0T0 apyKo onpeio g e&eTtalOUeEVNG YPOVOCELPAG, LE OKOTO TNV €0PEGT] TOV
UEAALOVTIKOV YPOVIKOV GNUEIOL GTO 0moio TPOoPAETETOL TO TOTIKO PEATIOTO
(Ztpatoyidvvn, 2017).

3. Awadkaoio Edpeong Meldoviikod Tomxod Méyioron

Ye avtd to Pua, pe T Ponbeie g TEYVIKNG PeATioTomoinomg
yxpnolonoteitor to péyebog peAAovtikod PBUOTOC TOV VTOAOYICTNKE GTO
TPOTYOVLEVO PrLLaL, TO 0ol TAEOV €xEL YVMOTH KaTevhuvo).

H axolovbio Tipmv mov mpoékvye omd 10 TPMTO O0TASI0 EEKVAL amd TO
napelBovikd erdyloto onpeio, Ppiokel kol Tpoomepvd 10 TEAELTAIO YVOGTO
onueio, kol pe T ¥pNon Tov KatdAiniov Pupatog Bo kotaAngel oto
UEAAOVTIKO UEYLoTO.

[Hopatnpodpe 6Tt Pacukodg otdX0g NG avalftnong g YPOVIKNG OTIYUNG
Katd TV omoia PelticTtomoteitan pia xpovocelpd e tn Pondeta g TEXVIKNG
m¢ omicBodpounong €ival 0 GLVOVAGUOC TV TEYVIKOV TPOPAEYNS
UEALOVTIKOV TIUDV UE GTOYO TNV KaADTEPT TPOPAEYT).

2.2 Aky6prOpog Lipschitz

Ytov &v A0y akyopiBuo, n otabepd Lipschitz, amotelei deiktn emrdyvvong g
ypovocelpds. O adyoplBog xpnoiponolel Ty wKovikn 6epd Ly, 1 omoio avamapiotd
TIg Tpooeyyioelg ¢ otabepdc Lipschitz evog vmoouvolov, Yoo TIC TOPOYOUEVEG
poPAréyelg o avtiBeon e TIg TIWES TG apyikd eEeTalOIEVNG YPOVOCELPAG.

AvoduTikoTEpPO, 6T dedOUEVT TEYXVIKN 1 otafepd vTodoyileTon va Teivel o€ peydieg
TIHES, Kot dev givan ePKTd va ypnoomom el yio v TpoPAeyn YpOvIKGOV TEPIOd®V
Kkpione. [ tov Adyo awtév 1 uébodog epapuoletol o pio Tpokabopiouévn mepoyn
[n-m, n], 6mwov n ta TeEAEVTAIN YVOCTA oMuEiol TG ¥POVOCELPAC KOl M TO, GNUELR TOV
apelBdvToC, ota omoia epappdctnke o akyopiduoc. Oco mo gvupeia eivor | Teployn
1060 1o opaAég eivar ot petaforéc mov Oa vrootel 1 otabepd L.

Kotd v epapuoyn tov, dnuiovpysitol apylkd cuvaptnon yo. Tn UEAETN TOV
YPOVOCEIPOV KOl Y10 TNV EVPECT] TOV UEAAOVTIKOD YPOVIKOV ornpeiov. ZTn cuvéyela,
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TPOUYUOTOTOLEITAL VTOAOYICUOG TV TOPAYDY®VY Yo KABe onpeio TG cuvaptnong kot
Kot eméktaon 1 KAion g evbeiag yio kdbe veosioepyduevo oneio.

AxoAovBel 0 VIOAOYIGUOG TNG UEYIOTNG TIUNAG TOV TOPAYDY®OV KOl O OPIGUOC TNG
péyromg €€ avtdv g otabepd L. Tekevtaio Pipa tov aiyopibuov, givar o
VIOAOYIOUOG TNG METAPANTAG O, M OTOl0 GVTITPOGMOTEVEL TN XPOVIKY GTIYUY|, OTNV
omoia gpeoviletar To eAdyLoTO 1| TO HEYIOTO TOV TNG EETALOUEVNC YPOVOCELPAG,.

O ovykekpuévog adyopidpog emaéyonie Adyw g evausnaciog Tov mapovcialel GTov
EVIOMICHO €vopéng (o kpiong, ARG kKot oty KavOTNTO TOV VO TPOCTEPVA
€0QaApEveg Tpogdomomoelg (Aoyapd, 2011).

3. MEAETH AEAOMENQN

Onwg, N0 €xel avapephel 6TOYOC TG CLYKEKPLUEVIC AVAALGNC dEV Elval aKkpIB®S N
g0peON NG UEAAOVTIKNG TWNG TNG YPOVOCEPHS, OAAL péc® TG mPOPAeyng va
EVTOMIOTEL TO PEALOVTIKO Ypovikd onpeio oto omoio avapévetor vo PedtioTomoindel
TOTIKA.

Metd Vv KoToy®pnon Tov 0ed0UEVOVY, 1| YPUPIKY] OTEKOVION TG XPOVOGEPAS TOV
aPOPA T TOGOGTA TWV OTOUW®V TOV TAGYOLY OO (YOG, VITOINAMVEL pia pikpn ovénon
mv wpot oekaetio (1990-2000), eved Eoapvikd v mpodtn dekaetio Tov 2000
onueldveTal poydaio avénomn, pe Yo TTOTIKY Taom oo o 2012 ko petd. Emiong,
TapoTnpel kavelg 0Tt TP TNV TAvOnpio T0 TOGOOTO TOV UTOU®Y TOV EMACKAV OO
&yyog otnv EAAGSa mpocéyyile 1o 5.75%.

I'papnua 1:1lococtd otduwyv mov maoyovy aro ayyos otnv EALdda, yio ta étn 1990-
2017

.
3
/w

Ardlaty

572 N
L L

1990 1995 2000 2005 2010 2015

Time
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Mo v wpocappoyn Tov KotdAAniov povtéhov yivetal yprion g R, Pacilopevol
o™V yvootn pebodoroyio Box-Jenkins. Xta mAaicio TG TG €PYaCiag, KPLTHPLO
EMAOYNG TOV KOTAAANAOL HOVTEAOL oamoTéAecav To UETpo  okpifelag, Kot
ovykekpiuéva 10 Méco Amdivto IMocootinio Tedipa (MAPE) kot n ektipnon tov
VIOJEIYUATOG pE ¥p1ion Tov TakéTov forecast Tov Aoyiopkov R.

[paypatonowwvrag éieyyo Dickey-Fuller ywo ™ otaocwudmra tov poviédov,
npoékuye pe p-value 0.3063 611 dvimg 1 ¥povoceElpd gival GTACIUN Kol ETEITO OO
OOKIHEG KOl Pe oVYKPLoN TV UETPOV akpifelag, emAéyOnke ®¢ KataAAnAdTEPO
povtédo 10 ARIMA(2,2,0).

21 ovvéyela, onmg eaivetan kot oto I'pdonpa 2, mpaypatonomOnke forecasting yo
15 ém kol amd TG EKTIUMUEVEG TIUES TPOPAEYNG Ol Omoieg TPOEKLYAV Yo Ta
nocootd €mg to 2032, mapatnpeiton dwopkng nTOTKN Tdon g théews 0.004%
emoing.

T'papnua 2:11pdfAeyn yio 1o T0G0GTE TV ATOUMY TOV TAGYOVY OO GYYOS

Forecasts from ARIMA(2,2,0)

5.7 5.8 59
Il |

5.6

5.5

1990 2000 2010 2020 2030

AxorovOnoe, pe ™ Pondeia tov Aoyiopikod MATLAB 1 epappoyn tov adyopibuov
Lipschitz, kot npoékvye otabepd L=0.0286 kot o vworoylopog g petapinmg a. O
[Mivakag 1 mapéyer Tic TRéES ™G 0, oL deiyvel ToTe B TPOKVYEL TO PEAAOVTIKO
oMk PEATIOTO.

Iivakag 1:Aroteléouaro s uedodov LIN yio ta dedouévo. tov dyyovs
9.1075  30.3118 15.5472 2 7.9989  67.6544 18.7991
10.7972  122.1538 18.8176  3.9402 = 7.7780  429.8346 15.0403
12.3847 0 643784 63471 10.4198 56.5460
16.7993  20.8642  10.6201 10.0968 15.0660 25.2844
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SOUQOVO, PE TIG TWES OVTEG TO HEAAOVTIKO PéEATIOTO Bo eppavictel oe mepimov 429
univeg, mepimov og 35 €. To mocootd TV ATOU®Y TOL Emacyav amd dyyog Oa
OTOKTNOEL TNV EAQYIOTN TYH TOV GE OVTO TO YPOVIKO SAGTNUA, YT 1) XPOVOCELPH
oV Qyyovg eupaviCer kabodikn mopeia, pe mpoéokapn avodikn tdon. To mococtd
TOV OTOUOV TTOV TAGYOVV OO GyX0C OAOEV OWEAVETOL LE ATOTEAECUO TNV TOGN
UEYAAN apyoTOpio. ELPAVIONG TNG EAGYLOTNG TIUAG TOL.

AxoArovBovtag v 1d1a dadwkacio, TPOyUATOTOmONKE AVAAVOT TOV TOGOGTOV TV
UTOUMV TIOL TAGYOLV OO KOTAOANYT, LE dedopéva ikoot okTm eTmv, 1990-2017.

Ye avtifeon, pe to avtictoryo mOCOCTA TOV OTOUMV OV WACYOLY Amd AyYOG, TO
TOGOGTA TV ATOUMY OV TAGYOVY OO KATAOMYN, TAPOVGLALEL OPYLKA L0l TTMOTIKN
tdon ota TEVTE TPATA €T, EVO Yo TNV emdpevn oekaetio (1995-2005) onuewdveron
avénon towv mocootmv pe €va peekto 2001, tiunq n omoia pmopel vo BewpnOet
pepovopévo onueio. And to 2005 kat petd, eoivetor va vhpyel TTOTIKY TOoT £0G
70 2017. Kataypdonke and o TEPIYPUPIKAE GTATIGTIKE, OTL TO TOGOGTO TEPIGTUTIKMY
KkatdOiyng mpwv v movonpio tpocéyyile o 4.22%,0nrodn 2.3% yauniotepo amod
T onuepvA dedopéva coupova pe tov [aykocuo Opyoavioud Yyeiog.

TI'papnua 3:11locootd. atduwv mov maoyovy and kotddiiyny oy EALdda,

yio To €ty 1990-2017
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H xotavoun amodeiybnke otdoyn, péow tov ghéyyov Dickey-Fuller, pe p-valueico
pe 0.9203 kot petd oamd KATAAANAN OldIKacio. TPOEKLYE KATAAANAO HoVTELO TO
ARIMA(2,2,0).

[paypotomoimvtag TpoPAeyn Yo ta eXOUEVA 15 €11, TPOEKLYE TMOG TO TOGOCTH TV
ATOU®V OV TACYKOLV o KatdOAym, Ba Exel ELaEpld TTOTIKN TGO TNG TAEEMG TOV
0.02% ava étog, 0Tmg Tapovardletal oto I'phonua 4.
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Tpaonua 4:11pofleyn yio 1o, TOGOGTE, TWV ATOUWY TOVD TAGYOVY OO KOTaOAIWN

Forecasts from ARIMA(2,2,0)

1990 2000 2010 2020 2030

Ev ovveyeio vroloyiotnke n otabepd L, va maipvel tipn ion pe 0.4620 ko Tpég o
Tov aAyopifuov va glvar ot Tipég tov Ilivaxa 2:

Iivakag 2: Aroteléouozo g uedooov LIN yio. ta dedouévo. g katabiiyng

19.8 1133.8 13.7 27.6 123.7 60.2 44.1
30.1 41.2 20.0 36.4 73.3 54.3 39.3
553 17.3 2.0 70.0 57.6 48.4
142.2 13.1 24 451.2 62.6 45.9

Xoppwvo pe v avéAvon tng xpovooepdc, N otabepd L vmoroyiomnke va givon
0.4620, pe 10 tomikd Pélticto vo gueavifeton oe mepimov 38 pnvec. XToug
TPLAVTOOKTD WNVES, TO TOGOCTO TV ATOU®MV 7OV TAGYOLV omd KOTAOAWT Oa
OTOKTHOEL TNV EAQYLOTN T TOV Y10Ti 1] YPOVOGEPE £XEL TTOTIKN TAGT.

4. AIIOTEAEXMATA-XYMIIEPAXMATA
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v mapodoo epyocic, HEAETNONKAY TO TOGOOTH TV OTOUMOV 7OV TAGYOLV OO
Gyxog Kol KatdOMyn ¢ YPOVOGEPEC, WPE OKOTO TV €UPECT] TOL UEAAOVTIIKOD
BértioTov. ASloonUEi®TO Eivat TO YEYOVOG OTL 1) GUYKEKPIUEVT] LEAETN EMIKEVTPMVETOL
GTNV EVPECT] TOV ¥POVIKOL GTUEIOL KOTA TO 0moio Oa eppavioTel To TOTIKO PEATIOTO
Kot Ot 6TV €0PECT] TG TIUNG TOL.

[Mopatnpodpe 6Tl T0 TOGOCTO T®V ATOU®Y OV TAGKOLY OO Gyyoc Bo omouthoet
UEYOADTEPO YPOVIKO OAGTNHO Y10 VO EAOYIOTOTTOINOEL GE GYEOT LLE TO TOGOGTA TMV
ATOUMOV TTOV TAGYOVV Ao KOTAOANYT. AvTd umopel vo, opeileTal 6To YEYOVOg OTL 1)
SleopeTiky PHoN TOv AyYovg o€ oyéom He TNV KatdBAiwym pmopel vo, 00Ny oEL GE
SOPOPETIKOVS TPOTOVS OVTIHETOMIONG. Evd, 1 katdbiym umopel va amottel koping
(QOPUOKEVTIKT] OY®YT, TO AYXYOUEVO ATOUO pmopel va em®@eAndel TeplocoTEPO OO
Oepamentikég cL{NTNOELS KO GTPATIYIKEG CVTIUETOTIONG.

5. MEAAONTIKEX ITPOXEITIXEIX

Mo v mepatépm evioyvon g TPOPAETTIKNG IKOVOTNTAG TOV TAPATAVE LOVIEADV
TPOTEIVETOL 1 JIEPEHVNON YPOVIKDV CTUEI®V TOL 001YOUV GE HEANOVTIKEG PEATIOTEG
TIWEG Kou 1 dmuovpyio pebodoroylidv oOuemva He TN QOGN TOV OESOUEVMV.
SUYKEKPIUEVO, EMOIDKOVUE TNV avamrTtuén vémv uebodoloyiov edpeong PértioTov
onueiov, &yovtag og faon g pébodo Newton-Rapshon.

HNewton-Raphson avniiket otig Mebodovg Aviyvevong katd I'papun kot Bacileton og
dedopévo apywkd onueio. Apywod Pruo g pedddov amoterel M KOTAOKELN
TETPUAYDOVIKNG TPOGEYYIONG TNG OVTIKEEVIKNG, LE OKOTO TNV EAN1oTOTOINGoN TNG. 2g
onueio elaylotomoinong opiletor kabe @opd TO apylkd onueio TG EmMOUEVTS
emovainyng. H pébodoc Paciletor og emavainmticd tHmo Kot emMAEYONKe w¢ onueio
avaeopd Yoo TV avantuén véov pebodoroyidv, AOYy®m NG Kavotntag TG Vo
OVLYKALVEL IO YpRyopa omtd T uéEBodo amdToung kabddov.

ABSTRACT

Anxiety attacks, increasing incidence of depression and other mental health disorders, is
now a serious issue worldwide, thus its study and analysis is necessary. Post Covid-19 era as
well as the shocking technological advancement that demands our undivided attention on a
daily bases are investigated as possible causes. In the present study, data on the rates of
anxiety and depression in our country from 1990-2017 and data on sales of mental health
drugs in our country from 2020 onwards are used. Time series analysis, ARIMA model and
Lipschitz Indicator algorithm were used to model the data to predict the future optimum.

By applying the specific methods, the optimal percentages in Greece were identified, but
this was not possible for the pharmaceutical sales data. Finally, the results and conclusions are
recorded in order to study the change in the rate of future incidents, to investigate its dominant
factors to be addressed and improve mental health in the coming years.

Keywords: Timeseries, Forecast, Optimization, ARIMA, LipschitzINdicator.
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ITEPIAHYH
H mopodoa epyacio acyoleitar pe v ektipmon g péong TG U kat g mopapétpov 1/4
wag inverse Gaussian katovopric IG (U, A) amd v mhevpd ¢ Ztatiotikhc Ocopiog
Amnopdoenv. Kataokevalovtar véeg KAAGES PEATIOUEVOV EKTUNTOV KOl TopoLotdlovTon
GUYKPUTIKE OTOTEAEGLOTO. TPOGOUOIMONG Yo EMAEYUEVO HEAT OLTOV TOV KAACE®V KOl
ekTiunTég dbéoyovg ot Piproypapia.

Aééeig Kleioid: ovvaptnon {nuiog, cuvapmon Kvdbivov, Un omodektol eKTIUNTEG, EKTIUNTEG
tomov Stein, ektiuntég tomov Brewster and Zidek, extyuntég tomov Strawderman, 1510tnta
HOVOTOVOL AOYOL THAVOQAVELDV.

1. EIXATQI'H

H inverse Gaussian katavoun gionydn and tov Schrodinger (1915) yi v avdivon
¢ kivnong Brown (Wiener process), evd yio T UEAETN TNG, TPOTOTOPES EPYOACIES
elvar avtég Tov Tweedie (1945, 1957a, b) kau Wald (1945). H xatovoun avtn &xet
EQUPLOYEC o TOAA Tedia Ommwg M Bloloyia, 1 Totpikn, ta Owovopkd, n Oswpia
A&omiotiag, Ta mpoPAnpata xpdvov {wnc. Mepikég KAUOIKEG TNYEG OYETIKA UE TIC
WOOTNTES KA TIG EPAPLUOYES TNG KATOvOoUnG amotelolv ta Biiia twv Jorgensen (1982),
Chhikara and Folks (1989), kot Seshardi (1993).

Mia toyaio petapAnm X axoiovbei inverse Gaussian Kotovoun e TopoUETPOVS U
kot A, cupPorkd 1G (i, A), edv 1 GLVAPTNOT TVKVOTNTAG TNG Eival

1/2 Ax — 2
flsu ) = (an3) exp {—M

2u?x
H mopdpetpog ¢ eivar n péon tiun g katavoung. Otav n inverse Gaussian kotovoun
apoépyetTor and pion Wiener dadikacio, 1 mapdpetpog 1/4 ekppdlel v TopAUETPO
Slaomopdg TG SlodKaciag.

},x>0, u>0 1>0.
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Avtikeipevo g epyaciog lvar | pedétn Tov TpoPfAnpotog PeAtiopévng ektipnong
Tov 4 kKou 0 =1/ ond v mAevpd ¢ XZtatiotikng Oswpioag Amopdcewv, kot
GUYKEKPIIEVA (OG TIPOG TIG suvapmoelg (npiog (6.6.) Ly, (4, 1) = (A — w)?/ud (rescaled
squared error) kot L, (6,0) = 6/0 —1In (6/0) — 1 (0.C. evipomiog), avtiotorya. AVO
EKTYNTEG oLYKpivovTol Pe Kpitiplo T péon {nuio toug (cuvaptnon Kvdvvov) kol
KaAOTEPOG glval anToOg oL €xel PiKpoOTEPN péom Cnuia yo ke Ty TV dyvootmv
nopapétpov. EE avtdv, o exktiun g pe ) peyaivtepn peéon Cnpia yo ke tipn tov
GyvooTmv TapouéTpmv Ayetol pn omodektdg (inadmissible), evd ovtdg pe
pkpdTepn avaeépetal g Pertiopévog (improved) oe oyéon pe Tov pn omodektd. O
EXTYNTNG UE TN WKpOTEPN Wéom (nuio oe pio. KAGOT EKTIUNTAOV OVOQEPETUL OF
BéATioTOg EXTIUNTAG TNG KAGONC.

‘Eoto X, ..., X, éva toyaio deiypa amd 1G(u, A). AxolovBobv cuppolcpol kot
LEPIKA YVAOOTA ATOTEAECLLATA IOV ELVAL XPTIOLLLAL Y10l T GLVEXELOL.

o X=(1/n)X~,X; ~IG(u,nl),
o S=Q1/MELi/X;—1/X) ~() )51 (p-terpiyevo),
e (X,5) eivon pio emapkng otatiotik cuvaptnon Yo to (i, A),
e (X,5) sivon 0 ekt péyrotng mbavopdvetog yio to (i, 1/1),
o A(X; —wW?/(u?X)~x? i=1,..,n(Shuster, 1968),
o An(X — )2/ (o> X), Yo # po > 0 éxer mokvomra h(x; 4, 0) TOAOTAOKNG
HOPONC (dev givarl un KEVIPIKN (I-TETPAYDVO),
o X —po)® /(" B)~xf, o = po >0, Snhadh h(x;o,0) = h(x) M
ToKVOTNTA TG X2,
o nS/o =A% (1/X;—1/X) ~g(w) (mokvémTa TG X7-1)s
© T/o =& = po)*/ (o X)~h(x; ).
Emiong, woyvouv ot akdrovbeg 1010tTeg (TOTOV) HOVOTOVOL AGYOL TOAVOPAVEIDY
(HAT),
(A1) h(x; p, 0)/h(x) eivan yymoing advéovoo g mpog x > 0 yo 4 # gy (Kourouklis,
1997),
(A2) g(cq x)/g(cy x) givan adéovoa og Tpog x > 0 v 0 < ¢1 < ¢y

Mo ™ Bertioon tov X, ot Ma et al. (2014), Baci{opevol 6Tn Hopen oS KAGGTC
PeAtiopévov extyunt@v tov W, Tov mopniyoyav ot Hsieh et al. (1990) vmd pia
Mmnebllovi ontikn, TpOTEWVAY TOV EKTIUNTN cvppikvoong (shrinkage estimator)

R c a\ -

Hae = (1 " /s +4aP {- ?DX
Ko £0e1gav ot Yo §00év a > 0, wavn cuvinkn ®ote 0 fi, o vo efvon KaAVTEPOG Ao
tov X givm dtav 0 < ¢ < 2an/(n + 1). Enpaibvetar 6n EL, (X, u) = 1/(nd), nhadn
0 X &yel otabepn péon (npia g mpog p. O exTUN™g

. a ar\ -
ba = (1 T+ D1+ (da/n)s) P - ??DX
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elvar 0 ekTiunTAG pe T peyaAdtepr cvuppikveon peTtald TV eKTIUNTOV TG KAAONS
fig ¢, KoL TPOKVMTEL Y100 TN péytot duvorh Tiun tov ¢ = 2an/(n + 1), evod pe Pdon ta
aplOUNTIKA OTOTEAEGLOTO TPOGOUOIDCE®Y, 0L Ma et al. (2014) wpoteivovy oty Tpdén
TN XPNON TOL EKTIUNTY|

28 1 -
1, =(1- ex {—:})X.
- ( m+ DA+ @) PU R
Amd v GAAN mhevpd, OGOV agopd TV extiumon tov g = 1/, évag Khaokdg
EKTIUNTNG €lvar 0

© s

n—1"

0 0moi0g gival 0 PEATIOTOG EKTIUNTNG TNV KAAGN TV ekTiunTdv {cS : ¢ > 0} o¢ mpog
™ péon Cnuio evrpomiag EL,(cS, ). T t Pektioon tov &y, pia yevikn popon
BeEATIOUEVOV EKTIUNT®V GUPPIKVOONG TOV 8y ot PifAtoypagia sival

60:

T
8y = p(W)S, W—E.
omov @ civan Betikry avéovoa cvvaptnon pe lim e(w) =n/(n—1). O
WwW—>00

Kourouklis (1997), amodeikvboviag tnv dtnto. tov pAT tng inverse Gaussian
Katovoung Kot kavovtog ypriion g texvikng Kubokawa (1994), mapnyoye toug
extyuntég Tomov Stein (1964) kan Brewster and Zidek (1974),

n Jy xY2(1+ Wx) ™ 2dx
1+W}s xa 8, == S,
1 fo x~Y2(1 + Wx)™/2-1dx
ovTicTOL(0, Ol OTLO{0L IKAVOTOIOVV TIG TAPUKAT® IKAVEG GUVOKEG MOTE O 8, VL givan
KOADTEPOG aTd TOV Oy,

1. 172 -n/2
x 14+ wx dx n
{0 ( ) <pw) <——
fo x~12(1 + wx) /2 1dx n—1

8ps = min{

)

Emiong, o1 Bobotas and Kourouklis (2009), emexteivovtag v TEYVIKY TOL
Strawderman (1974) ywo tnv gktipnon ¢ daemopdg evog Kavovikod mAnbucuov, otnv
EKTIUNON WI0G YEVIKNG TOPAUETPOL KAIUOKOS VO TNV TOPOVCIN LG EVOYANTIKNG
TopopéTpov (nuisance parameter), Topnyoyov ekTUNTéG Tomov Strawderman (1974)
Y10, TO 0, VO TNV TETPAYOVIKY cuvaptnon {nuiag (6/0 — 1)2 .

H doun g epyaciag etvar  axdlovdn. Xty Evotnta 2 divovton wavég cuvOnkeg
YO EKTIUNTEG HE o YEVIKOTEPN Hopen omd avtr tov Ma et al. (2014) oote va
Bedtidvouy tov X, evd mapovciolovion aptdpumTikd omoTeEAEGLLATO TOV VIOSEIKVHOVY
VEOLG EKTIUNTEC UE KOADTEPN GLUTEPIPOPA UEong Cnuiag amd TOV TPOTEIVOUEVO
exTyunt) tov Ma et al. (2014), ;. Zmv Evomrto 3 divovtor kovég cuvOnkeg yia
EXTYNTEG amAng Lopeng tomov Strawderman (1974) @ote va fertimvovv tov &g, M
omoio.  OAOKANPMVETOL UE TNV TOPOLGIACT] CPBUNTIKAOV OTOTEAEGUATOV NG
GULYKPITIKNG GUUTEPUPOPAS TNG LEGNG {NULOG TOV GYETIKMOV EKTIUNTAOV.
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2. BEATICMENH EKTIMHXH I'lA TO u
Opumpevol amd T LOPEN TOL EKTIUNTH GVppikvmong tov Ma et al. (2014), Osmpoldpue
T YEVIKN LOPOT PEATIOUEVOV EKTIUNTOV
an -
8y = (1 — h(S)exp {—;}) X, a>0, 0<h(s) <1 )
Ta axorovBa amoterécpata divovy kavég cuvinKeg MoTe o 8y, va Pedtidvel Tov X.

Inuewdvetor 6Tt 10 0e0TEPO amotérecpa amotehel pia mo yahaprn wovr cuvOnkn and
TO TPATO.

Mpétaon 1. o 500év a > 0, o extiunTAg ), sivar kKoAvTepog omd Tov X edv

Vnad + 2a — Vni

ER?(S) <2
) Vnd + 4a

ER(S).

Yxuoypaenon amodeénc. Ioyvet 6t

£ :)? exp (_ %)] — exp <n/1 — nAH(nA + 2a)>
g _X ox (__)] <u +\/nl+ 2a> ox nA —ni(nd + 2a)
p Wt g ) p
_ 2a\1 U vVnil+ida nA —/ni(nd + 4a)
E- exp(—y)]—,u2<a+—m )exp( . )
i+\/n)l+2a_1 - <an+2a—\/ﬁ)<i+\/nl+4a>
ni Vni - Vnd + 4a ni Vna

gV@ Y10, T S10popd TOV PEceV (UdV Tov 8), kot X £xovue
RD(8p, X) = EL,(8p, 1) — EL, (X, 1)
a
=3 {Eh2 (S)E [XZ exp (— —)] - 2Eh(S)E 2 exp (— })]

+ 2uEh(S)E [X exp —= }
< exp (n/'l niA(ni + 2a > ER2(S) % \/71:1/%40()
\/n/l + 2a
200 ()
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< i exp (n/'l —Jni(na + 2a)> < u N vnd + 4a> {Ehz(S)

U ni vna
ni+ 2a —vni
2 (V v >Eh(5)}.
Vnl + 4a
Mpoétaon 2. o S00év a > 0, o extuntic 8, eivar koAdTeEPOg amd Tov X €4y
2a
ERh2(S) < ER(S).
)= nl+3a 5

Yxuoypaenon amooeiénc. Ano [potaon 1, mopompdviog 0Tt 1oydEL
vnd+2a —vnd 2a 1 S a S a
Vnl + 4a VA ¥ 4avnd+ 2a +Vnd = Vnd + davnd + 2a  nAd+3a

21 ovvéyela, Bewpovpe TV akdAovon 181K LOPPN TOV TOPOTAV® PEATIOUEVDY

EXTYNTOV O )
_ P(Eis) S ay\ -
by = (1 “Treser-g)®

omov a > 0,& > 0,9¥(s) ¢bivovoa pe 0 < P(s) <r. H Wdéa micw amd ovtq ™
Bedpnon g eWKNG Hopenc ywo T cvvaptnon h(s), Ppioketar ot yevikevon ™G
HOPPNG TOV EKTUNTA fl; O OT010G UTOPEL VA YPOPEL G
(c/n)S ay\ -
g =|1———F—= —-=i]X.
Ka 1+ (4a/n)S) exp{ X}

To axdrovbo amotédeopa divel ikavég cuvbnkes MoTe 0 &y, va Bedtidver Tov X.

Ipotaon 3. [a do0éviaa > 0,& > 0, 0 ektun g &y, eivan KaAOTEPOG OO TOV X gav
< i {2 e 2a }
= minj—-,— 1
2xuypaenon amodelEne. loyvel 6t gav Y eivar toyoia petapinti pe medio tiudv
(0, 00), ka1 og owto 1O dtdonuan p(y) ivor pia Oetikn PBivovoa cuvaptnon evd 1
q(y) €xer pio addayn TPOoSNUOL amd apvnTiky o€ BeTikn oto onueio y, € (0, ), 101e
Elp(Y)q(Y)] < p(yo)Eq(Y) (BA. xar Kubokawa, 1994, Lemma 2.1).
Me gpappoyn g Ilpdtaong 2 apxel
‘ P?(S) S? 2a PSS
(1+€e85)? ni+3al+eS
) P2(S)
1+ €5)?(nd+ 3a)
<0.

1
{(n/l +3a)S2 - 2a(1 +£5) SW}]
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Eneon Y (s) < r, wwodvvapa apkel
P2(S)
(1+¢eS)?(ni+3a)

1
{(n/l +3a)S?—2a(1+¢5) 5;}]

_ PA(S)
A+ e92(mA+ 3a)r
KOl GUVETDGS, 10000VOU OPKET
£ [ Y2(S)
(1+eS)?(nA+3a)r
eved enedn Y2(s)/(1 + € 5)? eivon pOivovso kot nArs? — 2as = s(nirs — 2a) et
uio, oAhoyn Tpoonpov oto (0, 0) amd apyntikh oe BTk, I6odvvaua apkel

E[nlrS?—-2aS]<0er< 2akS =2—a.
- T nAES? n+1

{nArS? — 2aS + (3r — Zs)aSZ}] <0

{nArS? — 2aS}| <0,

Inpewdverar 6Tt Yo tovg Bertiopévoug extiuntég &y, e Ilpotacng 3 woybdet
s)s rs 2/3)es
N/OL _@es _
l1+es 1+e¢s l+es

To axoérlovfo Topioua Sivet pio amhi) poper PEATIOUEVOY EKTIUNTGY TOV X.

épwopa 4. o doBévta a > 0, > 0, 0 EKTUNTAC

5 =(1-—> N x
o = (1- Tz -3)) %
gtvan koAvtepog and tov X gav r < min{2¢/3,2a/(n + 1)}.

Ynueidvetot 0Tl HeTald TV BEATIONEVOV EKTIUNTOV TN KAdong Tov [Topiouatog
4, 0 ekTUNTAC pE TN peyaAdTepn cvppikvoon tpokvntet yio r = min{2e/3,2a/(n +
1)}, mplypo mov onuaivel TOG € OLTA TNV TEPITTOON EYOVLE TOVG AKOAOLOOVC
KAAOTEPOLG EKTIUNTEC TOV X,

1) _ __2¢&S _al\ ¢ 3a
* b,; = (1 30eS) exp{ )?}) X, yaa>0ka0<e<—,

) _ _ 2as _al\ ¢ 3a
e b, = (1 DS exp{ X})X' yiaa > 0kate = -

Hopatnpnoeis. loydovv ta akdAovOa.
1. [, = 6528) Yy € = 4a/n, Kol oVt 1 TN TOL € Eval TPOPAVAOS UEYOADTEPN
amo 3a/(n + 1).
(62 :a>0e=3a/(n+1)} > {Ag:a>0}.
H «héon {5‘5,28) :a>0,3a/(n+1) <e<4a/n} mepiéper Pertiopévoug
EKTIUNTEG PE LEYOADTEPT GLPPIKVOCT amd aVToOS TG KAaong {fd, : a > 0},
EVO M {55(1,25) ta > 0,& > 4a/n} pe ukpdtepn.
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Ytov [ivaxa 1 tapéyovon gvdeiktikd apBuntikd anoteAéopota and 50.000 Monte
Carlo TpocoloIOGELS oYeTkd e T péon {nuio Tov ekTuntdy X, f, 61('18), 61(,22, e
peyédn detypatog n = 4,10, u =1, 1 =0.1,0.4,1,2, o = 1, kotdAAnlo emAeypéveg
TIWES Y To €, Omov € = 3a/(n+ 1) onuaivel Tun Kovid 610 Gved Qpaypo, £ =
3a/(n + 1) onpaiver Ty axpBog 10 dve epdypa, € > 4a/n onuaivel T ion pe
4a/n + 0.1 wov divel otoV EKTIUNTA 81(? UIKPOTEPT GLPPIKVEOGCT 0o TOV fi;. ATO T
GUYKPIGT QLTAOV TOV OTOTEAECUATOV QoiveTal OTL TN UEYaADTEPT PeATioon e uéomng
Inuiog emruyydvel o EKTIUNTNG 61(,25) pe € = 3a/(n + 1) kot axorovbei o 51(,15) Le € =
3a/(n+1). Znupewwvetar 6t Otav to péyebog delypatoc n av&avetor, eivon
OVOLEVOLEVO VO LEWMVETOL 1] PeATioon g péong {nuiag Kabevog and Toug EKTIUNTES
i1, 51(,13)5 61(? ¢ TPOC ToV X, S10TL Y10 PEYEAEC TIHEC TOV T AVTOL Ol EKTIUNTEG TEIVOLV
VO, TODTIGTOVY pE TOV X.

Iivakogs 1. Aroteléouoza mpooouoiwons uéons (Uiag eKTIUNTOV TOL U

A X 2 51(,15) lE € ~ % 61(? e € = % 51(,25) e € > %a
n=4
0.1 2.4080 1.2893 0.9613 09141 1.3579
04 0.6133 0.4249 0.3941 0.3785 0.4339
1 0.2522 0.2032 0.2004 0.1951 0.2048
2 0.1267 0.1109 0.1111 0.1092 0.1112
n=10
0.1 1.0010 0.5470 0.4487 0.4475 0.6056
04 0.2518 0.1857 0.1775 0.1772 0.1913
1 0.0997 0.0853 0.0843 0.0842 0.0861
2 0.0504 0.0463 0.0461 0.0461 0.0464

3. BEATICMENH EKTIMHXH I'TA TO o

2y evotnta vt mopdyovion BeATiopévol ektiuntég Tomov Strawderman (1974) v
T0 0 OTANG LopeNC. Mia yevikn popen extiuntov tomov Strawderman (1974) yia 1o @
elvan

8y =

n 1 s _T
n—l( —pW))s, W_n_

OTOL M @ KavoToLEl, Yia kdmotwo € > 0,
e (14 w)ép(w) ¢bivovoa cuvaptnon,
o 0<¢pWw)<B(), pe B(e) xatdhnro Gve o@paypo mov TPEMEL VO

TPoodoplobel.
Mia o poper| extipnt@v tomov Strawderman (1974) eivan va Oswpricovpe
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sen = (1— r )s W=
T n-1 (14+w)e)™ " nS’

omov T < B(g). To emdpsvo omotélecpa divel kavég cuvbikes dote o & va
Bertidver tov 8y = [n/(n — 1)]S. Ilpdto Opme TopatiBetar éva Aupoe (BA. Lehmann
and Romano, 2005, 6€).70), To omoio givat xpnGLpo yio. TV amoddeEn Tov.

Afqppae 5. Eoto by (x) kot by (X) cuvoptioslg TukvOTNTOC OPIGUEVES GTA OL0GTILLOTOL
S1 ko Sy avtiotoya, 0mov S; € S, ko n by (x) /b, (x) eivon ab&ovsa cuvaptnon yio
x € S,. Eav X elvan tuyoio petafAntn pe cvvaptnon mokvotntag by (x) 1 b, (x) ot
h(x), x € S,, elvon ovéovoa (avtictoryo, divovsa) Tote Efy h(X) = (avtictorya, <)
Ep,h(X). Emmhéov, eav h(x) wou by(x)/by(x) eivoan yvmoiog povotoves, tote
Ep h(X) > (avtictoya, <) Ep, h(X).

Mpétacn 6. T e > 0, 0 §E7 givon kohbtepoc amd Tov 8y v 0 < r < B(€) pe
n—1T(e+n/2+DrrRe+m—-1)/2)"
2¢ rQe+n/2)r(e+ (n—1)/2) } ’
omov I'(a) = fom x4 le *dx.

B(e) = {1 +

Tkiayphonon amédeiéne. Ioydet ot In(1 —x) = =¥ 2, x/i = —x — x2/2(1 — x),
0 < x <1, evd 1 d109opd TOV pEceV {Nudv tov 8 kat § ) Siveta amd
R(8,8®™) = EL,(80,0) — EL, (67, 0)

= nimf—wyns“f‘(l‘af—wy)]

f f n—1(1+w)£

;ln ( m)}yg(y)h(wy; t, o)dydw
vy u=1/(1+w), v=>0+w)y

Tree 1 1
= rf j {n — 1u5+1v + ;ln(l - rug)}vg(uv) h((1
0 Jo
—w)v; u,0)dvdu

1 1 %)
> r{ f u‘”lf v2 g(w) h((1 — wv; u, 0)dvdu
n—1J, 0

1 .r.uZE o4}
_ fo (us + m)fo v g(uv) h((1 —wv; , a)dvdu}.

INo va givon R(60, 6 (E'T)) > 0 apxel
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1t *©
< {1 + EJ uz"’f v g(uv) h((1 — wv; p, 0)dvdu
0 0

1 1 [e9)
X [ f u€+1f v? g(uv) h((1 — wWv; 1, 0)dvdu
n—1J, 0

1 [e9) -1y71
_ f qu v guv) h((1 —wv; , a)dvdu] } = B(g; u, 0),
0 0

dnradn apkel va deiovpe 01t B(e; u,0) = B(E; Up,0) = B(g). H 100tta0 oty
TeEAEVTALO OYECT) TPOKVTTEL AEGO LLE VTOAOYICUOVG YAUUA Kot BTa OAOKANPOUATOV,
eV Yo TN Stadikacio amodeling g avicotntog To facikd epyaieio eivor 1 epappoyn
oV ANppaTog 6 kot ot wotnteg (Al) Ko (A2).

Eivau
1

=1+ )
B(&;p,0) 215(gp,0)[(1/(n—=1)) I(& p,0) — 1]
ue I (g u, ) ko I (&; p, 0) OT®G AVTE VOADOVTOL GTH GUVEELD.
T to 11 (€5 1, o) €xovpe

f01 ué fom v gwv) h((1 — wWv; p, 0)dvdu
fol u2e f0°° v g(uv) h((1 — wWv; u, 0)dvdu
H avicétnta oty tehevtaio oyéon 1oydel 0pob yio v mokvotnta g U, f(u; w, o) <
u?€ fooov gwv) (1 — W p,0)dv, 0 <u < 1, éovpe 6 f(u; 1, 0)/ f (W Uo, 0)
elvar pBivovoa, d10TL

fimo) Jy v guiv) (1 —uyv; p,0)dv

f(uq; o, 0) fooo v g(uyv) h((1 —uy)v)dv

ocfwyg( )h(y;“"’)dy £ [h(Y u.a)] [h(Y u,a)]
Iy yg(1 ) h(y)dy (TR | e | Than

oG kot ywo. Ty mokvomeo me Y, f,(y) < y g (ﬁ y) h(y), y > 0, égovpe o011
fu, @)/ fu, ) glvan ad€ovoa yio 0 < uy <wup, < 1

T to I, (&5 p, 0) épovpe
fol uftt fooo v2 g(uwv) h((1 — Wv; p, 0)dvdu

fol ut [°v g(uv) h((1 —wv; u, 0)dvdu
flug_z foo 2g)h (@;u, a) dydu

fiuez [ yg(y)h(g.#. )dydu

L(guo)= =EU*>E, U™®.

12 (8; u, O-) =
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(o] _ 1_
fo y? g(y)folug zh(%;u,a)dudy

ISy 9w [, ue? h(w;u, )dudy
f Yt g®) [y (v + 2) 78 h(z; p, 0)dzdy

=E,Y
Iy yE 9O fy 0 +2)78 h(z; p, 0)dzdy
H avicotta oty televtaio oxéon oydel agov yio Ty tokvotnto s Y, f(y; i, o) «
yEgW) J, O +2)7%h(zw0)dz, y >0, éovpe ot f(V;u,0)/ f(V; o, 0) eivan
av&ovoa, d10TL
fsu,0) fo (1 +2)7¢ h(z; u, 0)dz h(Z; u, 0) h(Z; u,o)
x © x EJ/1 }’2
f (15 o, 0) Jy O1+2)"¢h(2)dz h@) W@
mag ko yio ™y mokvomrta g Z, f,(2) < (y +2)7F h(z), z> 0, éovue 611
fy, @)/ fy,(2) eivar av&ovoo 1100 < y; < y,.
Téhog, amd v napandvco avéivon Tov 12 (& u, o) eidope 611

(5 o, 0) = I yE 9O [ (v + 2)7¢ h(z)dzdy .
i 3 yE g [y + 2)7% h(z)dzdy ’

omov Y éyer mokvotnta f(y; po, o) < y€ g(y) fo (v +2)"¢ h(z)dz,y > 0, ko1 eneidn
fiko,0)/9) « fy 0/ + 2)° h(z)dz eivar mpogavig ywoing abEovoa g
mpog y >0, t0o Afuua 5 diver (g up,0) =EY > E;¥Y =n—1, xoi awtd
OAOKANPAOVEL TNV OTOSEEN.

=>E

Ho Y.

2tov Iivaxa 2 mapéyovon gvdeiktikd apBuntikd anoteAéspota and 10.000 Monte
Carlo mpocopolboelg oyeTkd pe ™ péon Cnuio v ekTunTdy &g, 8y, 84y, O (en)
ue peyédn deiypatogn = 4,10, u = 2, 0 = 0.01,0.02,0.05,0.1,0.2,0.4,0.6, 1, uy =
1, e=1, xau r =0.2105,0.0388 (= 10 dvedo opdypa B(1)) vy ta avtictoryo
Serynatikd peyén. And ™ cOyKpLoT CVTOV TOV amoTELEsHATOV Qoiveton 6L o &L
éxel n ukpotepn péon nuia yror tukpéG TIES TOL 0. Xnueldveral 0Tt dtav 1o péyedog
delypartog n avdvetal, elvar avapevouevo va peliovetol n Beitioon g péong Cnuiog
KaBevog amd Tovg EKTUNTEG 8¢, By ,» 6 &) ¢ mpoc Tov 8y, SIOTL Lo PeYGAES THES
TOL M OVTOL Ol EKTYNTES TEIVOLV VO TOVTIOTOOV WE Tov §p. EmmAéov, avdloyo

GUUTEPOC U0 TTPOKVTTTEL Y10, TOV EKTIUNTH & &) ko Y0 LEYOAEC TEC TOV €.

IHivakoag 2. Aroteléouoto mpocopoiwaons uéons (Nuiog EKTIUNTAOY TOL O

g So Ops Oppz s

n=4
0.01 0.3690 0.3690 0.3681 0.3669
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0.02 0.3793 0.3793 0.3766 0.3750

0.05 0.3725 0.3725 0.3641 0.3632
0.1 0.3626 0.3625 0.3466 0.3477
0.2 0.3743 0.3696 0.3538 0.3567
0.4 0.3763 0.3679 0.3601 0.3625
0.6 0.3720 0.3612 0.3579 0.3597

1 0.3667 0.3535 0.3545 0.3556

n=10

0.01 0.1133 0.1133 0.1133 0.1131
0.02 0.1187 0.1187 0.1187 0.1184
0.05 0.1140 0.1140 0.1140 0.1134
0.1 0.1144 0.1144 0.1142 0.1133
0.2 0.1155 0.1155 0.1143 0.1139
0.4 0.1153 0.1152 0.1129 0.1145
0.6 0.1160 0.1152 0.1129 0.1145

1 0.1165 0.1152 0.1136 0.1153

ABSTRACT

This work deals with the estimation of the mean u and the parameter 1/1 of an
inverse Gaussian distribution /G (u, A) from a decision theoretic point of view. New
classes of improved estimators are constructed and comparative simulation results
regarding selected members of these classes and estimators available in the literature
are presented.
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ENA EIEKTETAMENO EIITAHMIOAOI'IKO
PIATPO XQMATIAIQN I'TA THN TIEPIT'PA®H
THX METAAOXHX MOAYXMATIKQN
AXOENEIQN. EOGAPMOI'H XTA AEAOMENA
COVID-19 XTHN ITAAIA

Bagiiziog E. Hanayswpyiov’, Ieapyiog Toaxiiong’
Tunuo Modnpatikav, Apietotéreto [ovemotwo Oeccarovikng, 54124,
EXLGda

vpapageor@math.auth.gr'; tsaklidi@math.auth.gr?

IHEPIAHYH

Y10 mapdv GpbBpo, mpoteivetal €vo EMEKTETAUEVO EMONUIOAOYIKO @idTpo copatdiov pe
APOVIKA HETARUALOLEVEG TOPAUETPOVS, LE GTOYO TNV TEPLYpaen TG e&EMENG Tavdnudy. H
gykvpotnTa T0V povtédov e€etaletar otig nuepnoteg Kataypapés COVID-19 oy Itaria yia
70 dtdotnua T@v S00 nuepdv. Ta kdpla evprpate TEPIAAUPAVOVY TV EKTINGT TOV TOGOGTOV
OCVLUTTOUATIKOV POPEDV, TOV OTOTEAEL YVOGTO Yopaktnptotikd g COVID-19. Ze avtifeon
He GALO LOVTELD TTOV YPTCLULOTOLOVV EMMAEOV KOTUOTAGELS Y10 TOVG OCVUTTOUATIKOVS POPEIS,
eEavaykalovtog v exTipnon avtg TG avoaloyiog Kot aEAVOVTOS TV TOAVTAOKOTITO TOV
HOVTEAOL, 1] TPOTEWVOUEVY] TPOCEYYIOT 00MYEl otV ovadelln g KpLENG SUVOIKNAG TG
COVID-19 yopic tpdcdetn vroroyiotikh extapvvon. EximAéov evpriparta mov emPePotdvovv
TNV KATEAANAOTNTO TOV HOVTEAOL, Eivat 1) €EEMEN TV YPOVIKA HETAPOAAOUEV®VY TOPUUETPDV
KaBdS Kot 1 TPOKHTTOVCA SLPOPOTOINCT) GTA TEPIGTUTIKG ElcaymY®V 6€ ME® cuykpitikd pe
TIG EMIOMUES KOTAYPOUPEG, KOTO TN OIPKELN TOV 1GYXVPOTEPOV KVUOATOG KPOLGUAT®OV TOV
Iavovapiov tov 2022. Télog, mpoteiveTol OTATIOTIKOS OAYOPIOUOG Yol TNV EKTIUNGT TOL
TANB0VE TV €M TOL TOPOVTOG AVAPPOUEVOVY KOl TPOGTATEVUEV®Y HEGM TOV EUPOAAGLOD.

AéEeic KAewdu: XEtoyaotikry Movtehonoinon, @iktpo Zopotwdiov, Avvopkn Exktipnon
Hoapapétpov, Katavouég IMbavoritov, COVID-19

1. EIXATQI'H

H efdmhoon polvouatikdv acbeveldv meptypdeeton cuxvd HECH
VIETEPUIVIOTIKOV HOVTEA®V, Ie To povtédo SIR va amotedel ) dnpoeiréotepn
npocéyylon. oTOC0, Ol TPOGEYYIGES OGVTEG GLYVA  OATOTLYYXAVOLV V.
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OVTILETONICOVY TN UETAPOAAOUEVN OLVOUIKY] TOV ETONUOV, EOKAE Yo
HEYAAES YPOVIKES TEPLOSOVG. AESOUEVOL OTL Ol OGLUTTOUATIKEG AOUMEELS ETvat
duoKoAO va  aviyvevBodv, G€ GLVOLOGUO WE TO TOGOOTH  YELOMG
OeTIKOV/0pYNTIKOV  SYVOCTIKOV TECT, AVTIAOUPAVONACTE TNV VTOPEN
BopvPov otic muepnoleg kataypoeéc. Emopéveg, M petafacn omd v
VIETEPUVIGTIKN GTN GTOYUCTIKY Bedpnon kabictaton anapoitne.

Ot Costa et al. (2005) cuvdvalovv to povtéro SEIR pe to extetapévo eiltpo
Kalman (EKF) yia v meprypaen emdnuov, evéd ot Zhu et al. (2021)
nepappdvovv oto cuvovacpd SEIRD-EKF v extiunon tov mopapétpov
Tov emdNuoAoykoy poviédov. Ot Papageorgiou & Tsaklidis (2023)
npoteivouv éva ektetapévo SEIRS poviédho, cuvovacpévo pe 1o unscented
eidtpo Kalman yo v npdpreyn g e£€MEn g COVID-19 ot NoaAdia. Ot
Calvetti et al. (2021), ypnowonowdv 10 poviédo SE(A)IR Paciouévo oto
QIATPO COUOTOIOV Yloo TNV EKTIUNON TOV TPOUOV oTAdIOV e£ATAMONG TOV
COVID o710 Oydro kot to Mictykav.

210 mapodv dpbpo mapovoidleton Eva véo, enektetapévo SEIRS povtého pe
enovoloppavopevous poMacpons, oe cuvoLacUO pe TN HEB0SO Tov PiATpov
copatdiov pe dvvakn extiunon moapapétpov. H otoyactikn npocéyyion,
podi pe tnv extipnomn Tov ypovikd LETOPAALOUEVOV TOPAUETPWV, EETEPVA TOVG
TEPLOPICUOVS TMV TPOCOIOPIGTIKMOV TPOGEYYIGEMY, VM TOPEXEL TOAVTILLOL
CUUTEPACLOTO OVOPOPIKA HE TNV KPLuen JSvvoulkn tov smdnuov. H
EYKVPOTNTA TOV eKTIUNGE®V e€eTdotnie oTIg nuepnoteg Kotaypapés COVID-
19 otV Itoa yia epiodo 500 nuep®dV amd TV EvapeEn TV EUPOMACUOV.

Ta kvploTepO gVPAUATO APOPOVY TNV EKTIUNGCT LYNAGTEPOL aPlOLOV
KPOUGUATMOV GUYKPLTIKA LE TIG NUEPNOLEG KOTAYPOUPES, YEYOVOS TOV UTOpEl Vo
amod00el oTIg aoLUTTOUATIKEG LOADVGELS oV YopakTnpilovy v e&amiwon
tov COVID. To avticTot o ekTIdUEVO TOG00TO Kupaivetat peta&y 20 — 50%,
ektipnon mov vroompiletoan amd tv vrdpyovca PiProypaeia. E&icov
onuovtiKn eivon n ektipmon peyaAvtepov tAn0ovg elcayféviov oe ME® katd
N SLAPKELD TOV 1oYLPOTEPOL KOUOTOG KPOLGUATOV Kotd tov lavovapiov Tov
2022. H évtovn HETAd0TIKOTNTO GE GUVIOUO YPOVIKO OldoTNua, Thovotato
doxnoe évtovn mieomn 010 €0ViKd UGN VYEIOC, 0ONYDVTOG OE TANPOTNTA OTIC
ME® mov mBovov va unv emétpeye v go0ywyn OAwvV TV cofapmv
TEPIMTMOCEMV.

To TPOTEWVOUEVO HOVTEAD TTAPEXEL IO IO OVTITPOCMOTEVTIKY EIKOVA TNG
e€EMENg mavomudv, Ady® Tov ovénuévov aplBpol  KOTACTACE®MY Kot
petapdoewv. Télog, TpoteiveTon 6TATIOTIKOG AAYOPIOLOC YO0 TNV EKTIUNON TOV
€Nt TOL TOPOHVTOC AVAPPOUEVAOV KOL TPOCSTATEVUEVOV HECH TOV EUPOAIACHOV,
HEG® TOV YPOVOCEPOV TOV GLVOAKOV TANOOVG avappoUEvOv Kot
euPortacpévov. O aryopBuog ypnoyonotetl Eva cHvoro Boapdv Tpogpyoueva
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amd KOVOVIKEG KOTAVOUES, TAPEYOVTOS Lo 010pOwaon Yia Tig TpoavapepOeioeg
YPOVOGELPES.

2. MEOOAOAOI'TA

2.1. To enekteropévo SEIRS povrého pe  emavoiopfoavopevoug
gnporracpovg

Ye avt) v evomta, moapovctaletor 1 doun tov ekteTtapévov SEIRS
LOVTEAOV, TOV TPOKELTOL VO cvvdvactel pe ) pebodoroyia tov @iltpov
copatwdiov yoo mm depedvnon g eEdnimong tov COVID oy Itaric. H
TPOTEWVOUEVT] €méKTACT, TOL TumKOL povtéAov SEIRS, meprhapPdver
eMIPOCHETO TIG KOTAGTACELS (KOU TIC OYETIKEG OOPOPIKES EEICDGELS) TOL
avVTIGTOLYY0VV 6TOVS VoonAevdevous oe voosokopeio, ME®, toug amoBavovteg
Kol TOLG TANP®G epPoracpévoue. To TpoTevOUEVO GYNILA, EMTPETEL ETIONG TN
petdfoocn avappouévav Kot ELPOAACUEVOV TIGM GTNV KATACTUCT EVOAMTOC,
YOPOKTNPIOTIKO TOVL E€ivol OmopOiTnTO YL TNV TEPLYPAPT EMONMUAOV UE
e€acbevovpuevn ovocio yioo peylAeG YpOVIKEG TeEPLOdOVS. XT0 Zynua 1
avamopictavTol ot HeTaPacels Hetalh TV KOTAGTACE®Y TOV TPOTEWOUEVOL
EMONUIOA0YIKOV povtédov. H emAoyn tov mapovcstaldHeveoy KOTAoTAGE®MY Kol
peTaPacev €ywve pe GTOYO TNV TEPLYPOPT] TOV TANPOLS QAGUATOS TOL
egetalopevov pavopévou yopic va avéndel onpoviikd n ToAvTAOKITNTO TOV
HOVTELOV.

ds®) =A- ’35(21@ —v1S(t) + YR(E) + v,V () — 85(t)

dt dl(:;_(tt) _ Bs®I®) + UBVE\’]f)I(t) —aE(t) — 8E(t)
% = aE(t) — yI(t) — wI(t) — SI(b)
d’; Et) =yI(t) — AH () — kH(t) — pH(t) — SH(t)
90 _ AH(E) - 7C () - pC(E) — 5C(0) M
d’; Et) = wI(t) + KH() + TC(6) — PR(E) — BR(L)
ab() _ uH () + pC(t)
dl;it) S w — V() - 8V ()

Amo 1o ovotua (1), urmopel va mpocsdlopiotel 10 100L0Y1I0 OTOLGING TG
véGov amd tov TAnBvoud Y. T'a tov vroloyiopd tov wolvyiov, Oétovue 10 =
0, epdoov amarteitor amovcio. HLOAVGUATIKOV GOPAOV TOV VO LETASIOOVV TN
v660. EElodvovtog Tig poég Tov cuothiuatog (1) pe 1o undév, KataAnyouE 6To
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0 0 0 _ A(U2+6) AU]_
Y° = (5°,0,0,0,0,0,V )_(—5(v1+v2+5),o,o,o,o,o,—s(vﬁvzm). o tov

npocdropiopd Tov YO, propodpue va apatpécovpe tov aptdud tmv amodavovioy
D(t), koaBdg N mocdTTA VT 08V GUUUETEXEL OTIC VITOAOWESG EEIGADGELS TOV
ovotiuatog (1), eved pmopet vo mePLypoapel ®¢ YPOUUKOS GUVOLAGUOS TV 7
VTOAOITOV KOTAGTACE®MV. XTN GUVEXELWN, TPOYMPAUE GTNV Topovcioon 2
Bewpnudrwv mov oyetiCoviot e Tov Pacikd avomapaywykd puOud Ry Kot v
omapén  evonuikov wwolvyiov. H mopdbeon tov oxetikdv oamodeiewv
TOPOAEIMETAL, €V O EVOLPEPOUEVOS OVOYVAOTNG TOPUTEUTETOL  OTN)
uebodoroyia Twv anodeifewv tov Bewpnudtov 2 kot 4 twv Papageorgiou &
Tsaklidis (2023).

BOzopnpa 1. O Paocwkog avorapaywykds puOuog pe Péorn to TpoTeEvOUEVO

EMEKTETOUEVO  EMONUIOAOYIKO  povTEAO Olvetar amd TOvV TOMO Ry =
Ba(s®+ov®) aBA(ovy+vo+6)

N(@+8)(y+w+8)  No(a+6) (y+w+6) (v +v2+8)

( B a
; Susceptible >- » Infectious Y Hospitalized
" -

N\

\ y w n
Nk L x 3 P

NoNg P & 4 ¥

jaccinated Recovered Deceased

2yijua 1. dioypopotikn ovoxopoTact) Tov TPOTEIVOUEVOD ETIONUIOAOYIKOD HOVTELOD

Ozcopnpa 2. To enektetopuévo SEIRS €yet povadukd evonuiko weolvyo Y™ dtav
Ry > 1.

MMivaxag 1. Opioudcs mopouetpwy Ko KOTaTTeaEDY TOV TPOTEIVOUEVOD eekTeTOUEVOD SEIRS
HOVTEAOD
>ouporo Opiopéds Hapapépwv/Kataotdoemv
Evdiotot (Susceptible)
Extebeipévor (Exposed)
Moivopartikoi (Infectious)
Noonievopevot e Nocokopeia (Hospitalized)
Noonievopevor ce ME® (ICU admitted)
Avappopévol (Recovered)
AmoBavovteg (Deceased)
Epporacpévor (Vaccinated)
PuOuog I'evwnoeov kot Metavdotevong
Pubpodc Endoong
PvOuoc Moérvvong/Metadoong
PvOudc Ewcoyoymv og Nocsokopeia

ST™RIASTIAT~mYu
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) Pubuodc Ovnowdmrag amd dAla aitio

A PvOudc MetdBaong omd to Noosokopeio otn ME®

K Pvbpédc Avappwong petd omd Noonieio oe Nocokopeio
u PuOudc ®vnodmrog petd and Noonkeio oe Nocsokopeio
2 PuBuodg Epedaviong Néwv ITpog Epporacpévov Atopov
Vy PuOuog E&ocBéviong Avoaiag [Tpogpydpevng amd Eppoitocud
p PuOpdc Ovnopdtrag petd and Noonieio oe ME®

o MBavémta Moétvvong Epfoiacpévav

T Pubpédc Avappwong petd omd Noonieio ce ME®

P PvOudc Metafoong omd Avappopévog oe Evdimtog

W PvOuog Avappwonc Kpovopdrmv pe Hrwo Xvuntopoto

Ozdpnpua 3. To 160ldyo YO givon olikd acvpntoticd svotabéc av-v Ry < 1.
AméoaiEn. Toppwva pe v apyn avorioiotov tov LaSalle, emdéyovpe
ovvaptnon Lyapunov L, n onoia elvar Betikd npopiopévn oto chvoro 2 =
{(S,E,ILH,C,R,D,V) | S,E,I,H,C,R,D,V >0} = RS. Opilovpe ™
ocuvéptnon L= i[(s —SY24+E2+I?+H?>+C2+R>+(V-V%?] = %XTX >0, ue
OWVOGUO. X =[S—SOE—E°I—I°H—H°C—C" R—R°V—V°]"=[S—S°E [ H CRV —
VO]T, eKTOGC O TNV TEPITTMOT OOV L(Y®) = 0. €KTOG ad TNV TEPIMTOGT OTOL
L (YO) = 0. [TopaywyiCovtag v L o¢ mpog t, maipvovpe
a_ (S—S°)£+Ed—E+1ﬂ+Hd—H+Cd—C+Rd—R+(V—V°)d—V
dt dt  ~dt  dt dt dt dt dt
= (S = SO)[A = By(S = SO — SO + YR — (v; + 8)(S — SO) + v, (V = V°) — (v, + 6)S° + 1,V°]
+E[—(a+ 8)E + (S — SOOI + BS°T + B, (V -V + aB,V°I] +I[aE — (v + w + &)I]
+H[yl —(A+Kx+p+6)H]+ C[AH — (1 + p + 8)C] + R[wl + kH + 7C — (i + 6)R]
+V =V (=5 — W, + WV =V =B IV =V — B, V°I + v,5° — (v, + 5)V°]
= —B,(5 — $°)21 — B;S°(S = SO + (S — SR — (v; + §)(S = §9)2 + v,(S = SOV - V)

—(a+8)E? + BIE(S —S°) + BS°EI + 6BLIE(V —V®) + 0B, VEI + alE — (y + w + 8)I? + yHI
—(A+Kx+pu+8H +ACH— (t+p+68)C*+ wRI + kRH +TRC — (Y + SIR? + v, (V —VO)(S — 59

—(Wy + 8V =VO2 =B, (V =V — B, VOV -V =X"QX = X"Q, X + X7Q,X, (2)
Le
—(vy +6) 0 —p,S° 0 0 P v,
0 —(@+8) Bi(S°+aV® 0 0 0 0
0 a -y+w+6) 0 0 0 0
Q. = 0 0 % —A+K+pu+0) 0 0 0 , ©)
| 0 0 0 A —(t+p+96) 0 0
\ 0 0 ® K T - +8) 0 }
vy 0 - VO 0 0 0 —(v, +6)
- 0 0 0 0 0 0
/[311 00000 0,811\
| o oo0oo0o0o0 o0 |
QZ(I)=| 0 00O0O0O0 O | 4
0 00O0O0O0 O
\0 00000 O /
0 000 0 0 —oByl

6mov 0 Q, (1) sivon moAvwvLIKOS Tivakag. ZnUeldVoLUE 6Tt Yia To 0e&l HEAOG
me 2ne e€icwong g oxéone (2) woyvet A — (vi +6)S° + v,V°? =0 kan
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;5% — (v, + 5)V° =0, EVD E°=1°=H°=(C"=R=0. To
YOPOKTNPIOTIKO TOAVMVLLO TOL Ttivaka Q4 €ival To
p(D) =det(ll;7 = Q) =(U+8)U+A+xk+u+8)U+vi+v, +OU+T+p+ U+ 5+Y)
C+@a+y+w+20)l+8(@+y+6+w)+aly+w—FS"—aB V) =0, (5
00MNYDOVTOG € 5 apvNTIKES IO10TIIES. [ 10 TO TETPAYOVIKO TOAVMDVLLO TG GXECTG
(5), epapuodlovpe to kprtinplo Routh-Hurwitz 2ov Pabpov, 6mov ot pileg Tov
TOAVOVOLOL AQpUPAvVOLY YDPO GTO OPLOTEPO UIYAOIKO MUETITEdD OTAV Ol
ovvtedeotéc (a+y + w +26) xou S(a+y+8+w) +aly + w— ,S° —
o,V ?) eivon Oeticoi. Kabog (a + y + w + 28) > 0, 1o kprrfipio ikovomoteita
av xou uovo av S(a+y+ 68+ w)+aly + w— p1S° —ap V% > 0, 6mov
énerta and TPAcelg katoAnyovpe 6to 6t Ry < 1. Ovidotiuég tov mwivaxo Q4 (1)
giva Odeg un Oetikég kobmg woydel I(t) > 0 V t > 0. Eniong, 0Aeg o1 1010TIuéG
0V Q4 &YovV apVNTIKO TPAYHOTIKO HEPOG AV Ko LOvo av Ry < 1. Zopowva pe
TO, TOPOTTAV® EYOVUE % =XTQX < 0 av kot poévo av Ry < 1. Mg mapdpoto
Tpémo umopel vo, amoderytel 6T To eVONUIKO 160L0Y10 givol oAkd voTabég av-
vVRy > 1. ]

2.2 AkyopOpog exktipnong TV emi TOL TOAPOVTOS AVUPPOUEVOV 1|
eppohacpévev

H mieioyneic cuvorov oedopévov mepiéyet 10 afpototikd mAnbog
avappopévav. QoT1d60, KATA TNV TOPOVGO AVAALGT|, XPELOLACTE TO €L TOV
TapovTog TAN00G avappopévey kpovoudtov. H dtagopd avtn, opsiietal oty
e€ac0évion TOV AVTICOUATOV TOL TOPAYoVToL amd o Thovi LOAVVeN LE TNV
TAPOO0 TOV XPOVOL, EVD 0 160G cLveX®G LeTaALdcaeTal. 'Etot, dnpuiovpyodue
XPOVOGEIPG TV VEOV aVOPPOCEDV {Tyec,, t = 0}, maipvoviag T mpdTeg
SLPOPEC TV 0BPOLOTIKAOV AVAPPDOCEMY. TN CUVEXELN, EMAEYOVUE TN OTIYUN
t —k xoar mpocapudlovpe Kovovikny Katavoun He HEGO Opo U = t — k.
Aoppdvovtag vmoyn 6tt n avocio dwpkel katd kavova k + ¢ muépeg,
vroloyilovpe v mBavoedaveln yioo ke i =t —k —c, ..., t — k + ¢ pe Baon
TNV KOVOVIKT] KOTOVOUY|, KATOAYOVTOG o€ éva 6OVoAo 2¢ + 1 mAnBoug Tindv.
Kavovikomoobue 11g mapomdvem Tipég Ko kataokevalovpe Eva dtdvooua 2¢ +
1 6pwv oTdbong W. X1 GUVEYELD, TAIPVOVLLE TO ECMTEPIKO YIVOUEVO TOV W
He TO TIC VEES avappmdoelg YL L =t —k —c,...,t —k + c. Agdopuévov o1
npénet Currentlyg, € Z* Vvt € N, aparpodue and Ti¢ 0fpoi1oTIKES OVaPPDOGELG
TO TOPOTAVE® EGOTEPIKO YIVOLEVO,

Currentlyg, = Cumulativep, — [< w, (nreq-k-c' ...,nrect_kﬂ) >J . (6)
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H emhoyn ™¢ Kavovikng Katavoung oev givatl avbaipetn. Ot véeg avoppmOOELS
oe kdOe ypovikd Prina umopovv va Bewpnbodv g agi&elg pog dadikaciog
Poisson (Al-Dousari 2021). T'a peydho A, n xotavoun Poisson pmopel va
TPOGEYYIOTEL IKOVOTOMTIKA OO TN YKOOVGLOVY).

Opoimg, pmopet va. vtohoylotel 0 aplOUdg TV atOP®V Tov givorl €mi TOL
TOPOVIOC TPOCTATELUEVOL HEc® Tov gufoltocuod. H puoévn dwoupopd otnv
ektipmon tov eni 1oV TOPOVTOG TPOGTATEVUEVAOV EYKELTAL GTNV TPOGONKT TOL
afpototikod TANOOVG aAVapVNOTIKOV 0OGE®VY, YOPAKTNPIOTIKO G€ acbiveleg
onmwg o COVID, n ypinn, o xitpivog mupetog k.a. 'Etot éxovpe,

Currently,, = Cumulative,, — [< w, (nvact—k—c’ "-'nvact_kﬂ) >J + booster , ™
omov pe Currentlyy, couPoriCovpe Tov TAnbog twv atépmv Tov eokolovdov
Vo €ouv avocia A0y epPfoiacpoy, evd M YpOVOGEWNE {Nygqc,, t = 0}
avTIoToLYEl 6TOV NUEPNGLO APl VEOV, TANPOS ELPOAAGUEVOV ATOU®V.

AlyéprOpog 1 Extipumon tov mAn0ovg emi 100 To.pOVTOG AVOPPOUEVOY

Anartoovton: {CumulativeRt, t=>0}kco
I'e i =0,..,N —1Kéve
Nyec; = Cumulativeg, . — Cumulativeg,

Téhog
Enéheéet > k —c
I'w i =0, ..., 2c kave
pi=Pi+(t—k—c)—05<X;<i+({t—k—c)+0.5) 6mov X; ~N(t — k,0)
Téhog
I'e i =0, ..., 2c xave
Kavovikomoinon tav Bapdv w; = p;/ Y2, v;
Télog

YUYKEVTPOGE TO W; OTO dtévuopo W
I j=0,..,N—1kdve
avj <t
CurrentlyR]. = CumulativeRj
oAlag
Currentlij = CumulativeRj - l< w, ("rec,-_k_c' ...,nrecj_“c) >J

Téhog

2.3 To pekt6 emonuoroyko SEIRS ¢@ilktpo copotidiov

H e&&amioon polvopoatikav acBeveidv cvvnBog ocvvodedetar  amd
TAPOUETPOVG PE LYMAN HETAPANTOTNTO, 0TS O pLOUOS petddoong B mov
emmpedletan amd eEmtepikog mapdyovies. AAAo mopodsiypota givor To
m0G0ooTd Ovnodmrog Kol avdppwong twv kpovoudtowv. To mpotevoueva
VIETEPUIVIOTIKA HOVTEAX Ogv Aapufdvovv vrdyn 1Tr oToXAcTIKOTNTO TOV
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eEMONUIOV, eV gpeavilovv dvokorieg otn Olayeipton ™G UETAPOAAOUEVTS
CUUTEPLPOPAS TOLG. XTOYOG €lval 1 EVOOUATOGN GTO  TPOTEWVOUEVO
enektetopévo SEIRS, omolacdnmote dabéoiung mAnpoeopiag GyeTkd e v
eEEMEN g mavonuiag, O6mwg 10 TANO0G HOAVCUOTIKAOV, OVOPPOUEVOV,
euporacuévav, arobavoéviwv, voonievouevov oe vosokopeio kot ME®.

21606 glvan n Tpocappoy” g nebodoroyiag Tov EIATPOL COUATIOIOV OTIg
010UTEPOTNTES NG EEATAMONG EMONMAV, KOTOOKELALOVTOS £va VPPLOKO
EMONUOAOYIKO GUGTN O TOV UTOPEL VO GLVOLAGEL ATOTEAEGLOTIKEL TOL GTOLXELD
tov enektetapévov SEIRS pe tig diubéoeg mapatnpnoeic, avripetonilovtag
TIG advvopieg TO60 TOV TOPATNPNCEDV OCO KOl TOV EMONUOAOYIKMOV
povtédwv. H cuyydvevon tov 600 peBodoroyldv anaitel Tnv Tpomomoinon tov
vietepuviotikod  ektetapévov  SEIRS  povtélov kotaAnyoviag o€ o
1GOOVVOUN OTOYXOOTIKY] TPoosyylon. Apywkd, mpémelt vo kaboprotel 1
TPOTEWVOUEVT] KOTOVOU HETARACE®V €vOG PNUATOS HETAED TOV KPLODV
KATOOTACEWV  fo(x¢|x.—1). Eo@ocov epyalduacte pe vmominbuouoic,
YPNOLOTOLOVLE SLOKPITES KATOVOUES Y10 TIC LETAPAOELS HeTAED KOTAGTACEWV.
Mo 116 KOTOOTAGES TV EKTEDEIUEVOV KOl TOV OVOPPOUEVOV, ETIAEYOVUE

(dg)e ~B(Eeoy,1—e7%)  kau (dgs)e ~B(Re—1, 1 —e™ %), (8)
OOV 10 1 — e~ % aVTITPOSMOTEVEL TNV TOAVOTNTA EVOC ATOUOL Vo peTakivnOel
amd TNV KOTAoTOoT EKTEDEUEVOG OTNV HOAVGLOTIKOG, KATA TN OLUPKELN TOV
dwwotnuotog (t, t + dt). o Kataotdoelg e TeplocoTePES and pio EEPYOUEVES
HETOPACELS, YPNOIUOTOIOVE TOAVMOVUUIKES KOATAVOUES. ZVYKEKPIUEVA,

Bl_1/N ~(P=t4vy) ar —(r+w) dt
— (1 -¢ N T —(1—e (r+w) )
(dSE) -M 5¢_1.(B1t_1/N+v1( )> , (Z’H) ~M|I_q, <y+w > , (C)]
R/

dsy/, L( _ —(ﬁ’f—‘lwl)dt) _® (1 otwar
Ty G y+w( ¢ )
_e—(r+p)dt)

, 10

(1 _e-Crpyar) 10

V2 (1 —(oﬁﬁwz) dt
dvs) oBli—1/N + v,
~M| Vi_q, 11
<dVE . t-1 \ ofl;_1/N (1 —(65" 1o,y at / 11
oBli—1/N + v, /

H xotavoun mov cuvdéel TG KPLPEG KOTAOTAGELS HE TIC TOPOTNPNOELS
9o (Vilx:), kabmg éxovpe 6 TOPOTNPNOIUEG YPOVOCEPES UmopEl va PacioTel
otV péon tun Poisson katovou®v pe TOPOUETPOVS TIC TIUEG TOV KPLOOV
KOTOGTAGEWDV TN OTLYUN t, SnAadn|

: )
[ _ o= (A+k+p) dt
A+r+u A-e ) \

dyc | K |
dug | ~M| Hey | e (1 — e-@rtmary

H o~k dt
A+k+pu (1 € )

1° .
goelx) = G ). Poisson(yee¥ie) (12)
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omov y; = ()’1,t,)’2,t; V3,60 Ya,00 Ys,t0 y6,t)T = (If, Hf, C;,R;‘,D;,V;)T Kol Xy =
(I, H, Cy, Ry, Dy, V)T . To cOpporo * ypnowuonoteitar yior 0 Sidicpion petaéd
TOPATNPNCEDV KAl KPLPDOV KATAGTAGEMV.

Aoappdvovtag voyn TV KOUAIVOUEVT] SUVOULKY] TOV ETONUIOV UEYAANG
KMpoKag, ovEAvoupe ToV  YOPO  KOTACTACE®V TPOGOHETOVTOG YPOVIKA
HETOPAAAOUEVEG  TOPOAUETPOVS  TOV  OVTIGTOWOVYV  GTOLG  puBuovg
petadotikdmTag (f), avappwong (k, T), Bvnowomrog (i, p), slooywyodv o€
voookopeio (y) ko ME® (1), kataAnyoviog oto emovénuévo didvuopuo
KPUO®OV KATOOTAGEWDV X;. X€ KAOE ¥povikd P, 1 LETOPOAN TOV TOPAUETPDV
Baciletar oe KOVOVIKES KATOVOUES UNdeVIKOV pécov Opov. Katd avtov tov
Tpémo, dev mpokabopilovpe TNV TAON TOV TOPAUETP®VY, EVA Ol TPOYLEG TOVS
kaBopiloviar TANpC amd TV TOAVOPAVELX TOV SESOUEVMV.

3. AIOTEAEXMATA
3.1. E@appoyn otic nuepfoteg kataypapéic COVID-19 oty Itoria

Ye avtd 10 onueio Bo SlEPELVNGOLUIE TNV TPOCOPUOGTIKN/TPOPAETTIKY
KOVOTNTO TOV TPOTEWVOUEVOL EMONUOAOYIKOD QIATPOL COUHATIOIMV GTIG
nuepnoteg kataypapés COVID-19 oty Itodia. EEgtalovpe éva eupd ypovikod
dwaotnua 500 nuepadv and tig 4 Iavovapiov 2021, mwov aviumpocwnedel TNV
TPAOTN NUEPA KATOYPAPNS TANP®G EUPOMAGUEVOV ATOU®V. ZTO SAGTNUO AVTO
cuvaviaue 4 onuovtikd Kopato Kpovopdtmv, pe 1o 30 KOpo va gtvor to
emkpatéotepo.  Idwitepa  evolapépov  eglvor Ottt M amoétoun  avénon
LETAOOTIKOTNTAG ONUEIOONKE 6 IKPOTEPO XPOVIKO dtdotnuo (28 AekeuPpiov
2021 — 23 Iavovapiov 2022), e cuykpion pe ta 6VO TPOTNYOVUEVO KOUATO
KPOLGUATOV.

AlyéprOpog 2 AryopiBpog oidtpov copaTdimv e SLVVOUIKY EKTINOT TOPAUETPOV

Anorovvraw: Ny, f, T, threshold
Apyomoinoe (¥ = (xf), GE)T, wé)
o t=1,2,..,T kave
Tépe detypo Xe~ fo(Xe|Xi-1,¥e)
ot F)p FelFe—1)
Jo(®t|Xe_1,y¢)
I'e i=1,2, ...,Np Kave

Wi < wi_,

, . . N. .
Kavovikonoinon wi = wy/ Zi=pl wi
Av N,s¢(t) < threshold

Avaderypoatornyio pe enavébeon Ny, copotidiov pe faon my katavour Bapov

Enavagopd opyikdv papadv wi = 1/ N,
Télog av
Téhog
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Téhog

EminpocOeteg mapatnpnoelg yio v €£EMEN g mavonpiag, a@opovdv To
mAN00¢ TV TEPLOTATIKOV oV glonydncav ce vocokopeia kot ME®. Kabdg
wpoympape PBabdtepa oty mEPiodo TV eUPOAOCU®Y, Tapatnpeital LeimoN
0T0 TOGOGTA €100 Y®Y®OV o€ vocokoueia kot ME®, moapatipnon mov yiveton
Wwaitepa eLPAVNG KaTd o VO TPAOTA KOpata TS e€etaldpevng tepiddov. To
lo kopa (19 dePpovapiov 2021 — 21 Maptiov 2021) npoxkdrece mepinov 2
(QOPEC MEPLGGOTEPES WOADVOEIS GE OYEON HE TO 20, EVO Ol E1G0YMYEG OF
voookopeio kot ME® tov mpdtov kopotog Eemépacov avtég Tov 20V KaTd
mepimov 5-6 @opég. AxoOun, TTOTIKN TOoN epEaviletol Kol 6To TOGOGTA
Ovnowomrtoag andé COVID-19 omv ItoAia, evd to oviiotoyo mToGOoTA
avappouévov mapovctdlovy v akppog avtibetn tdon. Ztov Ilivaka 2,
TEPAAUPAVOVTOL O1 EK TOV TPOTEPMV Kot K TV VoTéPV (T = 500) kotavouég
TOV TOPAUETPOV KOl KOTOOTAGE®V TOv HovTEAov. Ot €K TV VOTéP®V
KATOVOUEC TPOKLTITOVV UEC® ToV oTo)aoTikoy SEIRS povtélov yuu T = 500
nuépeg ko N, = 200 copatido.

ITivaxag 2. Ex twv mpotépmv/votépmy KaTovousS Yia. TIS ToPapETpovs 1o povtéiov. Me Unif kou tN

ovufoliloviar n OUOIOUOPYT KoL TEPIKOUUEVY KOVOVIKH KOTOVOUT, OVTIOTOLYA.
Initial

Prior Distribution Posterior Mean (95% C.1.) References
Parameter
a, o 1/5.6, 0.2 1/5.6, 0.2 Quesada et al. 2021; Ssentongo et al 2022
tN(L,;,L,L), tN(L,;,L,L),
Y, v, 2407240073007180 24072490 73007180 Feikin et al. 2022; Mahase et al. 2021
tN(—,—,=—,—) tN(—,—,=—,—)
180 1800 210 150 180 1800 210 150
0.0668 (0.06411, 0.06966),
w, vy 1/14, 107* 1.144x10 (1.1019% 104, Voinsky et al. 2020
1.1708x10%)

B Unif (0.5,1.5) 0.8144 (0.7570, 0.9421) Based on Maximum Likelihood
A Unif (0.036, 0.048) 0.0196 (0.0184, 0.02102) Based on Maximum Likelihood

tN(0.0085,0.00085, . -
14 0.000688 (0.000474, 0.000904) Based on Maximum Likelihood

0.0006,0.012)
K NS, —, L, 0.0568 (0.0538, 0.0601) Roomi et al. 2021
187180 22" 14
U tN(ﬁ,ﬁ,é,%) 0.0686 (0.0650, 0.0729) Roomi et al. 2021
T ENG, =, 2L 0.1306 (0.1275, 0.1331) Roomi et al. 2021
9°90° 11 7
p tNG, =, 1D 0.1481 (0.1456, 0.1514) Roomi et al. 2021
880" 10 6

oppova pe ) petavaivon tov Queasada et al. (2021), n pnéon mepiodog
enmaong tov COVID egivar 5.6 nuépeg. Enopévog, emaéyovpue  onuetokn
extipunon ywo to puOud endOoNS a = 1/5.6, EVAO 01 EKTIUNOCELS Y10 TIG VITOAOUTES
TOPOUETPOVG EMAEYOVTOL LE TAPOUOLO TPOTO. AvTi 1| TOPdpeTpog, pali pe v
mBavotnTo porlvveong petd tov epPoitacod (o), dttnpodvion otabepéc Aoy
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™G YOUNANG TOouG HeTaPAnToTnTOC ®G TPog TOov Ypodvo. Ot pvOuoi
emovevaronciog petd tm poivvon (Y) i tov euPforacud (v,), dwtnpodvion
emiong otafepoi. XpnNGIULOTOI0VUE TEPIKOUUEVES KAVOVIKES KOTOVOUES Y10l TIG
EK TOV TPOTEPOV EKTIUNCELS AOY® TV afefatotntov mov oyetilovial pe to
OVOGOTOMTIKO cVGTNUO KAOE aTOpOV.

3.2. EEétaon am6d06MG TOV HovVTELOL CORQPOVA IE TIS TOPAYOPEVES
EKTIUNOGELG

210 Zynua 2, Topovctdloviol ol NUEPNOLES TAPATPNOELS LOAVCUATIKOV,
voonievdpevav ce voocokopeio kot ME® kot amobavovimv, cuvodeudpeveg
amd TIC EKTIUNGELS TOV TAPAYOVTOL OO TO TPOTEWVOUEVO GTOYUOTIKO HOVTEAO.
Ot mapoydueveg eKTNOCELS Qaivetal va akKOAOLOOVV 1KOVOTOMTIKG TN
duvapukn g mavonpiog aKkoun Kot yio ™ pokpd mepiodo tov 500 nuepov.
YVYKEKPEVO, Ol EKTIUNGELS TOL TAPEYOVIOL Y10 TOVG VOOTAELOUEVOLS GE
vocokopeia, ME®, kot amoboavovieg eivar mOAD KOVTE O©TO TPOYHOTUKY
dedopéva, yeyovog eEopetikd evlappuvtiko, Kob®OG avtég ot 3 ¥povocelpég
AVTITPOoOTEHOLV TIG OKPIPESTEPEG KATAYPOUPES. ZMUAVTIKO ELPNUA TNG
TapoHGOS avaALONG OmOTEAEL 1] EKTIUNON HLEYOAVTEPOL TANOOVE LOAVGLATIKMV
ATOU®V CLYKPITIKA HE TIG MuepNoleg kataypapss. H vmepextiunon avtn,
mBavotato pmopel va amodobel oTIC VIAPYOVOES ACVUTTOUOTIKEG AOUMEELS
nmov yapoktnpiloov v petddoon tov COVID-19. To mocootd twv
ACLUTTOUATIKOV  Kopoivetar peta&y  20.02 —  50.87%, 7yeyovog mov
vrootpiletar and v petavarvon twv Oran & Topol.

Koatd ™ owbpkela tov 30v KOHATOG, TOpOTNPEITOL HKPY| VIEPEKTIUNON
(mepimov 100 atodpwv) otovg voonievduevovg oe ME®. Avtd to xduo
HOAVVONG OVTIGTOLEL GTNV EVIOVOTEPT] O1OGTOPE TOL 100 UEYPL CIUEPA, EVD
TOVTOYPOVe. 1 OLIPKEWL TOL &ivol kpOTEPT, O GOYKpPlon He T 000
nponyovpeva Kopota g e€etaldpevns meptodov. Avapgifoia, o cuvovacudg
avTOG doknoe mieom 6to £6vikd chGTNUO LYEIOS, 0ONYDOVTAS GE TANPATNTO OTIG
ME®. Q¢ amotélecua, OBempovpe 0T mOOVOG TO HOVIEAO 00myel oTnv
OTOKAALYN OVTOL TOL YEYOVOTOG, TAPEXOVTAG EKTIUNGT Yo TOV aplBud tov
atopev mov mopéuevay ektdg MEG® Adyom pn dwbeciuomrog kKAMvaov.
Tavtdypova, Tapatnpeital pkpn vrepektipnon otov apdpd Tov amrobavoviwv
(0.15%-0.95%). H pwpn omdxiion petad Kataypoedv Kol EKTIUNCE®V
umopet va amodobel oe elmn kotaypaen Oavdtwv, xwpig va pmopodue vo
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elpaote BéPatot yoo avtd AOY® un emapkdv otoyeiov ot Pipiloypapia.

T Jos
p 2 i 4 \/ ’f X‘\’
4 \ ] \

¢

Hospitalized

Currently Infected / Infectious

o~

ICU Admitted

Zyiua 2. Hueprioieg kazoypapésc COVID kai 01 aviiotoryes EKTIUNOELS Y10, TOVS @) HOLDOUATIKOVG, )
voonlevouevovg ae voookopeia, y) kai MEO xou ) vexpoig otny Itakia. O1 padpeg kovkkioes
QVTITTOLY 0DV 0T TPOYHOTIKG, OEOOUEVQ, 1] KOKKIVH YPOI] OTIC EKTIUNOEIS TOV HOVTEAOD Kail 01 UTAE
TEPIOYES aVTLaTOLYOVY ot 99% JLaoTHUATO EUTITTOTOVHS

210 Iynuo 3, mapovcualetar n eEEMEN TV Ypovikd peTAPOALOLEVOV
TopapETpV Kotd n dtdpkela S00 nuepodv mavonuiog oty Itaiio. EpeaviCeton
aE100NUEIDMTN TTOTIKN TACT GTO TOGOOTA EICAYOYDV GE VOGOKOUEln (¥) Kot
ME® (1). H 1don ot evteivetal 1dtaitepa katd 10 30 KOO, COUTEPAIVOVTOGC
ot mapd v aSloonueiot) avENoT 6T PETAOOTIKOTNTA, TO. VYNAL TOGOGTA
euPoiacumv dtatpnoay 1o TAN00g TV GoPapdv AOUOEEDY GE dlayelpioia
enineda. Ta mocootd avappwong eite oe vocokopeio (k) eite oe ME® (1)
yapaxtnpifovrot omd avéntikn Tdomn, Eved To T0cootd Bvnodtrag (¢) kot (p)
epeaviCovv avtifetn cvuneprpopd. H Bvnopomra atdpwmv mov vooniehomkov
€ VOGOKOUEID, LEUDVETOL EVTOVOTEPQ OO QT TOV TEPIGTATIKOV 6T ME®,
YEYOVOS avaLEVOLLEVO KOODG akOUN Kot LETE TOV ELPOMAGLO 1 KATAGTAOT) TNG
vyelag Tov elooybéviov e ME® mopapévetl kpioun.

Ytov Ilivaka 3, mapovcidlovtar ot tipuég NRMSE ¢ mpocapplootikng
KAVOTNTAG S5 LOVTEA®V, OTOV 1| TEAELTOIO GELPA AVTIGTOTYEL GTOL COAALOTO TNG
TPOTEWVOUEVNG TPOGEYYIONG. ZVYKpivovue Ta 5 povtéda pe Baon ta nuepnoio
TEPIOTATIKA VoonAeiag o€ vocokopeia kot ME®, tepiotaticd amofovovimy kot
euPortacuévav. To TpoTevOUevo LOVTELD TOPEYEL TO KAADTEPO ATOTELEGLLOTOL
TPOCAPUOYNG, Otvovtag Tig pikpotepes Twég NRMSE ocvykpitikd pe ta
vtolowa 4 POVTEAD, EVO 1 VIETEPUIVIOTIKY| TPOGEYYIOT TOPEYEL LAKPEV TIC
YEWPOTEPES EKTIUNGELS. XVYKPLOT YIVETAL IE HOVTEAQ TTOV KAVOLV YPNOT TOL
EKF, xobdhg omotehel Tn ONMUOQIAESTEPN OTOYOGTIKY] TPOGEYYIOT OTN
Biproypagia yio T poviehonoinon emdnpiev (Zhu et al. 2021). To povtérho
EKF-SEIRD gmiéynke dote va yivel 60ykpion Le Eva amd to ONUOPIAESTEPTL,
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ovyyxpovo povtéda g Piprtoypagpioc kot eppdvics avénuéveg e NRMSE
YW TO, TEPIOTATIKA amoBavOVIwV o CUYKPION HE TO TPOTEWOUEVO PIATPO
COUOTOIOV HE YPOVIKA LETABOAAOUEVES TAPOUUETPOVG.

Zynua 3. Avamopaoroon e eEEMENS TV ypovikd uetofaliopevov mopoustpwy yio 500
nuépeg mavonuiag oty Italio ue to avtiotoryo 50% daothiuoTe UTIoTOCOVHG
Hivakag 3. Tyués NRMSE yio 1o veeteppuvietiko SEIHCRDYV, EKF-SEIRD, EKF-SEIHCRDV
UE OVVOULKY EKTIUNCN TOPOUETPOV KOL TOV ETLONUIOAOYIKOD PIATPOD GWUATIOIWY UE KOl YWPIG
YPOVIKG, UETOLAALOUEVES TTOPOUETHODS

Hospitalized ICU Deceased  Vaccinated
Deterministic SEIHCRDV 0.9988 0.9991 0.9998 1.1509
Particle filtering SEIHCRDYV (Constant parameters) 0.6106 0.1911 0.0874 0.0252
Dynamic EKF-SEIRD - - 0.1645 -
Dynamic EKF-SETHCRDV 0.2082 0.0741 0.0795 0.0217
Particle filtering SEIHCRDV (Dynamic 0.0505 0.0550 0.0611 0.0240

parameter estimation)

4. XYZHTHXH KAI XYMIIEPAXMATA

Ol VIETEPUIVIOTIKEG TPOCEYYIGELS OMOTLYXAVOLV VO OLOYEPIGTOVV TNV
nePIMAOKN SLVOUIKY] ETONUOV, AOY® TOV CTUOVTIKOV SOKVIAVGEDV TOL TIG
ovvodevovy. Ot petaforéc ot OLVOLUIKN TTOL OQEIAOVTIOL GE EEMTEPIKOVG
TOPAYOVTEG, KOOMG Kot 1) afefatdTnTa 0TIS KATAYPAPES, 00N YOVV OTNV EMAOYN
TWO  OVIWPOCOTEVTIKAOV, OTOXACTIK®OV 7poceyyicemv. Ta vrdpyovia
VIETEPUIVIOTIKA LOVTEAD OEV eivan TEAELD, VD M TpooTdbelor cLpTEPIANYNMG
OA®V TOV THOVOV KPLPOV KOTAGTACE®V Kol HETABACEDV oG emionpiag, 0o
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oonNyovce ©e  WEPIMAOKEG OOUEG  OLVOOELOUEVEG OO  TMEPMTMOELS
vreprpocappoyns (Papageorgiou et al. 2023; 2022; 2021).

X1ov apdv apbpo mapovcialovpe Eva véo, enektetapévo poviédo SEIRS
GLVOOELOUEVO A0 £V PIATPO COUOTIOIMV LLE QUVOLIKY] EKTIUNON TOPAUETPMV.
Me Bdon awtd, 6TOY0G £Vl 1] AVTIUETOMTION TOV TEPLOPIGUOV TOV GLVOOEVOLV
TIG VIETEPUIVIOTIKEG TPOGEYYIOELS, VD TOPAAANAa Eemepvdpe dpACTIKA TNV
TPOYVAOGCTIKY TOvg wavotnta. Emexteivovpe 10 tomwkd poviého SEIRS,
av&avovtag ETaPKOS TOV apliud TOV S10POPIKOV £EIGHOGEMYV TOV GUGTILLOTOG
and 4 og 8, Aapupdvovtag VoY ToVG VITOTANOVGLOVG TOV VOCT|AELOUEVOV CE
vocokopeio kot ME®, tov amofavoviov Kot tov gpfoitacuéveov. Méow tov
eiAtpov copatdiov, aglomolovue T dwbéciun TAnpoeopio Tov apopd TV
e&éMEn tov COVID oty ItoAio, Peitidvoviag oioOntd TG mopoyOUEVES
exktipunioelg akoun kot yuo 500 muépec mavonuiog. Mécm ™G SvVOIKNG
EKTIUNONG TAPAUETPOV, ATOPEVYOVLE TI GUUTEPIANYT OLUPOPETIKAOV pLOUOY
petdfoong yio epforiacuévovg Kot avepforioactovg (mov Ba odnyodoe otnv
mpocOnkmn 7 £0¢ 9 eMMAEOV TOPAUETPOV).

Ta xupLdTEPO OMOTEAEGHATA OLPOPOVV TNV EKTIUNGCT LYNAITEPOL aPLOLOV
KPOUGUATOV GE GUYKPION WE TIG MUEPNOLEG mapatnpnoelg -avénon 20.02 —
50.87% (95% 9.¢.)-, mov pmopet va amodobel oe acvunTOpATIKEG AOUdEELS. Me
Baon v petavéivon tov (Oran & Topol 2021), cuunepaivetar 6Tt 10 TOGOGTO
TV 0topeV BeTikdv otov COVID mov dev eKONA®GOY GUUTTOUATO KVUOIVETOL
petald 21.7% wxou 47.3%, evioydovtag ONUAVTIKA TNV €yKupotNnto TOV
EKTIUNGE®V TOL LOVTEALOL. AkOuN, agloonpeimTo ivotl 0Tt o€ avtifeon pe dAia
EMONUOAOYIKA povTéAd NG PiAoypaiag mov YPNOLUOTOOVV EMTALEOV
KOTOGTACELS Y10, TIG ACVUTTOUOTIKES LOAOVGELS, e€ovaykdlovTag TNV EKTiUNoN
OVTOV TOV TOGOGTOV KOl OLEAVOVTOG CMUOVTIKE TNV TOALTAOKOTNTO TOV
HOVTEAOV, M TOPOVGU TPOCEYYIOT] OMOKOAVTTEL TNV KPLOT OLVOLIKN NG
Tovonpiag xwpig TpocHETO VITOAOYIGTIKO KOGTOG.

To xdpa tov lavovapiov 2022 omv Itoiio onpatodotel Oxt povo tnv
EVIOVOTEPT] UETAOOTIKOTNTO TOV 10V £0G TOPO, OAAQL KOl TNV TIO GUVIOUN
nepiodo  KopOEWoNG &vog KOUATOoG Kpovoudtomv. O ocvvdvacpdc avtdg
mavototo 0dnynoe o€ cuLvOCTIGHO 6TIc ME®, pe to HovTého va dloytyvaoKel
aVTO TO YEYOVOG KOl VO TOPEXEL EKTIUNON Yoo TO TANO0C TV ATOR®V TOL
éuewvav ektog tov ME® Adym un dwbeoomrog kivov. H mapovca
TPocEyylon VLooTNPilel TNV ATOTEAEGUOTIKOTITO TOV TANPOVG EUPOALNGLOV
katd tov COVID, xabdg 1o SuvoKE EKTIUOUEVO TOCOGTH OVAPPOONG
mopovstalovy avéntikn taon Kabmg tpoywpape Pabvtepa oty mEPiodo TV
euporocpumv. Ta mocootd eilcaymYdV 6 vosokopeio, Kabmg kot ot pvOuoi
Bvnoomrtag mapovsialovy ebivovsa cvumepipopd Wiaitepa kotd 0 30 —
EMKPATESTEPO— KV Kpovspudtmv. To counépacuo avtd ivar 6e cupeovio
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pe mAnbopa peretdv g Piproypagpioc. Or Watson et al. (2022) avagpépovv ott
ot gupoitacuotl odnynoav ce peimon katd 63% otovg BoaviTovg, eved ot
voonieieg oe voookopeio kot ME® peimdnkov katd 63.5% kot 65.6%, ce o
nepiodo 300 nuepav otig H.ILA. (Feikin et al. 2022).

Téhog, n Bewpntikn avaivon pe Pdon to enektetopuévo SEIRS, odnyel oe
ToAOTYO. cvpmepdopota Yo TNV e&dniwon ¢ movonpiag. O tOmog Yo Tov
deikn Ry (Bedpnua 1) mapéyetl pio avimpocsomeLTIKn KOV TG EEMENG TNG
movonuiag, eved Ponda ommv anddeln g vmopéng Ko oAMKNG evotdbelog
emdnukdv 1oolvyimv. Me Bdon tovg Rosero-Bixby & Miller (2022), o
AVaTOPOY®YKOG pLOUOG dev dtatnpeital kpdTEPOG TNG LOVAOAG LETA TO TEAOG
tov lockdowns, kabiotdvtag v eopdvion Tov 100 eEoupetikd apeiBoAn.
Agdopévov Aomdv OTL 0 TEPLOPICUOG TNG UETASOTIKOTNTAG TOV 100 QaiveTal
apKeTO OVOKOAOG —TOVAGYIOTOV GTO AUECO UEALOV— Ol appodieg apyés Oa
TPEMEL Vo EMKEVIP®OOHV 6T HEl®OoN TV EMMES®V GOPUPOV AOUMOEEDY Kot
Bvnoomroc.

ABSTRACT

In this paper, an extended epidemiological particle filter with time-varying
parameters is proposed, with the aim of describing the evolution of pandemics.
The validity of the model is examined on daily records of COVID-19 in Italy
over a period of 500 days. Key findings include estimating the rates of
asymptomatic carriers, a well-known feature of COVID-19. Unlike other
models that use additional states for asymptomatic carriers, forcing the
estimation of this ratio and increasing the complexity of the model, the proposed
approach leads to the emergence of the hidden dynamics of COVID-19 without
extra computational burden. Additional findings that confirm the
appropriateness of the model are the evolution of the time-varying parameters,
as well as the resulting variation in the incidence of ICU admissions compared
to official records, during the most prevalent infection wave of January 2022.
Finally, a statistical algorithm is presented for the estimation of the currently
recovered and vaccine-protected individuals.
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Tunpo Aoyiotikng kot XpnpuotootKoVO KNG,
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HEPIAHYH

2V epyacio ovT GUYKPIVOLE KO TPOTEIVOVLE EKTIUNTEG LE GTOYO TNV akpiPr| TpdPreym
TOV OMOTEAECILATOG (GUVOALKOV aplfpoy YyNe®v TV dVo vIoyneimv) TS AaiKNg yneoeopiog
TV TPoedpkmv ekhoydv Tov 2020 tov Hvouévev ITolteidv g ALeptkng, XPNOLLOTOLOVTOG
povootadiokn detypotoAnyio pe ™ péBodo tov cuotdadmy. v nepintmon mwov e&etalovpe,
EMAEYOVUE aPYIKE MG GVOTASES TIG TOATEIEC Ko Emelta emovalapfavovpe Ty idwo dadikacio
Bétovtag mg mpwtoyevels derylatoAnmTikés povadeg T emapyies. I'a T dekmepainorn tov
mepdpotog ypnoonomdnkayv ta dedopéva Tmv ekAoydv Tov 2020, tov 2016 kot Tov 2012. H
pebodoroyio TOL Bol TOPOVGLAGOVLLE Y10l TOV VTOAOYIGULO TOV TEAMKOV ATOTEAEGLATOG LTOPEL VOl
£POPUOCTEL KO OTIC EYXDPLES POVAEVTIKEG EKAOYEG, BETOVTOG (0G GLGTAIES EiTE TOVG VOLLOVG Elte
Ta ekhoycd tufpoto. EmnpocsBitwg, diepevvoipe tov ehdyioto aplfpd cuotddmv mov eivat
AmOPOATNTEG YO TOV TPOGOIOPIGHO JOGTNUATOV EUMIGTOGUVNG emmédov 95% yio kdbe
Swpépion tov H.IL.A. mov éyovpe emiéet.

AgEarg Khewda: AstypatoAnyio kotd ocvotddec, Extyuntmg Aodyov, Extiuntig Horvitz -
Thompson, Extiuntg I'pappuxng oiwdpdpunong
1. EIZAT'QI'H

H ovarntoén xor n perlémm poviéhov yioo mpoPAEyels  eKAOYIK®V
OMOTEAECUATOV GUVOEETOL GTEVA UE TNV AVATTUEN TNG EUTEIPIKNG KOWVMOVIKNG
épevvag (NwoAaxomoviog 2003). H  digpedvnon mOMTIKOV TACE®V Kot
avtiaqyewv otov EALadwo yopo Eekivnoe ota péoa tov 20°° oumva og pio
COUTPOAEN TOV GUUUAYIK®V SVVAUEDV e OKOTO TNV EMIPAeyM TG de&ay®yng
™mg exkhoyikng dwdwoaciog (AMFOGE, 1946) aAld dev yvopioe dwitepn
avATTLEN PEXPL TNV ETOYT TNG LETATOATELGONG, KLPIWG OTIG APYES TNG OEKAUETIOG
oV ‘90, 6oV TPoPodOTHONKE OIS TNV AVTAYOVIGTIKOTNTA TV Mécwv Malikng
Evnpépwong g veosvotatng 01mTIKniG TNAEOPACTC.

SVYKEKPIUEVO Y10 TNV TPOPAEYT) EKAOYIKDOV OTOTEAEGLATOV, Ot LEH0SO01 TOV
YPNOOTOOVVTAL  UTopoLV  va  Olakplodv ot €Eng  katnyopleg, TIg
TPOEKAOYIKEG ONUOGKOTNGELG Y1oL TN 0140£0M YN POV, TIG ONUOGKOTNGELS EE600V
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(exit polls) ko T1G EKTYUNGELS 0O TPOPOAES TOV TPAYLOTOTOLOVVTOL E1TE TAV®
OTO GUVOAO TOV OPYIKOV KOTOUETPNUEVOV YNEOdEATIOV glte TAved og éva
OVTUTPOCMOTEVTIKO Oelypa exAoyikdv tunuatov. H €ykopn mpdyvoon tov
EKAOYIKOV OMOTELEGLATOG OIVEL TOV AIOPOITNTO YPOVO GTOVS EKTPOGHDTOVS TV
TOATIKOV KOUUATOV VO TPOETOUAGOVV TIG TPMTEG TOVS KIVAGELS LETE TO TEPOG
™G yneoeopiag. Zagdmc, peyoddtepn axpifelo ©g mpog T péTpnomn Tov
amoteAEoHOTOG Tapovatalovy ot pébodotl mov Pacilovror ota dedopEVAL TNG
NUEPOS SEEAYDYNG TOV EKAOYMV Kol 0 GLVNOEGTEPOG EUTEPIKOG KAVOVOS Y10,
™ pelwon Tov GEAALNTOS TV  EKTIUNCE®V &ivar M otdfuon tov
OTOTEAECUATOV ~ GE  OMOTEAEGUOTO.  TPONYOOUEV®V  OVOUETPNCEWV.
MEeovekTNUaTo TOV KOVOVO 0VTOV OTOTEAOVV 1) adVLVaLiK TOV YNeoedpoL va
OVOKOAECEL TNV TPONYOVUEVI] YNEPO TOL KOl TO TOCOCTO GTO ONOi0
AVTITPOoMOTEVEL TNV TOMTIKY TOL Tapdtoln. H yprion ¢ HovoosTtadiaknig
detypatoAnyiag pe m péBodo TV CLGTAOWV GTNV MEPIMTOON AVTH OmOTEAEL
pio pepkn Avom 1ov dvwbev TPoPANUOTOG EMELON YPNOUOTOLEL TO EKAOYIKAL
TULOTO OG TPMTOYEVEIG SEIYUATOANTTIKEG LOVADES avTl TV Yyneoedpwv. O
YOPoKTNPIoUOS TG LEBOOOV ¢ Hepkn Aom opsileTor Kuplwg 6e TPoPAnpaT
OV APOPOVV GTNV AmdALTH THPNoN TG Bewpiag TOV GTOTIGTIKGOV HEBOO®V TOL
YPNOoToovVTAL Ko TV epunveia tov amoteleopdtov. H pébodog mov
ToPOVCIAleTal otV Topovoo UEAETN Hog odnyel oe pio extiunon tov
ATOTEAEGLOTOC 1] Omola dgv TTPEMEL VO, GLYYEETAL UE TO amoTéAec KaBLTO.
Meletmvrag v EEvn BipAoypapia, mapatnpeitor n Tdon g eEay®YNG TEAMKNG
extiunong omd T CLVOLOGTIKN UEAETN] HOVTEA®V, OTMG ONUOCKOTNCEWMV,
TOGOTIKMOV HOVTEA®V Kot TpoPAdyelg edtkav (Graefe, 2018). Ot kivdvvor mov
avripetonilovpe O6tav emAéyovpe vo omnpifovpe TO CLUUTEPACUATO LOG
OTOKAELOTIKA € €va LOVTEAO TTPOPAEYNG UTOPOVV VO TEPLYPUPOVYV GLVOTTIK(L
o€ tpia onpeia, TNV ETAOYN LOVIELOV [E KPITNHPLO TNV TAVTION UE TIG TOMTIKES
TEMO10NOELS, TNV KAVOTNTO TOL HOVTEAOL VO ODGEL £YKLPES TPOPAEYELS OF
EQUPUOYEG TOV UETAED OLUPOPETIKAOV YPOVIKOV OCTIYHOV Kol TO €100g NG
TANPOPOPIG TOL TEPIEXEL.

Xy gpyocio AT EMKEVIPOVOUOOTE GTNV EKTIUNGT TOL €KAOYIKOV
OMOTEAEGLOTOG YPNOLULOTOIOVTAS OC Topdyovto 6Tdfuong o amoteAécuarto
TOV TPONYOVUEVOV EKAOYDV. EEKIVOVTAG 0O T1 GUYKPIOT TPV EKTIUNTOV
Baoel kprmpiov mov Bo avaAldcoovpe GTN GLUVEXEWN, OKOMOC WOG €lvol vo
KOTOANEOVUE OTNV EMAOYN TOV KOTOAANAOTEPOL, TAve oTov omoio Oa
Bacicovpe 10 povtédo TpoPAeyng pog. Ot Tpelg Tpog cVYKPLoN EKTIUNTEG Etvar
o extiunmg Horvitz — Thompson (Horvitz & Thompson, 1952), o ypoppikog
EKTIUNTNG Y10 GVOTAdES ME Avico peyeédn kot o extiuntg Adyov (Cochran,
1977), ot opiopol Twv omolwv mapatifevior oty enduevn evomra. Katd m
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OVYKPIOT TOVG, LEAETMOVTOG TO TAEOVEKTILLOTO, KOl TO. LLELOVEKTNHOTO TOVG, Oal
avadeifovpe Tig Pacikéc Tpodmobioelg mov mpémel va TANPOL £VOG EKTIUNTNG
v vo glvar axpinig Kabog kot to omapaitnto TAN00¢ cvoTddwV Tov
yperalopaote wote vo emtevyfet 1 embount akpifera. Or cvykpicelc Ha
TPAYUOTOTOMO0OV v o€ dVO JPopeTIKEG dlapepioels twv Hvopévov
[Tolteudv g Apepikng. Ze mpdTo 6TAd10, Ha avarboovpe TV enidOon TOV
EKTIUNTOV o€ eninedo 51 moltermv kot Emetta Bo tpaypotomonBel avdivon ce
eninedo 3112 emapyidv eKTEA®VTAG LOVOSTAIIOKY] dEtypatoAnyia pe T pébodo
TV cvotddwv. H emioyn e povoostadiakng pebdoov €yve pe yvopovo tov
TPOGOOPIGUO  €VOG  OVIUTPOCMMELTIKOL  delypatog. H  ypnon  &vog
TOALGTAOIOKOD HOVIEAOL KPIVETOL OVETOPKNG YO, TNV EMITELEN TOL GTOYOL
avtob Kab®G Ba amékAele CLOTNUATIKA £VOL LEYAAO KOUUATL TOV TANBVGLOV €
KGOe emavdAnyrn tov TPOYPAUHNTOS. OAOKANPOVOVTOG TNV &VOTNTA TOV
TPOKATAPKTIKAOV GLYKpioewv, Bo €cdyovpe €vav véo exTiunt) HECH TOL
omoiov AapPdavovpe vVEOYN HOC KOl TO OTOTEAEGUATO TNG TPOTYOVUEVNG
EKAOYIKNG OVOUETPTOTG Y10 KAOE GUGTAJN KOt dEGOUEVT SLOUEPIOT) TTOL E£XOVLE
emiégel va eEetdoovpe. To gyyelpnuo owtd Pasiletonr oy npodmoddeom g
Omapéng YPOUMKNG oxEonG HeTad TOV OMOTEAECUATOV TOV EKAOYOV avd
ovoThoa 6TV apyn Kot 610 T€A0G TG TeTpaetiag. [lapabétovpe evoekTiKg Ta
aVTIOTOTYO YPOPILLATO Y10 TOVS OVO LITOYNPIOVG.

Eixova 1. Pripor Anuokpatikwv Eixova 2. Piipor
c 84 -7 ° = 7 ° e L .
e = L S i
< 7 o o 77 Q3 %o
o o Lo <
§ B o&@woo
2 w R%=0.9511 - R% = 0.9443
< 7’I T T T é T T T T
0 500000 1000000 1500000 0e+00 1e+05 2e+05 3e+05 4e+05 5e+05 6e+05
2016 2016

H ovtuetdmion g €1epooKedACTIKOTNTOG TOV TOPOUTNPEITOL OTU AV
ypapnuato Bo cvlinmBel omv evémmra 2, 6mov Ba mopovcidcovue TOV
EKTIUNTY TOAVOPOUNONS OV Ba XPNGUYLOTOMGOVUE Yio. TV TTPOPAEYN TOL
exhoykov amoteréopatog. EmmpooBitmg, Oa dovpe OTL ypopuiky oyéon
TOPATNPELTAL KOl OVAULESO OTIC EKTUUNGES TOV EKAOYIKOV OTOTEAEGUATOV
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HETOED  OV0  JlOdOYIKMOV — OVOUETPNOEWMV. ZNUEIOVOVUE OTL  EKTIUNTY
TAAVOPOUNONS (SL0POPETIKO Omd OVTOV OV EQUPUOCGULE) YloL EKTIUNOM
EKAOYIKQOV amoteAecndtov e EAAvikég exhoyéc e ovotddeg tor eKAOYIKA
Kkévipa Tapovciacay tpmtn opd ot Kovvidg, E. & Xvpemviong, I'. (1990).

2.MEOOAOAOI'TA KAI OPIEMOI

Kavovtag epoppoyr] 1tV TPOYPAUUOTIOTIKOV —TOKETOV TG R,
KOTOUOKELALOVLE TPOYPOLLLLLO TTOV TPOYUOTOTOLEL N AVEEAPTNTEG LOVOSTOOIUKEG
OEIYUATOANTTIKES Stadkacieg pe ™ péEBOOO TV GLGTAO®V. XTIG EMOUEVEC
EPOPUOYEG Ol TWES TOL QLGIKOV apPlBPOy N KLpeivovtol GTO SLAGTNUN
[4 * 103, 10*], avardyme TS VIOAOYIGTIKNAG TOAVTAOKOTNTAC TOV GUVOEETOL LIE
10 TAN00G cvoTAdV delypatog kot TG Sopéponsg tov mAnBvopod. Xty
nepintoon tov exktiunt Horvitz — Thompson n mBavotnta kédbe cvotddag va
emieyel oto delypa etvon avdioyn tov peyéBovg g, nTot Tov TANRBoVE TV
EYKVP®V YNEOSEATIOV EVTOG TNG GLGTANNG, EVA Y10 TOVG AAALOVG OVO EKTIUNTES
epapuoletar amhn toyaio detypatoinyioa. I'a dedopévo TAn0og cueTadmy m
Aappavovpe tpelg mopapeTpous. Qg Tpdtn £§ avtdv opilovpe T0 TOGOGTO P
(precision) T®V JCTNUATOV EUTIGTOGVVNG TOV TTEPLElYOV TN UEST TIUN TOL
EKTIUNTY, ONAON TOV TPOPAETOUEVO apOUd YOOV TV OVO LITOYNPIBV, OTMG
TPOKOTTEL amd TIG Oldoykég Oetypatoinyiec. 'Emeita, opilovpe pia véa
TapAUeETpo ¢ (accuracy) mov OmOTEAEl TO OVTIGTOWYO TOGOGTO Yo TO
TPAYUOTIKO EKAOYIKO amotédespa. Otav 0 exTiunTng £lvot apepOANTTOG Kot ot
mopdpetpor p kot ¢ tavtilovrat. To avtiotpoo ev yével dev 1oydet. [Tapopoimg,
KOTOYPAPOVLE TNV TETPAYOVIKY| pilo TOL HECOV TETPUYDOVIKOD COAALATOS TOV
£KOOTOV EKTLUNTY] Y10 TOVS SVO VITOYNPLOLGS, TOL cvPoiilovpe pe RMSE . Oha
T0 OLGTAUATO EUTIGTOGHVNG EIVOL VTOAOYIGUEVA Y10 EMIMEOO CNUOVTIKOTITOG
a = 0.05. O 6VVOLOGUOC TOV TAPATAVE TIUOV HOG EMTPETEL VO amopavOoLe
Y10 TV KOTOAANAOTNTO TOV EKTIUNT.

Opropdg 2.1. O apepdinmtog ekTiung TANBvouiakod oAtkov X (cuvorov
YNe®V vIoyneiov) yio cueTddeg pe dvica peyédn, Xciu , divetal omd Tov TOmo:

- M
X =Xcu = ;Z ti ) 2.1
i=1
omov M givar 0 cLVOMKOG aplOUOC GVOTAdWY, M TO TANH0C GLOTAOWV GTO
delypa ko ¢, i =1,2,...,m, ot Tiég NG Tuyoiog METOPANTAC Yoo TO
YopokINPoTikd mov  efetdlovpe, ONAAdN TO GOVOAO TOV YNHO®V TOL
avTiotot oV o€ Kébe mapdtaén otn cvotdda i.

[Mo ) dtokOpeVeTn Kot TNV EKTIUNOT TS SV LLAVOTG TOV EKTLUNTI 1GYVOVV
ot dVo axodAoVOES oYEoELS:
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M (6 — X
Var(Xeie) = (m f )Z(tM_ 1) 2.2)
Kol
Var(Xea) _M(l ! )Z(t X”“) , 2.3)

omov f = m/M, X=(X/M)=ELt)/M xoa Xciy=Xcru/M.
Opropdg 2.2. O exktyuntg Adyov mAnbvcpakod olkov X, Xcir , opifeTon amd

N GYEoN: u
)?=Xa,r:1v-<2ti/2y,-> L N=D 4
i=1 i=1 i

i=1
omov yi eivar To péyebog kKabe cuoTadag otov TANBLGUO 1) 0 GLVOAKOC aPOPOG
TOV £YKLPOV YNPOJEATI®V 5T GLOTAO 1.

H odwxopavon ko n extipmon g dwkdpavong tov ektunty Adyov
dtvovtol TPOGEYYIGTIKA OO TOVG TOPAKAT® TOTOVG:

201 _ 2
Var(Xm)—M(1 f)z(t Ry‘) , (2.5)

Var (XCl,r) =

Tie _f)z (t: Xaryl ’ (2.6)

6mov R = S, /M1y Keur = Xy /N xon M = N/( ?’im)-

Opropdg 2.3. O extiuntg Horvitz — Thompson (1952) ywo 10 mAnBucpuoakd
oAkd X opileton mg:

X =Xyr = —_ 2.7

omov m; =m-y; /XM,y = m-p; eivoau n mOavéTTO EKAOYNS TNG GLOTASAG
i 070 delypa ko m to TANOOC GLOTASWVY dElyLOTOC.

SOoupova pe ™ Piproypagio, 1 StakvpAvon TOL EKTUNTA Xy Yoo m
A 00¢ cuoTAd®V divetal amd Tovg dV0 TAPUKAT® TOTOVG:

Var(Xyr) = Z( ZZ (””nl ) 2.8)

i=1 j#i
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oty =333 EA T (5 2. @
]

i=1 j#i J
O moodmteg 15, 1 <i,j <M , arnotehodv Tig amd Kool mboavotnteg
EKAOYNG TOV GLOTAOWV GTO JEIYILAL.
H npodm e&icmon (2.8) tpotddnke and toug Horvitz kor Thompson (1952),

evad M 0evTtePN (2.9) dttvmmdnke amd Toug Yates, Grundy kot Sen (1953). T
TIG EKTIUNGELS TOVG 1o(VOVV 01 ETOUEVES GYECELS:

(1 T[L T — ;T
Var(Xyr) = Z t2 + Z z (m — ’) 2.10)

i=1 j#i
2
— T — T ti
Var(Xyr) = Zz( e ”)( ﬂ—’) . @.11)
i=1 j>i JT J

O 1pocdlopinds Tov ThavotToV ;; £ivol ev YEVEL GUGKOAOG KOUT KOl Yio
piKpd TAN00C GVOTAd®Y. AVTIKOOIGTOVTAG TN OXE0N:

T = ninj(l -1-m)(1- nj)[iﬂzl m(1-m)]™), 1<i,j <M, (2.12)

oTNV eKTiUN oM TS dlakvpavong tev Yates, Grundy kot Sen (2.11), tpoxdntovv
01 EMOUEVEG EEIGMOELG Y10 TOV VITOAOYIGHO TNG OLOKVUOVONG TOV EKTIUNTA Xyt
Kot g ektipmong g (Hajek, 1964).

M

2

m ti
Var(XHT) = mzl Tfi(l - Tl,'i) <7T_L - AM) B (213)
i=
m
o m ti 2
Var(Xur) = mZ(l — 1) (E - Am> ) (2.14)
i=
. s
O07Tov 1-— T, tk
A, = 1<k<s<M. (2.15)

k=12§=1(1 _T[]) T[k ’

Ot Téc tov ekTnoe®v g OWKOUOVONG TOv ekTiuNnt) Xyr 7OL
mopovctalovrol ot amoteAéspato ¢ evotnrag 3 kot 4 Bacilovrot otig 600
TPONYOVUEVES EEICDGELG.

Onwg  ovo@épope oTNV - €160YOYN TG  EPYNCING, YPOLUUIKY GYECM
TOPATNPOVUE KOl UETAED TOV EKTIUCEMV TOV EKAOYIKOV OTOTEAEGUATOV
petalh 000 SdoykaV ekAoyik®v avapetpnoewv. [Ipotod mpofodue otov
OPWOUO  TOL  EKTYWNT YPOUMIKNG TOAMVOPOUNONG, Topovctdlovpue Ta
OTIKTOYPAUUOTO, OV  TPOKLATOVV OO TS TWES NG UETOPANTNG
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ti/mi, 1<i<M, yu otabegpd m = 30 peto&d 300 1030 KOV EKAOYIKOV
OVOLLETPTGEWDV.

Eixova 3. Pripor Aquokpatikwv Eixova 4. Prpor
° o & 27
o § o
IS a8
(=} oS 7 o4
N a8
_ R? = 0.9541 &7
g - T T T T T
0 500000 1500000 2500000 ! ' ' ' ‘ '
500000 1500000 2500000
2016 2016

Hoapatipnon 2.1. O dopbopévog cuvtereotg Pearson (adjusted R squared)
oL ovTioTolel ota mopandve ypagnuota wovtar pe 0.9541 won 0.9575
avtiotoryo. Emopévmg, n yprion tov axkoiovbov ypappikod poviédov (Opiopog
2.4) ovopévetor vo  ovvelsEépel oty axpifela tov ektiunoewv. H
ETEPOOKESACTIKOTNTO TV TANOVGUOKOV KATOAOITOV TOV TOPOTNPEITAL GTA
ypapnuato avtipetoniletal e TOV TPOSIOPIGHO pHiag véag evbeiag pe Kiion
Bo 0mm¢ Ba dodue otn cvvéyela (PA. 2.18 ko [Tapathpnon 2.2).

Opropdg 2.4. O exTiunTG YPOUUIKNG TOAVOPOUNCNG YLl OELYLOTOAN YO
avdAoyn Tov peyéfoug twv cuoTAd®V opileTorl ®c:

Xrec(S) = Xyr(s) + ﬁAo(S) : (Y - YHT(S)) ) SES™. (2.16)
SvuPoriovpe wg S™ 10 derynatikod ympo yio. deiyparo tAn0ove m Kot
otoyeio g popeng s = (X1, X3, X3, ..., Xp) € S™. AxOun, woydet OTL:

5 _m i X\(vi ¥ N Yi 7\’
so-2(-)E)/ 26w an

i=

omov X = Xyr(s) ko ¥ = Yyr(s), s € S™ . EmmAéov,

Con X\ Y\ /N (n Y
ﬁo=;ﬂi<n—i—g>(n—;—a>/;”i<g—a) : (2.18)

omov m;, m; 1 <i<M, givor or TBaVOTNTEG GLUREPIANYNG TOV GLOTAdOV
oTlG ekAoykéG avapetpnoelg tov 2020 (q 2016) wor tov 2016 ( 2012)
avTioTol0, €V O GOLVIEAEOTNG TAAWOIPOUNONS Lo € oyiotomolel v
nwpotewvopevn dtaxkvpaven tov exktiunty (2.16) (Cochran, 1977). T 1

80



SLOKDLLOVGT] TOV GUVTEAESTH By KOL THY EKTIUNON TG SIAKDUOVETG TOV 1GYDOVV
ot mapokdtw eElonoelg (Draper, N. R., & Smith, H. (1998)):

02(8) = 0*(erm) | D (Z— - g) l 2.19)

i=1 !

L N2 [ 52171
Kot 205 _Z?ll(si,m) . Z &_Z 2.20
S (:8)_ m_2 L T[l’ m ) ( ° )
i=

, i X i Y .
omov ei_m=(z—i—;)—ﬁo(%—g>, l<i<M (2.21)

~ i X 5 i 7 ,
Ko Ei,m:(z_i_;)_ﬁo(%_ﬁ)’ 1<is<M, (2.22)

amotelovV ta Katdlowra (residuals) tov TANOLGHOV KOt TIG EKTIUNGELS QVTOV.

Hapotipnon 2.2. Ot cuviereotéc By (2.18) kar By (2.17) ehoyioTomotony Tic
ocvvaptnoelg (2.23) ko (2.24) avtictoyya (Cochran, 1977). Emiiéov, katd
de&oymyn pog oepds n mEPAUdTOV TopatnpnOnke OTL N péon T TOV
GUVTELEGTAV Sy TOV TPOKVITOVY amd TN PEA0SO ENAYIGTOV TETPAYOVDV GTO
kaOe delypa tavtileton pe tov ovviedeot) (2.18). O ocvvreleomc fy (2.18)
TPOKVTTEL amd TNV epapuoyq G Hebddov ehayiotwv TETpAYOVOV GTOV
mAnBooud ypnopomoldvTag oG Papn Tig mbavotnteg cvumepiAnyng ;, 1 <
i< M.

Opwopog 2.5. H svvaptnon (2.23) (Cochran, 1977) opileton ¢ n draxvpoven
TOV EKTIUNTY YPOUUIKNG TOALVOpOUNoNG VIO TNV Tpobmdbeon ot m; < 1, 1 <

i < M. Anhaon|, Exovpe 0T
1 2 N N A AN
Var(Xgec) = mz{; 7Ti(gi.m) m+ (y - Y) /Zl: <E - E) l ) (2.23)
01OV f3 €lvat 0 GVVTELEGTNG TTOV gAaytotomotel TV (2.23) kot
A={i,1<i<M|m<1}.
IMo v extipnon g (2.23) (Cochran W. 1977) 1oybet 611,

- 1 m ~ m : Y, 2
Var (Xpge) = mz(éi'm)z m+ (7 - Y)Z/z (% - E) l (2.24)
i=1 =1 1

[Ipocappdlovrog 1n Bempio EKTIUNTOV TOAVIPOUNOTG TOV OVETTVEE 0 W.
G. Cochran (1977) oto de1ypotoANTTIKd Hog TAAVO, TPOKEWEVOD VO UTOPEL VoL
EPOPLOCTEL TO LOVTELOD YPOALUIKNG TOAVOPOUNONG TTPETEL 0 TANBVOUOG Lag Vo
mAnpot 11 TapokdTem 6Ho Tpodmobicelc:
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M M
i Y
z Ti&m =0 Ka Z Ti&im <—, - —) =0. (2.25)
i=1 i=1 Toom
Ev yével, ot Bempia g ypopkng moAvdpounong ivar amapaitto to
KOTGAOWTOL &; 1y (residuals 2.22) va givar aveEapnto petald tovg Kot va umv
napoTnpeital €tepookedactikdtnTa oto deiypa. o v emainbevon Tv 600
avtOV mpovimobécewv ypnopomomdnkoyv ot €iegyyor Breusch — Godfrey
(autocorrelation) wor Breusch — Pagan (homoscedasticity). Evdeiktika,
avagépovpe 0ty m = 30, To AmTOTEAEGLOTO TOV EAEYYWV Y10 TNV TANPOTNTA
tov mpodmobécewv mave oe 4000 detypoto £oeEav 01t Y t0 95% TV
JEYHATOV 1KAVOTOIOVVTOL 01 UNOEVIKES VTTOBECELS TV EAEYY®V OVTAOV.

Hapatipnon 2.3. o peydreg tipég oo m (m = 30) o 20G 6pog VTOG TG
ayyOAng o11g e€lomoels (2.23) ko (2.24) givan apeintéoc. Katd m deaymyn
TOL TEPANOTOG TapaTNPNONKE OTL | cVUTEPIAN YT TOL dEVLTEPOV OPOL 0OMYEL
o€ KOAOTEPT EKTIUNGN TNG SKVUOVOTG OGOV 0POPE OTO OMOTEAEGLLOTO TOV
KOUUATOC TV PemovumAikdvov, onladr| emtuyydvetal Tocootd akpifelagp =
95% yio pikpoTEPO TANOOC CLOTAdWV GE GUYKPLoN UE pio ekTipnomn mov dev
neplelye tov Oevtepo Opo. To emimedo g HEPOANYING TOL EKTIUNTN
TOAMVOPOUN OGS OaPEpel avardyme pe ) peTafAnti mov eggtdlovpe (ymeot
KAOE VTOYNPLOV) KOt TN YPOVIKT TEPIOJO TOL PEAETOVLLE.

Hapatipnon 2.4. O 6pot o oyéon (2.23) pe mBovotnta ekAoyng oto deiypa
m; =1 0g OULVEICPEPOVY  OTOV  LIOAOYICHO TNG  OLOKVUAVONG, OTOTE
TAPOAEITOVTAL. ZNUOVTIKY TPOVTOOEST] TNG TEXVIKNG TOL TapoLGtalovpe gival
0 TEPLOPLGHOG TOV TANOOVG JELYIATOG DGTE VO, UMV VITAPYOVY TOAAES GUCTADES
pe v Wt mov avaeépope otov TAndooud. YmevlBopilovpe 0tL 1oy0El
m;=mp;,1<i<M.

Opiopég 2.5. 'Eote 0 o extuntic ¢ mapapétpov 0. Opileton n pilor tov
pésov tetpaymvikod cedipatog (RMSE) og:

RMSE(8) = [E[(6 - 8)"] . (2.26)

3. XYI'KPIXH EKTIMHTQN

2€ TIPMTO GTAO10, EMAEYOVUE VO, GVYKPIvVOLUE TOVG eKTIUNTEG Xy Ko X
KkaB0TL apedTepol Pacilovion otn pnEBodo TG amAing Tuyaiog derypatoAnyiog.
Ytov enOUEVO Tivoka TapoLGlAlovVTol To TOC0oTH OKPifelng P Kot € TOv
opifovpe ®G t0 MUIABPOIGHA TOV AVTIGTOY®V TOCOGTMOV P Kol € TV VO
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voyneiov, OTmg oVTE TAPOVCIACTNKOY OTNV evOTNTA 2, KOOMOC Kol TO
nuadpocpa v pldv TOV HECOV TETPAYOVIKOV CEOAUATOV TV 00O
vroyneiov (RMSE) yio m mAiboc ovotddwv delypatoc movem ot 600
dwpepioetg yuo p€yioto op1fuod derypdtov n = 10000. Otav o ektiuntg elvon
apePOANTTOG 16YVEL OTL P = € KOl TO TPMTO TOGOGTO TAPUAEITETAL.

Hivaxag 3.1. 2oyxpion Extuntedv Xcp,, — Xcir(Ratio)

ITAnq00¢ ITAnBvopog

Awpépion | Extuntig 17 c RMSE GLGTAdWY M %

IMoMrteieg Xciu - 0.880 | 3.627e+07 5 9.87
Ratio 0.875 0.853 | 6.109e+06 5 9.87
Xciu - 0.881 | 2.978e+07 7 13.69
Ratio 0.868 | 0.842 | 5.284e+06 7 13.69
Xciu - 0.884 | 2.421e+07 10 19.67
Ratio 0.864 | 0.849 | 4.510e+06 10 19.67

Emapyieg Xciu - 0.808 | 3.614e+07 40 1.28
Ratio 0.801 0.769 | 8.547e+06 40 1.28
Xciu - 0.880 | 1.913e+07 150 4.85
Ratio 0.882 | 0.865 | 5.183e+06 150 4.85
Xciu - 0910 | 1.143e+07 380 12.24
Ratio 0.909 | 0.901 | 3.454e+06 380 12.24

Hapatnpiosc

1) Mewovékmnuo g OKOVUHOGNS TOL TPOTOL EKTIUNTH OAAG Kot TNG
eKTiUMONG ¢ OlKVUAVONG TOL amotelel m €EApTnon Tovg amd TN
LETAPANTOTNTO TOV TILOV TNG TVYoiag HETOPANTAS poc. Adym g a.T.0. eivan
apKeTA mMOAVO Vo TOPOLGIACGTOVV GTO OEIYHO HOG GLGTAOEG OTIC OMOoieg Ot
dpopés petalh TV £YKupov YNeov givar onuaviikés. Q¢ amotéAecua,
EYovpe OTL TO €VPOG TV SLUCTNUATOV EUTIGTOGVVNG VO, TAPOVCIAcEL Eicov
HEYOAN UETOPANTOTNTO OTIG OLOOYIKEG ETMOVOAYELS TNG  OlOIKOGTOGC.
Yuykekpléva, topatnpovpe ot 1 pia T0v HEGOL TETPAYMVIKOD GOAALOTOC
TOL TPAOTOL EKTIUNTN Elval CNUOVTIKA HEYOADTEPN OO TNV OVTIGTOLYY TOL
extiunt) Adyov. H emiloyr] amokAEIGTIKG TOMTEL®V e TapOUoLo. LeyEnm, av
kot Oa BonBovoe ot cuppikveon tov cEAALATOS, de PEATIOVEL TO £mimedo
aKpiPeLng € TV CNUEINKOV EKTIUNCEDV.

2) To péyebog g extipunong e StkOLILOVOTG TOL eKTIUNTA AOYoL GuVOEETIL
GupecH e TN YPOUUIKT GXECT TOL VITAPYEL AVAUESH GTO TAND0G TV EYKLPW®V
YNEOJEATIOV TOV £KAGTOV KOUHOTOG KOl TOV GUVOALKOV aplBod TV £YKupmv
ymeodertiov oe KaOe cuatdda. [Tapdpota ypappiky oxéon cuvavtdtTot Exiong
avdpecso 6to TAN00G TV Yneodertinv kdbe cuoTadag, LETAED dVO JOOYIKMV
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EKAOYIKMOV OVOUETPAGEMY KOl Y10 TOVS 000 VIOYNPovs. To yeyovog avtd
arotedéce T faon yia ) dnpovpyio Tov extipunty (2.4).

3) Q¢ petovekTnuota Yo Tov eKTiun ) Adyov Exovpe 6T dev elvat apepOANTTOG
Kol TG Yoo TV ektipnon tov oAtkov X eivol amopaitnn m yvdon Tov
GLVVOAKOU TANO0VE TV £YKLP®V YNPOJEATIDV.

Bdoel tov dvobev mopatnpnicewv cvumepaivovpe 0Tt 0 ekTiuntig Adyov,
TopOTL OV eival OUEPOANTTOG, VITEPTEPEL EVAIVTL TOV EKTIUNTH LOVOGTOOLOKNG
detypatoAnyiog katd cuotddeg (2.1) Adym TG onUAVTIKNG Sopopds avipesa
OTIG EKTIUNGELS TOV LEGMV TETPOLYMVIKMOY GOUALATOV TOVG.

H endpevn obykpion Ba mpaypatomomBel avdpesa otov ektyunt Adyov kot
tov ektyuntn) Horvitz — Thompson. AxolovBovue v 010 pebodoroyio Ko
TAPOOETOVE TO OMOTEAEGLLOTO GTOV TIVOKO TTOV ETETAL.

Iivaxag 3.2. Xoykpion Extuntov Xyr — Xc r(Ratio)

ITAn0og ITnBvopodg

Awpépion | Extiumtig p c RMSE GVOTAd®Y M %

ToMreieg Xyt - 0.952 | 5.741e+06 5 20.69
Ratio 0.875 | 0.853 | 6.109e+06 5 9.87
Xur - 10953 | 4.548¢+06 7 29.07
Ratio 0.868 | 0.842 | 5.284¢+06 7 13.69
Xur - 0.944 | 3.424¢+06 10 40.55
Ratio 0.864 | 0.849 | 4.510e+06 10 19.67
Xpr - 0942 | 2.499¢+06 15 55.95
Ratio 0.874 | 0.860 | 3.713e+06 15 29.41

Enopyiec Xpr - 10949 | 6.669¢+06 15 4.65
Ratio 0.682 | 0.637 1.166e+07 15 0.49
X - 10957 | 3.908¢+06 40 12.32
Ratio 0.801 | 0.769 | 8.547¢+06 40 1.28
Xyr - 0.959 | 1.688e+06 150 35.29
Ratio 0.882 | 0.865 | 5.183e+06 150 4.85
Xyr - 0.959 | 6.795¢+05 380 61.40
Ratio 0.909 | 0.901 | 3.454e+06 380 12.24

Mapatnpnoeig

1) Onwg avaeépbnke oty apyn g Tapodoag evotntag, 0 eKTUNTAS AdyoL
Baciletar o amhf toyoio dsrypatoAnyio, eved ywoo Tov ektiunty Horvitz —
Thompson e@appolovope Oerypotoinyio pe mBavonteg avdAoyeg ToOv
peyéBoug TV GLGTAd®VY. TNV TEPIMTOGT TOL OAES O1 GLGTAIEG £XOVV TNV 1010
mBovotnta o extiuntg Horvitz — Thompson tovtileton e Tov KTt 100
optopov 2.1. Katd ™ ovykpion 600 ektiunt®v mov Paciloviol 6€ S10(popeTIkég
detypatoAnmtikeég pefddovg mpémel va 000l 101aitepn TPOGOYY| GTO TOGOGTO
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Tov ANBvouod Tov avticTowEel oe dedopévo TANBog cvotddwv m. Otav
epappolovpe detypatoAnyio avaioyn Tov HeYEOOVE TV OELYLOTOANTTIK®V
povadmv givar ouvnbeg va eppaviCoviot pe HEYOADTEPT CLYVOTNTA GTO dElypa
HoG GVOTAOEG PEYAAOL peyEBoLG.

2) AapPavovtag vroéyn v moapotipnon (1) dwmotovovue 7O yioo vo
wpaypotonombel opfn ovyKplon ovipesa oTovg 000 EKTIUNTEG, TPEMEL VoL
eCacpaiicovpe OTL O OElypata OV YPNGYLOTOOVUE AVTIGTOLYOVV GTO 1010
T0000TO TOV TANBVoUOY G€ KAOE TepinT®ON.

3) Ta younid mococTtd p Kot € TOL eKTUNT] AOYOV GE GYEGN LE TOV EKTIUNTY
Horvitz — Thompson, av kot 0 7pdTOG MOPOLGLALEL KPOTEPO HEGO
TETPAYOVIKO GOAALA, LLOG ®OOVV GTNV EMAOYT TOL SEVTEPOV MG TTLO AELOTIGTOV
EKTIUNTY.

[Ipogoavac, n emhoyr| TOV ETOPYUOV MG GLOTAdMV Hag divel akpiPéstepa
Katd ™ deaymyn TV EmOVAANYE®OV TOL TEWPANATOg Y m = 40. 1o onueio
oVTO EMONUAIVOVUE OTL Y10 TIC TPOPAEYELS AUPOTEPOV TOV EKTIUNTOV €ivol
avaykaio 1 yvoorn Tov optfpod (1] [og eKTiumong) Tov £yKupmv YneodeAtiov
Kd0e cvotdoag e oKomd Tov VTOAOYIoUO ToL TANBoVE N 6ToV ekTUN T AdYOL
OAAG KO Y10l TOV DTOAOYIGUO TV TOUVOTHTOV GLIEPIANYNG TT;TOV EKTIUNTN
Horvitz — Thompson.

4. EKTIMHTHX T'PAMMIKHX ITAAINAPOMHXHX

2KOmOC pag oV evoTNToL OouTn €lvanl va mpoPAéyovpe To eKAOYIKA
arotedéopota  AopuBdvoviag vmoyn v €kPoon TV EKAOYDV NG
mponyovpevng tetpaetiog. O 6TOY0g AVTOG EMTVYXAVETOL LECH TNG EPAPLOYNG
Kot aE10AGYNONG TOV HOVTEAOL YPOUUIKNG TAAVOPOUNGNS TOV OPIGTNKE GTNV
evomta 2 mave otig 0vo dabéotueg dapepioelc tov Hvopévov [oMteidv g
Apepwkng. Ilpokeyévovr vo OegpeMdoovpe TNV OmOTEAECUOTIKOTNTO TOV
EKTIUNTT TIOV €OV UE OpioEL, KOOMG KO TNG EKTIUNONG TNG OOKVLOVGNG TOV TTOV
nmpoteivape, Bo eEetdcovpe v akpifela Twv TPOPAEYEDV AVALEGH GE TPELS
Loy IKEG  EKAOYIKES avapeTpnoel. Av kot ot PifAoypapio vrapyet
dwféoog ekt g Ypoappkng maAtvopounong (Cochran 1977), o ektiuntmg
mov mpoteivovpe kaBmG Kol 1 eKTIUOUEVN Otakvpoven tov PBacilovtal ot
néBodo detypatoAnyiag pe Pépn avdioya Tov peyébovg v cueTAdWV.

Apywcd, emAéyovpe va cvykpivoope tov extiunti Horvitz — Thompson pe
TOV EKTIUNTN YPOUMKNG TOAIVOPOUNONG TAVE® OTIS OOUEPIGEIS TOV EXOVUE
opicel Yo daPopeTIKA TANON GVoTAd®Y. AKOAoLOOVV To AMOTEAECHATA TNG
TPOTNG GLYKPLOTG.

IHivaxag 4.1. 2oyxpion Extiuntov Xyr — Xgge
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ITAn00g IMnBvcpog
Awpépion | Extymtic P c RMSE oLOTAS®OV %
m

IToMteieg Xyr - 0.952 5.741e+06 5 20.69
X 0937 | 0937 | 1.433¢+06 5 20.69
Xy } 0.958 | 5.045¢+06 6 24.74
X nrc 0953 | 0.949 | 1233¢+06 6 24.74
Xyt - 0.953 4.548e+06 7 29.07
Xpc 0958 | 0952 | 1.097¢+06 7 29.07

Enopyieg Xyr - 0.949 6.669¢e+06 15 4.65
X nrc 0942 | 0933 | 1.461e+06 5 4.65
Xy } 0.954 | 5.079¢+06 25 7.79
Xpea 0.950 | 0.901 | 1.246¢+06 25 7.79
Xur - 0.954 | 4.585¢+06 30 9.43
Xr 0.953 | 0.875 | 1.190¢+06 30 9.43
Xy } 0951 | 4.221e+06 35 10.94
Xpee 0.954 0.855 1.162e+06 35 10.94
Xyr - 0.957 3.908e+06 40 12.35
XrEG 0.961 0.871 1.065¢+06 40 12.35

2Oppova e To TopaTdve oTotyeio OlaKpivoue OTL TO UEGO TETPAYMVIKO
CQAALLO TOV EKTIUNTY HOg eivon oTabepd LikpdTEPO Ad TO AVTiGTOLXO TOV X7
EmunpocOétwc, mapatnpolpe m HeI®wON TOL TOGOGTOV € KOOMG 0 aptBpds Tmv
ovotddwv avéavetat. To yeyovog avtd cvvoéeton pe Tn HEPOANYin TOV
EKTIUNTY TOAVOpOUNoNG, kKabmde 1 avénon tov TANBovE TV GLOTAdWV GTO
delypa €xel MG AMOTELEGOL T GUCCMOPELCT] TOV CNUEIK®V EKTIUNCEOV TEPL
™G WEOMG TWNG TOL Kol TNV EAQTTOCN TOL €UPOVG TOV JCTNUATOV
EUTIGTOGVVIG.

H emopevn gpappoyn oamotehel chykpion T@v TPoPAEYE®MY TOV EKTIUNTY
YPOUMKNG  TOAMVOPOUNONG  OVAPESO O€  TPELG OLOOYIKEG  EKAOYIKES
avapeTpnoels. Oa eEetdoovpe 10 eninedo axpifelag e o omoio pwopovue va
EKTIUGOLUE TA amOTEAESUATO TNG AATKNG wnoopopiag (popular vote) tov
2016, cvvdvalovtdg Ta pe ta ekAoyka dedouéva tov 2012, ‘Enetta, kavovtag
oLYKPLON UE TIG TANPOPOpPie TOV eENYONGAV Amd TNV aVTIGTOLYN EQUPLOYN YO
mv tetpaetio 2016-2020, Ba AdPovpe TG mPdTES £VOEILES Yoo TO TANB0G
OLOTAOWV OV YPELLONACTE GTO OEIYLOL LLOG DOTE VAL EMLTUYOVUE TNV emBountn
axpifeta.

IHivaxag 4.2. Xoyxpion Extuunoewv Xggg , 2016 - 2020

ITAn00g IMnBvcpog
0,

Awpépion Extijunmg 1 c RMSE GLOTAO®V M %
IMoAtteieg Xrpc (2012 0.947 | 0.945 | 2.261e+06 5 19.84
—2016)
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Xree(2016 | 0.937 [ 0.937 | 1.433e+06 5 20.69
—2020)
Xree (2012 | 0.945 | 0.940 | 1.779¢+06 6 23.98
—2016)
Xrec (2016 | 0.953 | 0.949 | 1.233e+06 6 24.74
—2020)
Xrec (2012 | 0.952 | 0.950 | 1.601e+06 7 28.05
—2016)
Xree (2016 | 0.958 | 0.952 | 1.097¢+06 7 29.07
—2020)

Enopxiec | Xgee(2012 | 0.942 | 0.941 | 1.699¢+06 15 3.85
—2016)
Xrpc (2016 | 0.942 | 0.933 | 1.461e+06 15 4.65
—2020)
Xree(2012 | 0.951 | 0.945 | 1.329¢+06 25 6.40
—2016)
Xree (2016 | 0.950 | 0.901 | 1.246e+06 25 7.79
—2020)
Xrec (2012 | 0.953 | 0.944 | 1.208e+06 30 7.71
—2016)
Xppe (2016 | 0.953 | 0.875 | 1.190e+06 30 9.43
—2020)
Xrec (2012 | 0.955 | 0.950 | 1.053e+06 40 10.28
—2016)
Xree (2016 | 0.961 | 0.871 | 1.065¢+06 40 12.35
—2020)

Mo v endpevn avdivon, swodyovpe Eva véo péyebog mov o€ GUVIVAGLO
He o avotépm amoteléopata, Ba pog dmaoet pio TANpEcTEPT £KOVA Yo TNV
axpifela Tov ekTinoe®v pog kot o GuUPAEAEL KATAAVTIKA GTOV TPOGOIOPIGHLO
oV TANB0LG GVOTAS®Y TToV YpelalOHaoTE Yo TNV e&ay®YN EKTIUNCE®V PACEL

dedopévne  axpifetoc.

Yvpporilovpe pe m' to mANBog cvoTddwV OV

yperalopaote, ®ote pe mhavotnTa 95% n EKTIUNON TOL TLTKOD GPAALATOS
TOV TPOKVTTEL GE KAOE EMOVAANYT TOL TPOYPAULATOS VAL Eival PKPOTEPT OO
TO OVOLYPOPOUEVO EMITEDO TUTIKOV COAALATOC.

IHivakag 4.3. Dpayuozo Tomkns Amoxiiong

Extyunmg

95° 95°
[Mocootpdplo ITocootudp1o
TOTIKNG m'(2020) TOTKNAG
ATOKAONG ATOKMONG
2020 2016

m’'(2016)
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AHM 1.218e+06 27 1.184e+06 39

PEII 1.219e+06 31 1.144e+06 63
AHM 2.119e+06 13 2.087e+06 16
PEII 2.030e+06 15 1.952e+06 29

H avdAivon tov tumikold cAALOTOS LG TOPEYEL VEEG TANPOPOPIES Yo TNV
akpifeld TOV OVOUEVOUEVOV EKTIUGE®Y Tov Og Oo MTav TPoEavels ov
BacllOpooTay  OMOKAEIGTIKG OTNV  EKTIUNGCT TOL WHEGOVL  TETPAYMVIKOD
o@aipatog (mivokag 4.2). Ewdikd otn pedétn g O1ouépiong TV EnapyudV yio
mAN00o¢ cvoTAd®V Gved TV 25, Ol EKTIUNCELS TOL UECOL TETPOUYDVIKOV
o@AaApatog oyxeddv tavtiovior otTig 600 avapUeTpNoel; OAAG To. emimeda
LEPOAN YIS TOVG OLLPEPOLY CNUAVTIKA. XTO oMUeio aVTd avaKaAOVUE amd TNV
€l0ay®YN 10 0£VTEPO OO T LELOVEKTNHOTO TNG KABOAKNG e€aptnong o Eva
HOVTEAD TTPOPAEYNC, ONANOT TNV IKOVOTNTO TOV VO ODGEL £YKVPES TPOPAEYELS
o€ 300 OOOYIKEG AVOLLETPNCELS. LT TOPOKATM YPUPTLLOLTO OVOTOPIGTOVTOL TO
TOGOTA P Kot € (MG HOVPES KOl AEVKEG KOVKKIOES), EEXMPIOTA Yoo TOVG OVO
vroyneiovg, ®g ocvvaptnoelg tov TANOOVE CLOTASWV JOelylaTOg Yol TOV
exTiNT) TOAVOpOUMoNS. AkolovBohv T YpoeNUOTO Yt TO KOUUO TV
ANUOKPOTIKOV.

Ewxove 5. 2020 Ewxove 6. 2016
8 4 8 4
S ISP S 4 4 - - - - - -8
o o
®» o o ° o
o o o o o
o o
® o
o T T T T T T o T T T T T T
25 30 35 40 45 50 25 30 35 40 45 50
IT/5Boc ovotadomv m IT/5Boc ovotadamv m

21 GLVEKELD TOPOVGIALOVTOL TO. OVTICTOLYO O1OYPELIATO Y10l TO KOO TOV
Pemovumiikavov.
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H avénon g pepoinyiog wov mapotnpeiton katd v tetpoetio 2016-2020
opeiletan oT1g drpopég Twv ThavotTev T; kot ;. H eopd tov 6@aipatog
OV TPOEKVLYE, ONAAOT 1 VIOTIUNGT 1 VIEPTIUNGT TOV YHP®V TOV £KOGTOV
VoYM Eiov, propel va ekTiun Ot pe m xpnomn cvvovaoTtik®v poviélmv (Graefe,
2018). KAetvovrog, mapadétovpe Kamoleg amd T1g EKTIUNOELS TOV AdPape omd
ToVG ekTUNTEG (2.2), (2.3) kot (2.4) poll pe to TpoyUaTikd amoTEAECUATO TOV
exhoyov yia ta £t 2016 ko 2020. Ta detypota yio Tovg EKTIUNTEG EMAEYON KOV
andé n = 10000 Jdwdoykés emavoOAYES HE TPOTMO TETOO (OCTE Vo
AVTITPOoOTEHOLV TO WIKPOTEPO OLVOTO TOGOGTO TANOLGHOD amd TO Omoio

umopovue va e&dyovpe Tic o akpPeig mpofAéyets.

IHivakag 4.4. llpofléyeis tedikod amoteAéauatog 2020

AHM AHM PETI PEIN ,
, . . , , ITAnBvopdg % -
Extiuntmg Hoooot16 | Amoxklion | Ilooootd Amoxiion G06T6Se

% % % % :
Xre 51.05 0.73 46.62 0.63 09 %-15
Xyr 51.73 2.44 46.36 2.48 3.83 %-25
Xcir 52.28 2.31 4591 2.28 6.47 % - 250

Amoteléopata

2020 DEM 51.32 Gop 46.83

IHivakag 4.5. Ilpofléyers telikod amoteAéauatog 2016

AHM

AHM

PEII

PEII

2016

Exrynmi llooootd | AmokAion | [ooootod Amoxdion HM;?;;:E ggg% )
% % % %
Xric 48.03 0.97 47.14 1.09 351 %-15
Xur 48.06 2.73 46.83 2.85 4.27% - 25
Xeur 48.89 2.68 46.54 2.65 5.78 % - 250
AROTEREOKOTA | gy 47.83 Gop 47.30




5. XYMIIEPAXMATA

Aoaupdvovtag vmoéyn T0  amoteAéopoTo TOV  gvotnTOV 3 kou 4
ovumepaivovpe OTL 1 €Poppoyn g HeBOdoL YPaUUIKIG TAAVOPOUNONG OTNV
TPOPAEYT EKLOYIKDOV OTOTEAEGUATOV GUVEIGPEPEL CTULOVTIKA GT LEIOOT TOV
€HPOVG TOV JCTNUATOV EUTICTOGVVIG Kol GTNV OKPIBE TV CNUEIKOV
EKTIUNCEDV GLYKPITIKG LE TOVG TPEIS TPMTOVG EKTIUNTES TOV TOPOVGLAGOLLE,
v OAa To. TANON cvoTddwv delypatog mov eAéyyOncav. Emmiéov, 1 kabBeovt)
EMAOYN TNG GVYKPIONG TV EKTIUNTOV TAVEO € EKAOYIKO OTOTEAECUOTO GE
avtifeon pe v emloyn €vog omolodnmote GAAOV apyeiov SedouEvaV LG
napelye €vav TPOMO  EMOANOELONG 1TNG AMOTEAECUATIKOTNTOS TOVG OE
minbvouiokd emimedo. Qotodco, witepn pvela mpémer va 6obel oTig
TPoLTOBEGELS YPNONG TOV EKTIUNTAOV KOl TN OTUTIOTIKY Bempio Tovg cuVodELEL,
OMMG Y10 TAPASELY LA TN YPUUUKT GYECT] TV OEOOUEVMOV GTNV TEPIMTMOOT TOV
EKTIUNTY] TTOAMVOPOUNONG. ZTa apvnTiKA TV HeBddmV mov epappdcape
kataloyiovpe OTL 0 exTiunTig ToAvopounong Oev etvar apepOANTTOC
(Cochran 1977). X11¢ mepmmtdOEI TOL EEETAGOUE OUMC, TO EMIMESO TNG
nepoAnyiag dev vrepEPNKe TO TLMIKO GOEAALN TOL TPOTEWVOUEVOL EKTIUNTN
(2.4) Ko €101KA 0TN SUEPION TOV TOAMTE®V 1 TAEN TG HepoANnyiag NTav
apeANTEQL.

Kotd ™ deEayoyn tov cvykpiceov g evotrag 4 mapotmpndnke 0t 1
Aemtotepn Oapépion tov TANBvopoL odnyel oe axpiPéotepeg TPOPAEYELC.
Boaowlopevol ota otoyeion tov mivaka 4.3, yvopilovpe 611 10 95% TV
EKTIUNCE®V TNG TUTIKNG omOKkAlong dev Ba Eemepvad ta 1,2 exotoppdpla Otov
10 m' avikel oto ddotnua [27, 39] Yo TOV VITOAOYIGHO TV OTOTEAECUATOV
TOV OMNUOKPOTIKOD KOUpatog Kot 6to odotnua [31, 63] yo to KOupa TV
Pemovpumhikavov.  Befaimg, mn eayoyn  mpoPAéyewmv  umopel  va
npaypotoromBel Kot yioo pikpodtepo mAN00g GLOTASMY, OO PAIVETAL GTOV
nivaka 4.4, oAAd to péco teTpaymvikd ceaipo Ba avEnbet (PA. mivaka 4.2).
JvykeKpyéva, To dtnotnpoto TA00VE CLGTAS®Y TOV TPOKVTTOLY MOTE TO
95% TV EKTIUNGE®MY TNG TLUTIKNG AMOKAIGNG TOV EKTIUNTY TOALVOPOUNONG VO
etvar pikpotepeg M ioeg Tov 2,1 exotoppvpiov Yoo Tovg VITOYNEioLg TV dVO
Koppdtov eivor [13, 16] ko [15, 29] yuo tovg Anpokpatikohg Kot TOVG
Pemovumiikavoug avtictorya (BA. wivaka 4.3). e cvuvovaoud pe o otoryeio
ToVL Tivako 4.2., av OTOITGOVUE ETTALOV TO LEGO TETPOUYDOVIKO GOAALLO VOL UMV
vrepPaiver ta 1,2 ekatoupdplo, OWOMIGTOVOLHE OTL OBa  YPeWGTOOE
TovAdyotov 30 cvothdeg oto deiypa poc. O meplopiopudc mov Bécape eivan
1600VVOLLOG LLE TNV OTAiTN O O GLVTEAEGTNG LETABOANG (€V) TOV aVTIGTOlXEL GTO
detypotonmtikd pog mAdvo va etvar <0.01 yia tig ekhoyég tov 2020 ko <0.025
Yo TS ekAoYEG Tov 2016. Ot eKTIUNGELS Y10 TO OmoTOVEVO TANO0G GLGTAd®V
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oL TOPOLGLALovTaL OACPOAILOVY OTL OKOUO, KOl OTNV TEPITTMON UEYAANG
EKAOYIKNG OVOTPOTNG, OTMG TOPATNPNONKE OTIC OUEPIKAVIKEG EKAOYEC TOV
2016, Ba &xovpe mpoPAréyels tng axpifetog mov anattnoape. Ocov apopd ctov
eMy1oTo aplBpd GLGTASWV TOL YPEOLOUACTE GTO OELY L0 MOTE VO TPOKVITTOVY
dwotipata enumédov epmotoovvng 95% (p = 0.95), and tovg mivakeg TV
gvottov 2 kot 3 etvor mpoeavég 0Tl apkodv 5 kot 15 cvotddeg Yo TG
OLOUEPIOELS TOV TOMTEIDV KOl TOV EXAPYLOV avticTotya. To yoaunAd mococto ¢
mov mopatnpeitoan ot TpoPAréyelc tov 2020 yw peydho mAnBo¢ cvoThd®V
avtiotafuileTtor avEAVOVTOS TOV GLVTEAESTN EUmioTOcVVNG 6to 99%, pe to
TAPOYDOUEVE SICTAULOTO EUTIGTOCHVIG VO UMV TOPOLGLALOVY  GMUOVTIKY
HeTaoAn Tov Vpovg Tovg. TEAOC, amoppiTTOLLE TN YPNON TNG SLUUEPIOTG TOV
TOATEIMV AOY® TOL TOCOGTOV TOL TANOLGHOV 7OV OMOLTEITOL Y10 VO LOG
napéxel akppeig mpoPArsyels (=20%), tov younidtepov Tococtol axpifelog €
KOl TOL UEYOADTEPOL HEGOVL TETPAYOVIKOD GOOALOTOS GE GUYKPION WE TN
SLOUEPLON TV ETAPYUDV.
ABSTRACT

In this paper, we compare and suggest estimators in order to accurately predict the outcome
of the popular vote in the United States of America. Using the cluster sampling technique, we
create two different partitions of the U.S.A., the first one consisting of states while in the second
we choose the counties as our clusters. For this purpose, we used data containing the outcome
of the past 3 presidential elections, from 2012 to 2020. The methodology presented for the
prediction of the popular vote can also be applied to the Greek legislative elections. We also
discuss the minimum number of clusters needed to achieve 95% confidence intervals for each
partition chosen.

Keywords: Sampling with probabilities proportional to size, Cluster sampling, Ratio
estimator, Horvitz — Thompson Estimator, Linear Regression.
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ANQ MONOITAEYPA ATATPAMMATA EAEI'X0OY
ME EKTIMHMENEX IAPAMETPOYX I'IA
MHAENOAIOI'KQMENEX AIEPT'AXIEX

AOavdeiog Paxitéic', Evrvyia Maulepidov’
MTovemotuo Iewpadg, Tuqpo Ztotiotikng kot Acgoliotikic Emotiung, 18534
[eparde, EALGSa.
(arakitz@unipi.gr)
2 TTavemotAuio Aryaiov, Tpfuo ZTATIOTIKAG Kot AVOAOYIGTIKMV-
Xprnuatootkovoukdv Madnuotikav, 83200 Xdauoc.
(emam(@aegean.gr)

INEPIAHYH

Yty mapovoa epyocio HEAETATAL 1| ATOS0CT €VOG VD LOVOTAELPOL dSayPAUIATOS EAEYYOL
tonmov Shewhart yio v mapoakorovOnomn piog pundevodioykmpévng Poisson diepyaciog (Zero-
inflated Poisson process), 6TV TEPITTOON EKTIUNUEVOV TAPUUETP@V. ZUVIRO®OE 1) ATOS00T TV
Swypappdtov eAéyyov voAoyiletal vd TV VIOBECN OTL 01 TOPAUETPOL TG depyaciog eivat
YVOOTEG. TNV TPAEN OUMG Ot TIES aVTEG Elval oTavio YVOoTEG Kat Oa Tpénel vo exTiumbovv
amd &vo TPOKOTOPKTIKO deiypa m evtog eAéyyov mapatnpioe@v (deiypo daong I). T v
eKTiUMoN TOV TopapuéTpov ypnolonoteital 1 uéBodog g Héylotg TBavoeavelns. TTOY0G
glvar va depevvnBel 1o moco emnpedletar n Bswpntiky anddoon Tov Aved HOVOTAELPOL
Sy pARLATOG EAEYYOV OO TNV EKTIUMGOT TV TopapéTpmv. Emmhiéov, Oa diepevvnbei to moa
nmpénel va givar n T tov m (uéyebog tov delypotog @dong 1), dote M anddoorn TOL
SLOYPAUIOTOC OTNY TEPIMTMOOT TOV EKTIUNUEVOV TOPOUETP®V VO €ivol TOPOUOLD HE TN
Oeopntikn] amddoor (TEPIMTOON YVOOTOV TOPAUETP®V). XPNOUOTOIOVING TPOCOUOIwoN
Monte Carlo, peietdtor 1 evidg eléyyov amddoor Tov JypPAUHOTOS HE EKTYUNUEVES
TOPAPETPOVG, N omoio Paciletar otn xpnon G OECUEVUEVIC KOTUVOUNG TOV UAKOVG PONG.
Emum\éov, mpoteivetal Kot Evag TpOmog emA0YNG TOL 0piov gAEyxov dtov To uéyebog m Tov
detypatog Daong I eivon dedopévo.

Aéeic krerodg: Exnpuntég Méyiomg IMbBavoedvelag, [Mbavomto Eceoaipévon Xvvayeppod,
Yratiotikog ‘Eleyyog Aepyosidv, Mndevodoykopéveg Atepyacieg, Awoypappata EAEyyov.

1. EIXATQI'H

Ta, Stoypappato EAEYXOL amoTEAOVY TO PAGIKOTEPO EPYUAEID GTOV GTUTIOTIKO EAEYYO
TOWOTNTOG YO TNV TOPOKOAOVONOTN oG Topaymywkng depyociag. H ypnon tov
SLOYPOUUGTOV  EAEYYOV EMITPEMEL TNV OVIYVELOT TOPOLGING EWIKAOV  ALTIOV
petafintoétrag o€ po diepyocic, ondte kol AEUe OTL OE GLTH TNV TEPIMTOON 1|
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depyacia eivorl kTOG 6TOTIOTIKOD eAEYYOL. AlapopeTikd, av 1 diepyacio Aettovpyel
LOVOo TALPOLGIa. PLGIKAOV TIOV HETOPANTOTNTOC, TOTE AENE OTL M dlepyacia etvar evtdg
OTUTIOTIKOD €AEYYOV. YTapyovv Vo Pacikéc katnyopieg Sloypouudtov eAéyyov
avdioyo pe 1o €id0¢ TV SbEGIU®Y PETPNOEDY amd £va YOPUKTNPLOTIKO X (Tuyoio
petafintn, T.\.), To 0moio oyetileTon e TO EMMEDO TG TOLOTNTAG TV TPOIOVIWY TOV
mopayel o depyacio. Av ol UETPNOELG TTPOEPYOVTOL OO 0. CLVEXN T.). TOTE
YPNOULOTOLOVVTOL dtarypappata EAEYXOV Yo petafANTtég (control charts for variables)
EVD OV Ol WUETPNOELS OMOTEAOVV OedOpEVO KoTOUETpNoEwY (count data), TOTE
YPTOULOTOLOVVTOL dlarypappata EAEYYOV 0TtV (control charts for attributes).

Ta mo ocvyvd ypnoomolovueEVe doypapupoto eAEyyov Wottov (deite m.y
[Montgomery (2020)]) eivan to p- Kol np-chart ta omoio ¥PMNGYLOTOIOVVTOL Y10, TNV
TOPOKOAOVONG TOV TOGOGTOV 1 TOL UPLOUOL TOV EANTTOHUOTIKAOV OVTIKEILEVOV 1] TO
¢- ko1 u-chart to onoio ypnouomolobvTal Yo TNV TopoKolovON o Tov aplBuUoy TV
elaTtOpdTOV 1| Tov pHéEGoL apBpol erattopdtev avd povada erEyyov. Xy TpdT)
nepintmon 1N X avtiotoryel oTov aplfud TOV EAATTOUATIKOV OVTIKEILEVOV € delypa
ueyébovg n kol cuvnibmg vrobétovue 6t akolovbel T diwvopikn katovoun B(n, p)
evid otr dgvTepT exppdalel Tov aplpd TOV EANTTOUATOV ToL gupavifovtol 6E pio
povada eAéyyov kot cuvnbmg vtobétovpe 6Tt akoAovbel TV katavour Poisson P (4).
2mv ovvéyela Bo oG amacyoAnceL 1 mepinT®mon TopakoAovOnong tov aplfpov twv
EAOTTOHATOV.

AOoy® Mg TeXvOlOyIKNG €EEMENG, Ol GUYYPOVEG TOPAYOYIKEG OladIKAGIEG
epnpaviCouv moAd younAovc €mg Kot UNdEVIKOLG apBpods EAATTOUATOV OTIG
embeopovuevec povadeg. TEétoleg diepyaoieg eivol YvmoTé ¢ diepyacieg VYNNG
nowvtntog. 'Etol, epeaviCetor peydiog aptOpog Undevikdv Tiumv og £va Stdypappa c-
chart pe amotélecpa M ypPNoN TOV TOPASOCIOKOV opiv 30 va odnyel oe avénuévo
TOGOGTO EGPUALEVAOV Guvayepu®mV. EmmAéov, Adym g Tapovciog moAA®Y UNOEVIKOY
TIUAV, oTo dedouéva mopatnpeitor vrep-petafAntotnro (overdispersion). Avtod
OMNUOIVEL TOC VTAPYEL OUOVTIKY OTOKAIOT ad TV vobeon 6tL X~P(4), agov M
péon T Kot m dwomopd tng katovoung Poisson eival ioeg. Apa Oa mpémer va
avalnOei éva KataAAniotepo poviédo mbavotntog (Adyw g mapovsiog peydiov
aplBpod PNdEVIKOV TIU®MV Kol NG Lmep-petafintommrag ota dedouéva) yio v
Katavopn e X ko pe Baon avtd va avortoydel Eva didypappa eAEyyov.

"Eva t€t010 povtédo givatl antd e undevo-oloykmuévng katavoung Poisson (zero-
inflated Poisson, \ ZIP, distribution) 610 0moi0 VLAPYEL U0, ETTAEOV TOPAUETPOC 1)
omoia exnpedlel v mOavOTNTO ELPAVIONG UNOEVIKDV TIUDV, EVOVTL TNG AVTIOTOLYNS
mBavotntog vd v Kotavoun P (4). Ta daypappata eEAEyyov yo TV Kotovoun ZIP
&xovv peAetnOel exTEVAOC TO TEAEVLTOIO, YPOVIK KOl O EVOLUPEPOUEVOC AVOYVAGTNG
TOPOTEUTETAL OTNV Epyacio Twv [Mahmood and Xie (2019)] kot T1g ekel avapopég.

Zuvnbmg 1 amddoon TV drypapudTov EAEYYoL voAoyiletal Vo TV VIOBeon OTL
01 TAPAUETPOL TNG Olepyaciag eival yvwotég (Hepimtwon yvworav wapoustpwv IR
Case K). Ztnv npaén opmc ot Tipéc avtég eival ondvia yvootéc (Ilepintwon dyvaorwy
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rapouétpov TTAIL 7 Case U) ko Oa mpéner va ektiunBolv and éva gvidg eréyyov
oetypa @dong I, peyéboug m. Eivan dpoc yvootd (deite m.y. [Montgomery (2020)]) 6t
VIAPYEL ONUOVTIKY Sapopd oty amddoon Tov daypdupatog peta&d tng IITI
(Bewpntikn amddoon) kail g [TAIl (mpayuatiky amddoon). LTOX0C TG TOPOVGUS
epyooiag ivol va dlepeuVoEL TO TOGO emnpPedleTOL 1| BE@PNTIKY ATOd00N EVOG v
LOVOTAEVPOL dlarypappatog eAEyyov Tomov Shewhart yio v mopakolovOnon pog
undevo-dloykmpévng Poisson depyaciag (ZIP process) 6tav ol mapdpetpol g elvan
GyvoOoTEG Kot TPEMEL vaL eKTIUNHovV.

H 614pBpwon g epyaociog etvar n e&ng: v Evomta 2 ntapovoidlovrol ot Bactkég
1010t TES TOL Sty pappatog vo v [T H amddoon tov dtaypapportogvmod tny [TATT
aflohoyeitor otmv Evomta 3, péom perétng mpocopoimone. Xtnv Evomto 4
TPOTEIVOVTOL TPOTOTOIGES GTOV OPYIKO GYESOOUO TOL OSlAypPApIOTOS BOTE vV
UETPLOGTEL 1) EMIOPUCT] TOV EKTIUNUEVAOV TOPUAUETPOV GTNV TPOYLATIKT EVTOG EAEYYOV
amodoon tov daypdhppatoc. Téhog, oty Evotnta 5 divovion ta cvumepdopota g
HeAETNG KAOMG Kot TPOTAGELS Yo LEAAOVTIKN €pELVal.

2. TO AIATPAMMA EAEI'XOY ZIP-SH
2.1 Hepintoon N'vootodv Mapopitpov

Ye autnVv TV €vOTNTe Topovoldlovtal ot Pactkéc 1010TNTEG EVOS AVM LOVOTAELPOV
Sy pAULOTOG EAEYYOL Yo TV TapakolovOnon wog oepyaciog ZIP (ZIP-SH chart)
TNV TEPITTOOT YVOOTOV TOPAUETPOV Ao kot ¢ (TTTIT).

‘Eoto X 1 toyoia uetofint pe omiprypo S = {0,1, ...} = Ny. Tote n X axorovbel
v katovoun ZIP pe mapapétpovg 4 kot ¢ av n cuvaptnon mbavotntog g eivon
(0¢eite m.y. [Johnson et al. (2005)])

fzp (x|, 1) = {¢ t- ¢)gg:g: ;Cc z (1),2,

o6mov A > 0 ka1 ¢ € [0,1]. H mapdpetpog ¢ kabopilel to fabud pndevodidykmong me
katavoung (zero-inflation parameter) eve fp(x|A), x € Ny givor 1 ovvdpmon
aBovotntoc ™mg P(4). H abpoictiky cuvaptnon katavoung e koatavoung ZIP
opileton w¢

Fzip(x|$p, 1) = ¢ + (1 — $)Fp(x|1)
omov Fp(x|A), x € R givan n abpototikny cuvdptnon katavoung me P ().

'Eoctm 6T mpokertal va mapakorovdnoovpe o diepyasio ZIP ypnoponoidvtag Eva
Gvo povémievpo ddypappa eréyyov Tomov Shewhart pe éva dve opro eléyyov UCL.
Ba avapepOLOOTE GTO JAypoppe ovtd ©¢ o ddypouua ZIP-SH, to omoio sivoal
KOTOAANAO LOVO Yo TV avixvevon avENee®v 6To PEGO eminedo tng depyosiog. Avtol
TOV €100VG 1 CAAAYT] GUVOEETAL LE TN YEPOTEPELON TG dlEPYUTiog apov T.y. Evoeln
extoc eEMEYYOoL depyaciog onuaivel Tmg Exel avénbel o pécog aplBudg EAATTOUATOV
avd povada eErEyyov.
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YroBétovpe emiong g 6tav 1 diepyacio eivor evtog eréyyov tote Y;~ZIP (g, Ay),
i=1,2,..,06mov Y, Y,, ... elvon dradoyikég mapatnpnoets and 1 depyasio. Eoto a €
(0,1) n embBounm (\ ovopaoTiky, nominal) TOAVOTNTO ECQUAUEVOD GUVAYEPHLOD
(false alarm rate, FAR). Tote, yio dedopuéveg tiwéc a ko UCL m mbavotnto 1o
SLyPOUUO. VO ODGEL EVOEIEN EKTOG EAEYYOV SlEPYOCING, EVMD OTNV TPOYUATIKOTNTA 1)
depyacia ival evidg ELEYYOL, TKOVOTOLEL TV TOPAKAT® AVIGOTNTO

P(Y > UCL|IC) < a & P(Y < UCL|IC) = Fy;p(UCLl$o,A0) = 1—a (1)

Mo 6edopévn Ty a kot Ady® TG SLokpLThg vong g Katavoung ZIP, pmopovue
va mpocdlopicovpe to UCL mg tov pukpotepo aképato mov wavomotel v (1). Kotd
GULVETELD, YO TNV TPAYHOTIKY T a* NG ThavoTnToS ECOUANEVOL GuVaYEPHOD O
wyvel 6t a® < a. lpogavac a* = Fup(UCL| g, Ag)

Ortav 1 depyacia givar ektog edéyyov (OOC), TOTE 01 TIHES TOV TOPAUETPOV TNG
elvar ¢ # P ko A1 # A5. Apa, n THavOTNTA TO SIAYpOUU Vo Un dDoeL EVOEIEN
eKTOC EAEYYOV JlEPYACIOG EVMD OTNV TPAYLOTIKOTNTO 1] dlepyacia eival EKTOG EAEYYOV,
1GOoVTOL LIE

B =P(Y < UCL|OOC) = Fz;p(UCL|¢p1, A1) (2)
o6mov Y~ZIP(¢q,A1).

‘Eot®o N n toyoio petafAnty mov ekepdlet 10 mAnBog twv onueiov mov
angikovilovior oto ddypappa péExpL avtd Vo, dMGEL Yo TPDOTY Popd EVOelsn eKTOG
eréyyov depyacioc. Tote, ot mepintwon yvootov mapauétpov, 1 N~Ge(1l — f),
omov Ge(p) eivon n I'eopetpikn xatavoun pe mapapetpo p € (0,1). H xatovoun tng
N glvar yvoot o¢ katovoun tov uikovg pong (run length distribution) e cuvaptnon
mbovomTog fy (u) kot abpototikn cuvaptnon katovoung Fy (1), 6mov

fa@=PN=w) =1A-pp*", Fy@)=PN<u)=1-p*

you =12, .. HE(N) ekppalel to avapevopevo TAn0og onpeiov mov ameucovilovon
GTO SLdypoappe LEXPL 0LTO Vo SDGEL Yo TPAOTN POPa EVOEIEN eKTOC eELEYYOVL diepyaciag,
YVOGTO Kol ™G PEGO unkog pong (Average Run Length, ARL). To ARL amote)el to mo
OLYVO YPNCUOTOIOVUEVO HETPO a&OAOYNONG NG amdd0oNG €VOG OOy PAUUUTOC
eréyyov. Extog tov ARL ypnoyomoteitan cuyva Kot 1) TUTIKN aOKALGT TNG KOTAVOUNG
¢ N (standard deviation of the run length, SDRL), dnhadn n /V(N) = SDRL, 6mov
V(N) etvon n dwaomopd g N. Katd cvvéneia, ta ARL kor SDRL tov dtorypppotog
ZIP-SH oty [I'TI vroloyilovtot amd Tig OYECELS

ARL=(1-B)"Y, SDRL=./B/(1-p)
6mov 10 S divetan oty e€lcmon (2).
2.2 llgpintmon Ayvoortov Hapapétpov

e auTV TNV EVOTNTA TOPOLGLALOVTOL 01 BAGIKEG IO10TNTES TOV SLOYPAUUATOG EAEYYOV
ZIP-SH oty mepintoon dyvootov mapapétpov Ay kal ¢y (ITAID). Zmv npaén, ot
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TIEG TV TAPAUETPWV TG dlepyaciog elvar dyvmoteg kot Oa tpémet va ekTiunBodv mpv
TNV EPAPLOYT TOV SAyPALLATOS Y10 TNV TapakoAovBnomn e. X115 epyaciec twv [He
et al. (2003)], [Rakitzis and Castagliola (2016)] Bewpnbnke dGyvootn udévo i
TOPAUETPOC, KOL GUYKEKPLUEVA TO Ay, XT1 GUVEYELN, VTOOETOVUE TMOG OL TIES TOV (g,
Ay glvar dyvooteg kot Tpénel va ektiunBovv. ‘Eotw X1, X5, ..., Xy, €va deiypo @dong 1
amo o evtog eAéyyov diepyaocio ZIP pe mopapétpoug ¢g, Ag. Xpncluonow)vwg ™m
1é00do g Méytotc Ibavoeavelag, ot ekTiuntéc péytotg mbavopavelag @, A tov
¢o, Ao vmoroyilovior aplBuntikd ©®¢ ot AVCES TOL TOPOKAT® UM YPOLLULKOD
ovotnuatog e&ilomoewv ([Cohen (1991)], [Xie and Goh (1993)])

A= )?+(1 - e-i), d=1-%/1,
6mov Xt &ivor 0 pécoc 6pog TV UN-uNSevikdv TU®V 6T0 detypa v Xi, Xs, oy X
ko X tvor o cuvidng pécog 6pog TV TIHMY oto detypo Pdong 1.

v TIAIL 1o dveo 6plo eréyyov efaptdrtal omd v whavoTTe, EGPUAUEVOL
oLVOYEPHOD @ KOOMG Kot oo TIG EKTIUNCELS TV TOPAUETPOV TG SIEPYATING. ZVVETMG
etvan o toyaio petapinty, £oto UCL. Emmiéov, éotm 0y = (P, Ag) kon 8 = (cﬁ, 2).
Tote 1o Sedopéveg Tyég Tov a kot ¢, A, 10 UCL mpokdntet g o ehdyiotog OeTikdg
OKEPOLOG TTOV IKAVOTOLEL TNV TAPOKAT®O AVIGOTNTO

Fzp(UCL|$,2) = ¢ + (1 — $)Fp(UCLIA) 2 1 - . 3)

®a cvuPorilovue g & =1 — FZIP(UCL|(]3, /T) kol Oa avoeepOUOCTE GE QLT TNV
mOavoTNTO MG 1 VIO GLVONKN TOAVOTNTA EGPAAUEVOL cuvayEPUOD (conditional false
alarm rate ) CFAR, [Goedhart (2021)]).

Apeoa émetor 0T katd v ITAIL to evidg eréyyov ARL eivonl emiong tuyoio
petafint aeod dtopopetikd detypota Pdong I amod v 1010 eviog eréyyov diepyacio
0o 8hooVY SLPOPETIKEC EXTINGELS P, A Kat Gpa SLPOPETIKES TIHES Y10 TO (v Opto
eMéyyov UCL. H petapntomrta avti ong Tipéc tov ARL sivar yvootq og
Hetafintotyro. ano ypnotn-oe-ypnoty (practitioner-to-practitioner variability). X
ocuvéyela, ypnowwonoidviag Monte Carlo mpocopoimon, Bo depevviicovpe TV
EMIOPACT] TOV EKTIUNUEVOV TOPAUETPOV GTNV ATOS06T TOL dtarypaupatos. To fruota
NG LEAETNG TPOsOopOimong etval Ta eENg:

Bipa 1: Emiéyovue deiypa ®aong I peyébovg m amod o ZIP(¢g, Ag) diepyosia.
Bipa 2: And o Seiypo ddone I extipodpe Tic Topapétpovg ¢, A kot éoto @, A ot
EKTINOELG UEYIOTNG TOUVOPAVELNG.
Bijpa 3: T Sedopévec Tyiés tov a ko ¢, A mpocdopiovpe v T UCL omd v
elowon (3).
Bipa 4: Yrmoloyilovpe tnv Tipn] tov gviog eAéyyov ARL pécm g oxéong
-1
ARLgg, = (1 - FZIP(UC\L|¢0»/10))

6mov agg, = 1 = Fz;p(UCL|¢ho, Ao)-
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Bipa 5: Emavorapfavoope T oopéc (my. T =25000) 1o Papoata 1-4  won
vrooyiCovpe ™ Serypatuen péon tpn AARLg g Ko T SErYHOTIKY TOTIKN
omdxkion SDARLg e tov T tipdv ARLgq, -

Inuewbveton mwg 10 ARLg q  €ival yvooto kat og evidg £y ov decpevpévo ARL

0o vroloyileton yu dedopévn Tyl tov UCL. Tevikd, to UCL Bempeitar toyaio
netafAnt opov eéaptitol amd to d, 1. Apa kot T0 ARLg)q, eivon Toyaio petafinm.
Emutiéov, ta AARLg g, xou SDARLg g, ATOTELODV EKTIUNGELG TNG LEOTG TIUNG KoL TNG
TUTIKNG ATOKAONG TNG KATUVOUNG TOV ARLglgo. Emiong, n mbavotta espaipévon
GLVAYEPUOY g g, VIOLoYileTal oY TEpinTmwon mov O = B, yia dedopévn TN TOL
UCL. H ovykekpipévn mhavomto dev pmopel vo vodoytotel oty mpéén (apod ta ¢y,
Ay elvar Ayveota) OpmG TEPIEXEL TAPOPOPID, GYETIKA |E TNV ATOKAOTN GTNV ATOd00T
Tov Swaypappatog petaloy T kon ITATL. Aeite eniong [Zhao and Driscoll (2016)]. 'a
10 AOYo avtd eivol kol to Packd pétpo amddoong otnv mapovoo PEAETN AoV

-1
ARLg g, = (“§|90) .
3. APIOGMHTIKA AITIOTEAEXMATA

2y evotnta avT TOPOoLGLALOVTOL TO, OTOTEAECUATA UG UEAETNG TPOGOUOIMONG
OYETIKA HE TNV omddoorn tov daypdupoatog eréyyov ZIP-SH oty mepintwon
extyunpuévay  mopapétpov. 25000 deiypota ®Pdong I mpocopoidbnkav amd puo
ZIP (g, Ap) Swadikooia, yio Stpopes TIHES g, Ag Kot Yo Stapopa deiypata Pdong I
ueyébovg m. Kabéva and avtd to deiypoto ypnoomotinke yio TNy exTiunon tov
TOPOUETPOV Py, Ag.

Yvykexpipéva to m € {100,200,500,1000,2000,5000, 0}, oOmov pe m = oo
ovpporifovpe v mepintwon yvootdv mapapétpaov (M), o ¢y € {0.9,0.8,0.7} ko
10 A9 € {1,2,5,6}. O Adyog mov emAExONKav AVTEG O TIHEG Y10 TO Py amodideTon oIV
npoheomn va peretn0el 1 amd3061 TOV SOy PAUUATOG TNV TEPITTO®OT TAPUKOAOHONGNC
pag dtepyasiog VYNANG ToldTNTAG, OTOL 1] ELPAVICT UNOEVIKTG TIUNG CUVETAYETOL TV
amovcio EANTTONATOS 6To VIO emfempnon avtikeipevo. Oco mo peydin n i g
7660 O UEYAAN M TOAVOTNTA UM EUQAVIONG EAOTTOMOTOC 6TO TPOoidy. [ Tovg
TOPOTAVED SVVOLAGHOVS (g, Ag) TPokOTTOLV dlepyncieg HE evtog eEAEyyov HECO
eninedo and 0.1éwc 2.4. Eniong n embBount abovotnto eQouiuévov cuvayepuov o
tov daypappatog givor 0.0027. Apa, n npaypatikn tiur tov FAR dev Eemepvd to
0.0027 omote, vid v III'TL, to evtog ehéyyov ARL, éotm ARLg, glval tovddyiotov
370.4. Xrovg ITivakeg 1 ko 2 divovran ot tipég v pétpov AARLg e ko SDARLg g

avTioTOLYO, Y1 TIG S1APOPES TIES TV Pg, Ag kKo m. Emmhéov, otov Iivaka 3 diveton
TO EKTIUNUEVO TOCOGTO TMV MEPUTTAOCEWDY {ARLgle,0 < ARLg}.

¥t oA «oo» tov IMivaxa 1 divovton ot tipég tov ARLy oy II'TL. Kabng t0
uéyebog m tov deiypartog Gaong I avéavel, to AARLp,g, teiver om OsopnTicn Ty
ARLg vy (oyed6v) 6Aa ta Levyn Tudv (¢g, Ag). Aev gival SVGKOLO VO SITIGTOCOVUE
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Ot amoutovvrol oAy peydia peyédn ostypatog @daong I (m.y. m = 2000) oote va
pewwBei onpavtikd n dropopd petadd AARLg e «at ARLg, Kuping oTig TEpInTOCELS
nov 10 g = 0.9 1 0.8. 'l Ti¢ mepTTOOELS TOL TO P = 0.7, gvdéyeTon va yperdileTon
Kot pkpotepo deiypa @aong I (m.y. m = 1000 7 500), kdtt Tov dpmg e€aptdTon Kot
and v T tov Ay. T g mepumtwoes (¢g, 49) € {(0.7,1),(0.7,2), (0.7,5)} n
dtapopd Tov AARLpg,g, ne 1 ARL givon mepimov 2%-3% otov m = 500 evo yuum =
1000 eivou mepimov 0.1%.

A&ilet emiong va onueiwdel g oe avtiBeon pe 1o TL cupPaivel ony TEPinT®ON
TOV SL0YPOUUAT®V EAEYYOV Y10 LETOPANTEG UE EKTIUNUEVES TTOPOUETPOVG, 1] GUYKAION
tov AARLgg, o010 ARLy Sev givar povotovn. Agite Y. TG TEPITOOELS (0.9,5),
(0.8,1), (0.8,2) xar (0.8,5). To @owvdpevo avtd giyxe emonpoviel exiong amnd tovg
[Rakitzis and Castagliola (2016)].

Hivaxag 1. Tipéc AARLg g yia to digypoppa ZIP-SH pe Exupnuéves Hopapétpoog

1 m

$o | 4o 100 200 500 1000 2000 5000 oS

0.9 1| 1522.94 | 1249.49 | 1066.34 | 922.73 | 747.99 | 575.88 | 526.64
2 | 1388.20 | 973.26 | 809.55 | 707.30 | 629.49 | 604.82 | 603.73
51 93043 | 737.70 | 637.62 | 619.95 | 644.06 | 691.21 | 730.18
6 | 88221 | 699.11 | 612.25 | 578.16 | 538.14 | 504.30 | 497.71

0.8 1| 1518.49 | 1224.89 | 1128.86 | 1202.76 | 1288.54 | 1356.34 | 1366.18
21 1108.81 | 911.33 | 870.26 | 924.19 | 997.74 | 1071.65 | 1102.83
5| 806.82 | 691.68 | 648.02 | 65435 | 657.58 | 674.22 | 91691
6 | 751.40 | 664.47 | 603.54 | 578.08 | 567.52 | 566.41 | 566.41

0.7 1| 1479.89 | 1165.64 | 945.44 | 911.73 | 910.67 | 910.78 | 910.78
2 11029.84 | 875.05 | 759.72 | 736.42 | 73522 | 735.22 | 735.22
5| 760.10 | 678.86 | 623.44 | 610.84 | 611.03 | 611.27 | 611.27
6 | 711.59 | 653.80 | 632.58 | 625.65 | 618.20 | 596.47 | 377.61

Ytov [livaka 2 divovtor ot Tipég Tov SDARLgq, 0 omoio amotelel ekTipnomn g
TUmIKNG omdkAong (ko Gpa g petafAntdtnrag) TNng KOTOVOUNG TOV ARngO.
ZUYKEKPEVQ, IVEL piar EIKOVOL TOL TTOGO SLaQopPeTIkEG TipEG ARLgg  Ba vmapyovv
HETAED TV SLAPOPETIKAV YPNOTAOV TOL SLUYPALLATOC, AOY® TNG EKTIUNOTG TV TLUMV
TV Qg, Ag and Ta drapopetikd deiypata Odaong I. Oco peyaddtepn givor 1 TIUn TOV
S DARL@le0 1660 o peydAn etvon n uetafAntotnta ano ypnoty-ce-ypyory (practitioner-
to-practitioner variability). Ilapotnpovpe 61t kabdg to m ovéaver 10 SDARLg g,

pewmvetal, To onoio givol emBopntd oArhd Kot ovapevopevo. Opmg Yo cuYKEKPIUEVA
Levyn Tuav (g, Ag) ot Tég Tov pmopei va eEakorovBolv va givor VYNAES, Ao Kot
yio m = 2000. Avtictoyyn ocvumeppopd mapotnpnonke kot omd tovg [Zhao kot
Driscoll (2016)] otnv mepintmon tov c-chart kol 0modideTor 6T S10KPITH VT TNG
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katavopng ZIP. Ou [Saleh et al. (2015)] mpotevoy Tov Tpocdlopiopd Tov m pe Paon
mv Tipn t0v SDARLg)g, . ZOYKEKPHEVQ, TO M TPETEL VOL EIVOL TETOL0 MOTE 1 TIHT} TOL

SDARL'glg0 va elvar wepinov ion pe 1o 5%-10% g embountig tiung ARLy vd v
II'TL. Xta anoteAéopota tov Iivaka 2 avtd copPaivel oe 4 pdvo TePmTOGELS, OTAV
m = 2000 kot og 6 nepurTdOcelg, 6tav m = 5000 (Tyég pe Eviovn YPULUOTOCEPQ).

Hivakxag 2. Tiuéc S DARL'glgO yia 1o owaypouua ZIP-SH ue Extyunuéves Hapoustpoog

1 m

$o 0 100 200 500 1000 2000 5000

0.9 1 2511.93 1620.21 987.54 848.22 662.79 325.84
2 3591.45 1184.67 605.49 415.13 206.25 41.76
5 1406.72 654.51 329.56 222.67 169.55 121.22
6 1299.92 592.57 319.86 239.07 161.80 64.65

0.8 1 2267.65 1452.89 607.14 403.39 282.14 103.70
2 1622.64 796.34 395.41 334.31 275.79 154.91
5 792.67 450.30 288.84 275.60 27542 27391
6 692.9 423.15 252.03 144.19 50.78 0.00

0.7 1 2064.49 1281.68 538.51 144.06 9.30 0.00
2 1119.27 709.02 316.81 87.92 0.00 0.00
5 626.69 400.71 205.19 79.78 14.34 0.00
6 542.24 357.57 272.71 269.59 268.87 265.55

211¢ meplocotepec and Tic e€etaldpeveg mePITTOOELS, KoOMG T0 m ovédavel 1o
T0000TO UTO petdveTol Ko yroo m = 5000 teivel va pundeviotei. To extipumpévo
1060016 TV TEptdcemv {ARLy, 0, < ARLg} divetan otov ITivaxa 3. Mikpn Ty tov
GUYKEKPIUEVOD TTOGOGTOD ONUOIVEL OTL avapEVETOL UOAG O évo UIKPO TOGOGTO
YPNOTAOV Vo Tapatnpenovv daypappote pe Tiun pkpotepn and ARLg, Kol dpo pe
avénpévn mBavotTnTa ECEUALEVOD GUVAYEPLOV, EVAVTL TG EMBVUNTIG.

Opog, v ovykekpyéva Cevyn tpov (my. vy (¢g,49) = (0.9,5) 1 (0.8,5)) 10
TOGOGTO TOV TEPIMTOCEWDY {ARL@| 9, < ARLg} mopapével onpovTikd LeyoaldTEPO TOV
0%, axoun kot yioo m = 5000. H copmepipopd avtr amodideton emiong otn dokpitn
@Oon g kotavoung ZIP.

99



HMivakag 3. Extyunuévo Ilocooté Hepimtiroewy {ARLg g < ARLo} 1070 dve
novomdevpo ZIP-SH diaypopua

m
$o | Ao 100 200 500 1000 2000 5000
09 | 1 17.50% 12.12% 2.86% 0.26% 0.04% 0.00%
2 29.37% 19.37% 8.09% 2.06% 0.23% 0.00%
5 43.35% 39.82% | 34.14% | 28.98% | 20.76% 9.37%
6 32.28% | 23.74% 12.48% 5.05% 0.90% 0.02%
0.8 | 1 40.43% 34.63% 23.33% 14.92% 7.04% 0.89%
2 42.30% 37.96% 29.74% 22.32% 13.74% 3.89%
5 49.66% | 49.51% | 49.20% | 47.58% | 47.00% | 43.98%
6 | 28.79% | 20.92% 9.69% 3.20% 0.47% 0.00%
0.7 | 1 21.99% 12.76% 3.21% 0.41% 0.01% 0.00%
2 20.58% 12.02% 2.94% 0.33% 0.00% 0.00%
5 24.95% 16.64% 5.72% 1.32% 0.09% 0.00%
6 8.90% 2.58% 1.60% 0.00% 0.00% 0.00%

4. AIOPOQMENA OPIA EAEI'X0OY

Ta éog topa amoteréopata £de1&av Ot eivan amapaitnn n Afyn evdg deiyparog
®dong [ peydrov peyébouvg (my. m > 1000 1 axoun ko m > 5000) oote 1M
TPAYUOTIKY 0tdO00T] TOL SLoyPAUUATOS va gival Kovtd otn Oempntikr. Emedon oty
paén Oev etvar TAVTOTE €PIKTO Vo GUAAEYOVTOL TOCEG TOAAEC TPOKOTOPKTIKEG
UETPNOELG, OTN OULVEYEID TPOTEIvOVTOL OV0 Tpomomomoel; (XZyediaouos A wou
2yediaouos B) ot dwadikacio oxedlacpod tov dtaypdupotoc, otav o péyebog m tov
delyuarog ®aonc I eivar dedopévo. Ipv Tpoympricovpe, TPETEL VO oM uswoea OGS Y10l
dedopévo m Kat apov 1o Gva Opto eLEyyov eEaptdron amd Tic exTiunoelg @, A kot v
mbavotta a, n povN Tponoroincn mov propel va yivel givar oty Ty a. ‘Etot, avti
Mg embounme TWAC @ Yo TV TOOVOTNTO ECQOAUEVOD GUVAYEPUOD, VO
ypnoloron el po GAAN Tun.

YOoppova pe 1o Xyxedoopd A mpoteiveTor M ypnon mOavOTNTOS EGQUAUEVOL
cuvayeppod a’ # a dote 10 AARLg, va givon 660 yivetan mo kovtd otny emopuntm

TIUN TOL EVTOG EAEYYOV PEGOL UNKkovs porg ARL (€0tm avtn ¢p). H dadwkacio evpeong
oV @' givar avticTtoymn avtig Tov Teptypdpetorl oty Evomera 2 (BAuato 1-5) povo
7OV aVTi Vo EKTEAEITAL Y100 oL T @, ekTeAeiTan Yo S1GQOopeg TIEG @’ # a puéxpt va.
Bpebei n tiun a’ mov Ba dmoet AARLg)p, = Co.

Soupmva pe to Xyxedaopd B mpoteivetar m ypnon mOavotnTOC €GQAAUEVOL
cuvayeppol a'’ # a OOTE T0 EKTIUNUEVO TOGOGTO TV TEPITTOCEDY {ARL@lgo < co}

va givor 600 yivetal mo kovtd og o mpokabopiopévn T (ot avthy y*). H
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dwdikacia glvatl opowa e avt o6to Xxedlacpd A pe ) poévn dweopd vo givar oto
KPLTAPLO TTOL YPNCILOTOLEITAL Y10 THV £0peST TG TIWAG @'

Ytov ITivaka 4 divovta to amotedéopoto Tav dopbouévov Tiuodv a kot a’’ (ue
axpifewa 4 dekadikdv ynoeiov) ya v mhavdtnta eceaipévon cuvayepuov. g cq
ypnowomomnke n T ARL, (Sgite omin «oo» otov Ilivaxo 1) evd og y*
ypnoworomdnke n Ty 0.05. T Adyovg otkovouiog ymdpov mopovcstaloviol To
AMOTEAEGLATO OTIC TEPTAOGELS ¢ € {0.9,0.8,07}, 1y € {2,6} xkau m € {200,500}.

A&ilel va onpeiwbei mog 1o péyebog m tov detypatog @dong I e€oprdton and v
V7 TapaKoAovOnon depyacia kot evoéyeTat akoun kol nepintwon m = 200 vo pnv
etvan QT otnv mpa&n. Av Ouwg to m Jdev givol apKeTA HEYAAO €VOEYETOL VO
TPOKANOel TPOPANUO GTNY £DPEST EVOTOODY EKTIUNGEDV TOV AYVOOT®Y TOPAUETPDV,
AOy® ™S vyMAng mBavoTNTOg ELPAVIONG UNOEVIKTG TIUNG VD givorl TOAD TBavo va
AnoBel deiypo to omoio va omoteAeitar povo omd undevikég tég. Ilapd tadvta n
npotevouevn puebodoroyia dovigvel kKot yio m < 200.

Ilivakogs 4. Anoteréouora Aioplowuévav Lyediooundv A kor B

2yeoioouos A 2yeoioouog B
go o m| o AARLpe SDARLge % o' AARLge SDARLgo %
0.9 2 200{0.0041 608.65 623.39  36.29%|0.0013 2285.50 3102.06 5.38%
500|0.0035 599.19 387.87 18.89%|0.0024 911.46 686.77 5.41%
o [0.0027 603.73 - - 10.0027 603.73 - -
0.9 6 200{0.0036 502.56 391.59 39.97%|0.0014 1436.82  1348.55 5.48%
500{0.0032 506.70 252.10  23.24%|0.0022 765.28 404.15 5.14%
o [0.0027 497.71 - - 10.0027 497.71 - -
0.8 2 200{0.0023 1082.15 968.82  25.94%|0.0011 2470.99 242222 5.62%
500/0.0020 1090.61 54485 8.18% |0.0018 1183.51 698.58  6.32%
o |0.0027 1102.83 - - 10.0027 1102.83 -
0.8 6 200{0.0031 571.52 353.84  26.92%|0.0018 1026.40 695.18  6.00%
500/0.0029 562.94 222.53  11.96%|0.0029 678.06 311.23  5.07%
0 [0.0027 566.41 - - 10.0027 566.41 - -
0.7 2 200{0.0032 736.01 545.76  19.51%|0.0021 1148.41 94328 5.61%
500/0.0028 733.08 250.22  4.45% (0.0030 719.62 218.15  5.53%
o [0.0027 735.22 - - 10.0027 735.22 -
0.7 6 200[{0.0045 376.99 192.49  23.00%|0.0031 563.33 307.29  5.41%
500/0.0042 380.59 114.72  7.23% (0.0041 386.74 119.75  5.95%
o [0.0027 377.61 - - 10.0027 377.61 - -

Amnd to amotedéopata otov Iivaka 4 £meton 6t o1 dopHopéves Tiuég a’ ko a’’ dev
givar anapaitnto 6Tt TowtiCovton. Me Baon to Xyediacud A, 10 AARLg e, eivor modd

kovtd otnv embount tiu ARLg axopo kot yioo m = 200 yo 6Aa ta vid e€étaon
Cevyn Twdv (o, 4o). Opog 10 extipnpévo m060cto v mepurtdceny {ARLg e <

ARLy} (omqin «%» vnd to Zyxedwaopd A) €xet avénbel, oe oyéomn e TIC avVTIGTOLES
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Tpég otov Ilivaxa 3. Ta amoteAéopata avtiotpépovtal pe Pdorn 1o Xyedacpd B.
[TAéov t0 eKTIUNEVO TOGOGTO TEPIMTAOGEWDY {ARL§|90 < ARLg} elvon mepinmov 610 5%

vy OAeg oyedov TIG eeTalONEVEG TEPIMTMOEIC OAAA Ol TIUES TV AARLpg, o
SDRLp 5 €lval ueyoahdTEPES £VAVTL TOV OVTIGTO®V TILAOV VIO T0 ZYedlaopHo A.
616,

Ytov Ilivaxa 5 mapovotdletol pior GUVOTTIKY EIKOVO TOV TIUOV HETPOV OTOI0oNS
AARLg g, SDRLg g, Ka1 TOL TOGOGTOV TV MEPIMTOCEDY {ARL@W0 < ARLy} 6tav

TOavOTNTO E5QPUAUEVOL GuvayeppoD eivar a, @' a’’, yiom € {200,500}, A, € {2,6}
Kot ¢, € {0.9,0.8,0.7).

IHivarags 5. 2vykpitikog Hivaxag Métpwv Amodoong yia to Aidypouuo ZIP-SH

Zyedwopos | po  Ag m FAR | AARLgo  SDARLgg  perc

0.9 2 200 | 0.0027 | 973.26 1184.67 19.37%

A 200 | 0.0041 608.65 623.39 36.29%

B 200 | 0.0013 | 2285.50 3102.06 5.38%
Case K oo | 0.0027 | 603.73 - -

0.9 6 500 | 0.0027 | 612.25 319.86 12.48%

A 500 | 0.0032 | 506.70 252.10 23.24%

B 500 | 0.0022 | 765.28 404.15 5.14%
Case K oo | 0.0027 | 497.71 - -

0.8 2 200 | 0.0027 870.26 395.41 29.74%

A 200 | 0.0023 | 1082.15 968.82 25.94%

B 200 | 0.0011 | 2470,99 2422.22 5.62%
Case K o | 0.0027 | 1102.83 - -

0.8 6 500 | 0.0027 | 603.54 252.03 9.69%

A 500 | 0.0029 | 562.94 222.53 11.96%

B 500 | 0.0029 | 678.06 311.23 5.07%
Case K oo | 0.0027 | 566.41 - -

0.7 2 200 | 0.0027 875.05 709.02 12.02%

A 200 | 0.0032 | 736.01 545.76 19.51%

B 200 | 0.0021 | 1148.41 943.28 5.61%
Case K o | 0.0027 | 735.22 - -

0.7 6 500 | 0.0027 | 632.58 272.71 1.60%

A 500 | 0.0042 | 380.59 114.72 7.23%

B 500 | 0.0041 386.74 119.75 5.95%
Case K oo | 0.0027 | 377.61 - -

Mo apdderypo yio (g, 49) = (0.9,2) kana = 0.0027, 10 ARLy = 603.73 (I1I'TI).
Orav to péyebog tov detypatog Daong I eivonm = 200, yuo o = 0.0027, ta AARLgg,
Ko S DRL(;I fo glvan, avtiotoryo, 973.26 kot 1184.67 evdd T0 TOGOGTO TOV TEPUTTAOGEDV
{ARLg)g, < ARLo} eivon 19.37%. Ynd 1o Eyedwoopd A, mpoteivetan n ypion FAR
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a’ = 0.0041 n onota diver AARLg g = 608.65 kon SDRLy e, = 623.39. Ankadn 0
AARLg)p, givon moAD kovta ot (Bewpnrucn) Tipfy ARLy kar vmdpyet peioon oto
SDARLp,g,, CUYKPITIKG. pE TV TEPITTOON Ywpig Tpomonoinet. OH®G 10 T0506TO TV
TEPIMTOCEDY {ARL§|90 < ARLy} éxer avénbei ko miéov eivar 36.29%. Ymd to

Yyedaoud B, mopatnpodvtor ta avtiotpoga amotedéopata apod yioo FAR a' =
0.0013 o AARL§|90 = 2285.50, 10 5DARL§|90 = 3102.06 oALd TO TOCOOTO TWV

TEPIMTOCEDY {ARL@| 9, < ARLy} givon miéov Kovtd 010 5% Ko cuykekpiéva i6o e
5.38%.

Ta mopamdveo omoteléopata amodidovtal 6To OTL TPOKEIPEVOL Vo emttevyDel
YOUNAO TOGOGTO dloypapudtov ue &viog eréyyov ARL pkpotepo tov ARL
(Zyedraouog B) peimvetar ) mhoavotnto ecQoAUEVOD cuvayeppov (o cOYKPIoN LUE TNV
apyn Ty 0.0027) 1o onoio 0dnyei e peyolvtepec Tég yio to UCL. H avénom oot
oV T Tov UCL éxel g amotéeco KATO01 amd TOLG XPNOTEC VO KATOANEOVY GE
éva dtdypoppa eELEyyov pe evtog edéyyov ARL mold peyordtepo amd ARL,. Katd
OULVETELD, OLEAVETOL KO 1) HECT] TIUA KOL 1) TUTIKY OTOKALCT] TNG KATOVOUNG TOV
ARLg)g,. Avtifeta, o 1o Zyedoopo A, Y10l vaL €iVaL 1) HEGT] T TNG KOTAVOUNG TOV
ARLgq, wovid oto ARL, avéavetal M TOavOTNTO, ECQUAUEVOD GuvayepLoD (o€

ovykplon pe v apywn tiun 0.0027) to omoio £xel ®g amotéAeco KATOL0L 0Td TOVG
xpNoteg va KataAnEovv og éva odypappa pe Tt UCL pikpdtepn amd ot mov
nwpokvTEL 0Tay T0 @ = 0.0027 won dpa pe evtog edéyyov ARL pkpotepo amd ARLy.

Me ovtoév tov Tpoémo, Yo dedouévo péyebog m tov detyportoc ®dong I, to
AARLg g = ARLy evd tavtoypova peidvetar kar 1o SDARL. A&iler mdvtog va
avopepBel T Kabbg 1o m avEavet, ot Sopopég oTig TIHEG TV @' kot a'’ peidvovtat
Kot TeEMKG ot 000 oyedlcpol KOTOANyovv oe mopdpoln amddoct. Amd 1o
aroteléoparta Tov Tlivaka 5, ekT0¢ amd TIC TEPUTTMGELS TOL T0 P = 0.9, 1 dwpopd
la’" — a''| dev Eenepvd 1o 0.0002 6tav to m = 500. AvEdvovtag ki GALo To m (TT.y. Yo
m = 1000) n dopopd |a’ — a''| perdveron Tepartépm, akdun kot yuo ¢y = 0.9.

5. XYMIIEPAXMATA

Ymv epyacia avty peEAeTONKe M amddoon €VOG VO HOVOTAELPOL SLO0YPAUUATOG
eAéyyov tomov Shewhart yio v wapakorlovnon wag pndevodioykmuévne Poisson
dlepyaciag, otV TEPITTOOT TOL Kot 01 HVO TAPAUETPOL TNG dlEpyaciag eival AyvmoTeg
Kot mpémel va ekTiunfovv. Xe avtiotoryeg epyacieg oty g topa BipAtoypapia, n
Baoikn vwoBeon frav 0T N TAPAUETPOS P eivarl YVOoTN Kal Tpémel va ektiundei povo
0 Ag. [0 Vv extipnon tov ¢y, 49 ypnowomombnke n uéBodoc g HEYIOTNG
TOOVOPAVELNG AOY® TNG ONUOPIAING TNG, AAAG KOL TOV OGUUATOTIKOV 1010THT®V TOV
€yovv ot avTioTOLY01 EKTIUNTEG.

XpNoonotmdvTag e oelpd amd PETPO aE0A0YNONKE 1) AmOd0GT TOV S10lyPAUUATOS
TNV TEPIMTMOT TOV EKTIUNUEVOV Tapapétpmv. Ta pétpa anmddoong Pacictnkay otnv
VO GLUVONKT KOTAVOUT TOV EVTOG EAEYYOL LEGOV UAKOLE POTG KOl GUYKEKPLUEVO GTN

103



péon Ty (AARL§|90) KOl GTNV TUTIKN OmOKAIoN (SDARL@leo) avtis. H tom
omdkion SDARLg e Siver o gikova g petafAntomrog petadh tov ypnotdv
(practitioner-to-practitioner variability) xon 660 o piKpn| glval, TOGO TEPIGGOTEPO Ta.
SLOPOPETIKG, SLoyPAUUATO (TTOV TPOKDTTOLV ATO TOVE SLAUPOPETIKOVG YPNOTEG UETH OO
xpon tov dapopetikdv detypdtov Odaong 1) Ba égovv mopduola gvidg eréyyov
amodoon. EmmAéov, peretnnke Kol 10 T0G00TO TOV TEPIMTOCEWDY {ARL§I90 < ARL,}

7o omoio divel i ekdvo Tov TOGOL XPNoTEG Bo KATAANEOVY TEAIKA GE £VaL SLAYpOpLLaL
ZIP-SH pe avénpévo mocoosTd EGOUAUEVOV GUVAYEPUMDV.

Ta omoteréopoto TG HEAETNG Tpocopoimong £0el&av OTL YEVIKA OTOITODVTOL
peydia pey€ln delypotog dote va pnv vdpyovv peydieg S10popég oty amdo0om ToV
dwypapparog peta&d g [T ko g [TAIL Ztig mepiocdtepeg amd TIG TEPUTTOOELS
mov efetdonkav, mpoteivetar 1o péyeBog m tov delypatog Pdaong I va eivan
peyoAvtepo tov 2000. Emumdéov, av ot 61a0éc1ot mopot givar dedopévor kot to péyedog
tov delypatog Paong I elvar mpokabopicpévo, mpotdbnke m TpomOTOINGN TOL
OVOUOOTIKOD  EMUTEOOV  ECQOOAUEVOD  CLVOYEPUOV &  TOL  SLOYPAUUATOG,
YPTOULOTOIDOVTOG dVO SlapopeTikd kprtipla. To éva amortei n Tiun Tov AARLg g, vo

elvatl kovtd 610 AR L v TO 3€0TEPO AMALTEL LOVO EVO UIKPO TOGOGTO O10Y POUUATOV
va €xet vtog eréyxov ARL pkpdtepo and ARLg.

Mo mv emPePainon Tov anoterecpdtov otovg Ilivaxeg 1-5 éyovv avamtuybel
npoypappate oty R ([R Core Team (2023)]) ta onoia eivar dwbéoipa amd tovg
CLYYPUPELG KATOTLY GYETIKOD aTuatog. TELOC, ™G TPOTAGELS Yio LEAAOVTIKY EpEVVOL
TPOTEIVETOL 1 LEAETT TNG ALOO0GNC TV AVTIGTOLY®V SYPUUUATOV EAEYXOV TOTTOL
CUSUM ([He et al. (2012)]) ka1 EWMA ([Alevizakos and Koukouvinos (2020)]) otnv
MEPIMTOON EKTIUNUEVOV TAPOUETPOV.

ABSTRACT

In this work we study the performance of an upper one-sided Shewhart-type control charts for
monitoring a zero-inflated Poisson process, in the case of estimated parameters (Case U). In real
problems, process parameters are unknown and must be estimated from a Phase I dataset.
However, this affects the theoretical performance (case of known parameters, Case K) of the
chart and, thus, further investigation is needed to assess these differences in chart’s performance.
In addition, practical guidelines are necessary to determine the size of the Phase I sample to
reduce the difference in chart’s performance between Case K and Case U. Using simulation, we
evaluate the performance of the chart, focusing on the (conditional) distribution of the in-control
average run length. The main aim is study the practitioner-to-practitioner variability and suggest
practical guidance regarding its reduction, in order to provide charts that does not demonstrate
an excessive number of false alarms. In addition, two approaches for adjusting the usually
employed design are discussed, when the size of the Phase I dataset is pre-specified. The results
show that either approaches provide charts that meet the design requirements, even for Phase I
samples of medium size.

Evyapiotieg: This work has been partly supported by the University of Piraeus Research Center.
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Optimal Threshold Selection on a Two-Cutpoint Optimal
ROC curve
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ABSTRACT

This work aims to explore techniques that integrate misclassification cost analysis into optimal
Receiver Operating Characteristics (ROC') curves. Specifically, assuming a family of distribu-
tions with the unimodality property of the Likelihood ratio the optimal ROC' curve is a two
cutpoint ROC' curve. We obtain results concerning the estimation of the optimal threshold/s
and the corresponding False Positive Rate (F'PR) given the two misclassification costs and the
disease prevalence. We present details for some common parametric families that exhibit the
unimodality property of the Likelihood ratio. We combine maximum likelihood etimation with
resampling methods for statistical inference on the optimal threshold.

Keywords: Optimal ROC, Unimodality, Misclassification Cost, Optimal threshold.

1. Introduction

A well-established and widely used tool to evaluate the diagnostic ability of biomarker
measurements is the Receiver Operating Characteristics (ROC) curve. Its application
was initially introduced by Green and Swets (1966). Later, Lusted (1971) demonstrated
that medical diagnostic testing holds great potential in situations where a decisive deter-
mination is needed regarding the presence or absence of a disease. Since then numerous
studies have been conducted to assess the discriminating potential of medical diagnostic
tests with most studies focusing on continuous biomarker measurements or ordinal rat-
ings of the suspicion of a disease. In this paper we focus on continuous biomarker mea-
surements. We denote the continuous biomarker measurement by Y and the presence
of disease indicator by D. The two Cumulative Distributions Functions (C'D F') for dis-
eased and healthy individuals are denoted by Fi(y) = P(Y <y|D =1) =1 — Si(y)
and Fy(y) = P(Y < y|D = 0) = 1 — Sp(y) respectively and have common sup-
port, where Sy(y), S1(y) are the Survival Functions.The corresponding densities are
denoted by fi(y) and fo(y). In the ROC' curve literature it is commonly assumed
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that higher measurements are more indicative of the presence of the disease. Under
this assumption the decision rule is to declare a case positive when ¥ > ¢, ¢ be-
ing the decision cutoff. For a given threshold, ¢, we define the True Positive Rate,
TPR(c) = P(Y > ¢|D = 1) = Si(c) = Sensitivity(c), and the False Positive Rate
FPR(c) = P(Y > ¢|D = 0) = So(c) = 1 — Specificity(c). In general the ROC
curves provide a comprehensive graphical representation of the trade-off between the
sensitivity and the false positive rate of a diagnostic test as one varies decision cutoff(s).
The ROC curve is an increasing function in the F'PR,

{(t, ROC(t)),t € (0,1)},

where ¢ denotes the F'PR and ROC(t) is the corresponding sensitivity. More formally
(see Pepe (2003) and Zhou et al. (2002)), the ROC curve is given by:

ROC(t) = SI(SO_I(t))?t € (0,1), (1)

where ¢ = Sy ! (t) gives the connection between a given F'PR = t and the correspond-
ing value of the cutoff. The selection of the optimal cutoff, (¢, ), should be based on the
cost due to misclassification. However, since agreement on misclassification costs can
be elusive, other criteria have been investigated (see Zou et al. (2013)). We refer to the

ROC curve in ((1)) as the right directional ROC curve. It is easily shown that the right
~ fily)

directional ROC curve is concave when the density (likelihood) ratio r(y) = is

increasing in y. In such cases the ROC curve is called proper ( Egan (1975),0pp 19,
37). When the density (likelihood) ratio is not increasing in y the optimal decision rule
needs to be modified to ’classify as positive if 7(y) > ¢’. We refer to the ROC' curve
obtained by using the optimal decision rule as the Optimal ROC curve.

The selection of an optimal threshold in Optimal ROC curves is crucial as it directly
impacts the reliability and reproducibility of diagnostic tests. A lower threshold may
increase the sensitivity of the test, enabling the detection of a greater number of true
positive cases. However, this may also lead to a higher false positive rate, which can
result in unnecessary interventions or treatments for individuals who do not have the
condition of interest and that lead to an unnecessary cost. On the other hand, a higher
threshold can enhance the specificity of the test, reducing the false positive rate but
potentially missing true positive cases. The Optimal decision cutoff(s) minimize the
misclassification cost.

When we assume that the distributions of cases and controls follow a family of
distributions with the unimodal density (likelihood) ratio property, the resulting Op-
timal ROC curve is a two-cutpoint ROC' curve. Martinez-Camblor et. al. (2017) and
Martinez-Camblor et. al. (2019) thoroughly discuss the two cutoff ROC curve. Its op-
timality, under the assumption of unimodality of the density ratio, is discussed in Bantis
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et.al. (2021). Due to the concavity of Optimal ROC' and its increasing nature, a unique
optimal cutoff can be determined, providing a path for estimating the corresponding
Optimal F'PR.

The structure of the paper is as follows: In section 2 we discuss how one could select
the threshold of a continuous diagnostic test using the classical directional ROC curve.
In addition, we study the optimal ROC' curve under a unimodal Likelihood ratio family
and the performance to some common distributions. In section 3 we conduct a small
simulation study and in section 4 we apply our methods to a real dataset concerning
genes associated with ovarian cancer. We specifically focus on the beta distribution and
its relevance to the diagnostic testing of these genes.

2. Threshold selection in optimal ROC curves

2.1 Obtaining thresholds using cost analysis
The Cost when operating at given F'PR =t is,

COSt(t) =k+ t(l — 7T)C()1 + (1 — ROC(t))ﬂCl() + ROC(t)ﬂ'CH

where k is the overall operating cost, 7 = P(D = 1) denotes the known disease
prevalence in the target population, Cy; is the cost of the unnecessary treatment of a
false positive result, C'y is the cost of a false negative result and C'11 is the cost of nec-
essary treatment of a correctly classified diseased individual.

C
Let ¢ = 1 T_~19 The threshold that potentially minimizes the expected cost is
— T Lo1
the threshold that corresponds to an F'PR = t that solves,
OCost(t) OROC(t)
T = (1 —7T)C(]1 — TT((CIO —011) =0

OROC() (1—7\( Cou \ 1
ot _< m ><C'10—C'11>_¢

For ease we consider k£ = 0, C7; = 0. If C1; > 0 then simply replace Cy by (C1o —
(1) in what follows. As for k it is just a constant cost unrelated to misclassification.
We have,

COSt(t) = (1 - F)ColQ(t)

where,

Q(t) = [t + (1 = ROC(t))],
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It is obvious that the optimal ¢ minimizes Q(t).

We have Q(0) = ¢, Q(1) = 1 and

b OROC(t)
Q(t)=1 ¢T
" 9?ROC(t)
Q1) = ~v .
A potential minimum of Q)(¢) corresponds to,
OROC(t) 1
B @

According to equation (2) optimal thresholds and corresponding optimal F'P Rs are
determined by the “relative importance” of the misclassification costs adjusted for dis-
ease prevalence as summarized by .

When 1) = 1 we have 7C19 = (1 — 7)Cp; and the two prevalence adjusted misclas-
sification costs are equal. Then

Q(t) =t + (1 — ROC(1)).

In this special case the optimal threshold obtained by minimizing the expression
above is called the Youden index based threshold. This can be easily seen by noting that
1-Q(t) = (1—t)+ ROC(t) — 1 = speci ficity + sensitivity — 1, the Youden index.

2.2 Optimal ROC curve
The optimal classification decision rule based on a biomarker value, Y is: classify as

diseased if W = r(Y) = ;182
0

Let W[(D = 0) ~ Go, W|(D = 1) ~ G and denote the corresponding densities
and Survival functions by go, g1 and by Gy, G1.

> c. This fact is established in the following theorem.

Let ROCy (t) = G1(Gy'(t)) = ROCy(t). Then, following Pepe (2003) and
Green and Swets (1966) we have,
1. If W* = h(Y) then ROCy+(t) < ROCw (t) ¥t € (0, 1), with equality holding
(Vt) iff h(-) is an increasing function of r(-).
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Gy l(t), which implies

I

g

=~
.=

s

|
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I

3. ROCYyy(t) is concave.

We will refer to ROCyy(t) as the optimal ROC curve. That is ROC,(t) =
ROCw (t).

The optimal ROC' curve is simply the right directional ROC curve based on the
random variable W = r(Y"). Since the optimal ROC is increasing and concave there
exists a unique optimal decision threshold (which may translate to multiple thresholds
in the original Y scale). We minimize Q(t) = [t + /(1 — ROCyy(t))] which results

OROC e (t 1 - 1
in the estimating equation Tm() = o or equivalently G ' (t) = —. Thus the
optimal operating false positive rate equals t;,,, = Go (%) . We note that ¢7,, is different

than 0 or 1 when ¢) € (z’nff—(l), sup%) = (inf r(y), sup 7(y)). Otherwise, t;,, = 0 for
Y < inf% and ¢35, = 1for¢) > supsl.

2.3 Optimal ROC curve for a unimodal Likelihood ratio family

Let F be a family of Distributions that has the unimodality property of the Likeli-
hood ratio . That is if we denote the support of F by the interval S, we have for any

Fy,Fi € F,r(y) = ;;EZ;

unimodal function of y ( r(y) attains a unique maximum or minimum in the interior
of S, thus r(y) is either Decreasing - Increasing or Increasing-Decreasing). If (y) is
strictly increasing then ROC,y(t) = S1(Sy*(t)). If (y) is strictly decreasing then
ROCop(t) = Fi(Fy (1)),

is either a strictly monotone function of y or a strictly

If r(y) is Decreasing - Increasing then r(y) has a minimum at y ;) in SO, the in-
terior of the interval S. That is infyes 7(y) = mingeso r(y) = 7(yY1)) = Tmin-
Assume supyes 7(y) = +oo and is attained at the two borders of S. The support of
W = r(Y) is the interval (r(y(1)), +00) = (rmin,+00). For w € (rmin,+00) the
equation 7(y) = w (equivalently log(r(y)) = log(w) has one root c1(w) < y(;) and

one root ca(w) > y(1y). We have, Go(w) = Fy(c2(w)) — Fo(er(w)). If op < then

Tmin

then ¢

= (1
opt = Go (E) , Whereas if ) > — opt = 1. We observe that when 1) exceeds
a certain threshold the optimal decision is to classify everybody as diseased.
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If 7(y) is Increasing-Decreasing then r(y) has a maximum at ;) in S°. That is

supyes 7(y) = supyeso 7(y) = (Y1) = Tsup- Assume infyes 7(y) = —oo
and is attained at the two borders of S. The support of W = r(Y) is the inter-
val (0,7(y(1))) = (0,75up). For w € (0,7sup), the equation r(y) = w. We have,

Go(w) = 1 — Fy(ca(w)) + Fo(er(w)). If ¢ > then £}, = Go (%) , Whereas

Tsup

then ¢

opt = 0. We observe that when ) falls below a certain threshold the

Y <
Tsup

optimal decision is to classify everybody as healthy.

2.4 Some results for commonly used parametric distributions

2.4.1 Threshold selection when using the Binormal ROC curve

Suppose, Y is a normal random variable such that Y|D = 0 ~ N(pg,08) Y|D =1 ~

N(u1,0%). Since the ROC curve is invariant to strictly increasing transformations of

Y we can standardize according to the diseased distribution. That is, without loss of

generality we assume Y|D = 0 ~ N(—a,b?), Y|D = 1 ~ N(0,1), where —co <
M1 — Ho

a=———<+00, b= 70 > (. Then the classical right directional ROC is:
01 01

ROC(t) = ®(a + bd (1)),

Example: Assume that Y|D = 0 ~ N(100,5%), Y|D = 1 ~ N(110,10%). In
figure 1 we present the two normal densities with a specific cutpoint value (for ¢ = 1),
the right directional ROC curve and () for multiple .

Figure 1: Densities ROC(t) and Q(t)
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After some algebra we obtain the survival functions of the optimal transform W =
fi(Y)

r(Y) =
&) fo(Y)
Case 1: b < 1. For w < inf,r(y) = exp [lnb— ﬁ

— a2
1 —-Go(w) =1and G1(w) = 1 — G1(w) = 1. For w > exp [lnb 20— b2)} we

for the two populations as follows:

2
] we have Go(w) =

have,

where,

a? 2 w

kolw) = \/(1 —pp T ™ (3)
a?b? 252 w

fw) = \/(1 e 1o (3)

2
Case2: b > 1. For w > sup, r(y) = exp [lnb - 2(1a_ b2)

] we have ,

] we have Go(w) =
2

21— 1?)

Go(w) = @ (ko(w) - i—abg> -2 (—ko(w) - li—ab2>

G (w) = @ (kl(w) = 1_a—62> - (—k‘l(w) - ﬁ)

In the case where b = 1 the optimal ROC curve is simply a classical directional one.
It is either the right directional ROC' curve (when a > 0) or a left directional one (when
a < 0).

G1(w) = 1. Forw < exp [lnb—

Example 1 (continues):

In figure 2 we can visually compare the Optimal ROC,,,.(t) (green color) compared
to the Directional ROC(t).
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Figure 2: Optimal and Directional ROC

1.0

Sensitivity

00 02 04 06 08

Figure 3 shows the logarithm of the likelihood ratio versus marker values. Optimal
cutoffs in the original scale are indicated in the plot.

Figure 3: Logratio vs 1 = 1(black), 2(blue), 3(purple), 0.5(red)
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2.4.2 Gamma Distributions

Assume that Y|D = 0 ~ Gamma(ag,bp) and Y|D = 0 ~ Gamma(ai,br) (us-
ing the shape-rate parametrization). Notice that byY|D = 0 ~ Gam(ap,1) and

b
boY|D =1 ~ Gamma(ay,y = b—l) Hence, without loss of generality we consider

0
Gamma(ag, 1) and Gamma(ay,~y) as the control and case distributions respectively.
The logarithm of the density ratio is then,
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The derivative of the logarithm of the density ratio is

(In(r(y))) = s

We thus have the following :

Case 1: K > 0, A > 0. The In(r(y)) function is strictly increasing with In(r(0)) =
—00, In(r(c0)) = +oo. In this case the optimal ROC curve is the classical right
directional ROC' curve. Case 2: K < 0, A < 0. The function In(r(y)) is strictly de-
creasing with In(r(0)) = +o0, In(r(co)) = —oo. The optimal ROC' curve is the
left directional ROC' curve. Case 3: k < 0, A > 0. The function In(r(y)) is decreas-
ing in the interval (0,5%) and increasing in the interval (5%, 00). We also have
that In(r(0)) = +o0, In(r(c0)) = +o0o0. Hence there exists a unique minimum at
min(In(r(y))) = In(r(5F)) and we conclude that the optimal ROC curve is a two cut
point ROC. Case 4: k> 0, A < 0. In(r(y)) is increasing in the interval (0, 5*) and
decreasing in the interval (5%, 00). We have that In(r(0)) = —oo , In(r(o0)) = —oo.
Hence We a unique maximum exists at maz(In(r(y))) = In(r(5%)) and we conclude
that the optimal ROC curve is a two cut point ROC'.

Note that there are four special cases that occur. In the first special case, where
k < 0and A = 0, r(y) is increasing with r(y) — 0 and r(y) — +oo. In the
y—0 y—+o00

second special case, where x > 0 and A = 0, 7(y) is decreasing with r(y) = +oo
Yy—
and r(y) j>_ 0. In the third special case, where A > 0 and x = 0, 7(y) is decreasing
y——+o00
with r(y) — dpand r(y) — 0, where dp = 70. In the fourth special case, where
y—0 y—+o00

A <0,k =0, r(y) is increasing with (y) — dpand r(y) — Hoo.
y—0 y——+00
By letting W = r(Y") we can easily derive the distribution function of W, for con-
trols (and cases). Since the optlmal ROC curve is determined by the CDF of W for
controls ( ROCyy (t) fo v) dv) we provide the CDF of W for controls in the
two cases where the opt1mal ROC is the two cutpoint ROC on the original scale.

We have for w > 0 that Go(w) = P[W < w|D = 0]P[ln(W) < In(w)|D =
0] = Pleln(Y) + XY < In(¥)|D = 0] = Phr(Y) < In(¥)|D = 0], where,
h(y) = rkln(y) + Ay.

So, for Case 3 (k < 0, A > 0), we have

w < §eM(5)
Go(w):{o’ <0

)

)

| |
ylx ~la

w(ao,cz(wp(—v)(ao,cl(w)) w > seh(
ag ) —
where 7(ao, -) is the lower incomplete gamma function and ¢;(w) < c2(w) denote the
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two roots of the equation A (y) — In(%) = 0.

For Case 4 (x > 0, A < 0), we have

0, w <0
Golw) = { 1 — Weweawhfaver) o <y < ()
17 w > 6€h(%)

2.4.3 Beta Distribution

Let assume that cases and controls follow Beta(ag, by) and Beta(ay,by) distributions
respectively. We have,

In(r(y)) =In(d) + kIn(y) + A1n(1 — y),
B(ao, bo)

where, 6 = —————,
B(al, bl)

KR = a1 — ap, )\:bl—bo.

Hence
/ K )\

(In(r(y))) = 1y

We have the general four cases to consider, Case 1: x > 0, A > (.. We have that

K

In(r(y)) is increasing in the interval <0, =5

> and In(r(y)) is decreasing in the in-

terval 1) . Also we observe that at the borders of the interval S, —oo is at-

K
KX
tained. We have that In(r(0)) = —oo In(r(1)) = —oo. We obtain a unique maxi-
mum maz(In(r(y))) = In(r(f5)). Thus, the optimal ROC curve is a two cut point

ROC. Case2: k < 0, A < 0. We have In(r(y)) is decreasing in the interval (0, ﬁ)

and In(7(y)) is increasing in the interval <$, 1> . Also we observe that at the borders

of the interval S, +oc0 is attained. We have that In((0)) = 400,  In(r(1)) = +oc.
We obtain a unique minimum min(In(r(y))) = In(r(;f5)). We have that the opti-
mal ROC curve is a two cut point ROC. Case 3: k < 0, A > 0. In(r(y)) is strictly
decreasing with In(r(0)) = +o0, In(r(1)) = —oo. In this case the optimal ROC' curve
is the left directional one. Case 4 for k > 0, A < 0. In(r(y)) is strictly increasing with
In(r(0)) = —oo, In(r(1)) = +oc. So in this case the optimal ROC curve is the right
directional one.

Note that there are four special cases to consider. In the first special case, where
k < 0and A = 0, r(y) is increasing and we have r(y) - 0 and r(y) = 01, where
y— y—

B(ao, bo)

o0 = B(ay, bo)

. The optimal ROC' curve is the right directional one. In the second
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special case, where x > 0 and A = 0, we have r(y) is decreasing and r(y) e +o0
y—
and r(y) = 01. The optimal ROC curve is the left directional one. In the third spe-
y—r
cial case, where A > 0 and k = 0 we have r(y) is decreasing and r(y) e d2 and
Y—

B(ag, bo)

B(ag,b1)’
Lastly, in the fourth special case, where A < 0 and x = 0 we have r(y) is increasing

and r(y) = do and r(y) — oo The optimal ROC' curve is the right directional
y— y—

r(y) e 0, where 69 = The optimal ROC curve is the left directional one.
y—

one.

The CDF of W = r(Y') for controls is given below for the two scenarios where a
two cutpoint ROC' curve is optimal.

We have for w > 0, Go(w) = Plln(W) < In(w)|D = 0] = P[cIn(Y) + AIn(1 —
Y) <In(%)|D = 0] = P[h(Y) < In(%)|D = 0], where h(y) = xIn(y) +A1In(1 —y).

Hence, for Case 1 (k > 0, A > 0),

0, w <0
Go(’w) =<1- [I 2 (w )(ao, bo) c1(w) (a(), bo)] O<w< (56h($) 3)
1, w > 5eh(ﬁk)

where, I, (ag, bo) is the regularized incomplete beta function (the CDF of Y'|D = 0)
and c1(w) < c2(w) are the two roots of the equation h(y) — In(%) =0

For Case 2 (k < 0, A < 0) we have

%)

h(%
0, w < de | @

IC2(w)(a0’b0) - Icl(w)(ao,bo), w > de (m X

As mentioned before the 0pt1mal ROC curve for these two scenarios can be obtained
by ROCopt fO

2.5 Statistical inference

Since in this paper we deal with standard parametric families, estimation is straight-
forward and is based on the maximum likelihood estimates of the parameters for the two
distributions involved. Suppose we have Y1, Y2, ..., Yon, , @ sample from the healthy
population (D = 0) and Y11, Y19, ..., Yin,, a sample from the diseased population
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(D = 1). Given 1, we estimate the ¢}, = G (%) (FPR) by t%,, = Go (%) Where
é’g(y) is the maximum likelihood estimate of G, the CDF of W = r(Y)|D = 0. For

example, if we have two Beta-distributed populations we can obtain an estimate of ¢,

by first obtaining the parameter MLEs &, A and then estimating CQT’O, MLE (%) using (3)

if # > 0,A>0or equation (4) if & < 0, A < 0. We obtain a (1 — «) confidence
interval by using a bootstrap procedure. We acquire B bootstrap samples from the two

original samples by sampling with replacement and we compute fzptvi, t=1,...,B.The

endpoints of the 100(1 — «)% confidence interval are the (%) and <1 - %) quantiles
from the bootstrap procedure. We note that our confidence intervals are closed intervals.

3. Application

In this application, we analyze a real dataset derived from expression arrays of 30
ovarian cancer tissues and 23 tissues without cancer. The dataset consists of mRNA
expression measurements for 1536 gene clones (Pepe 2003). The expression levels, de-
noted as Y; 4, represent the relative mRNA expression of the gth gene in the ith tissue
sample compared to a control tissue. It is important to note that the same control tissue
was used for all experiments.

Dudoit (2002) and Newton (2000) provide comprehensive explanations of this tech-
nology, including a technical overview of how the expression values Y; ;4 are calculated.
This technology involves using glass arrays spotted with gene clones to measure mRNA
expression levels in the tissue samples. These measurements provide valuable insights
into the differences in gene expression between ovarian cancer tissues and healthy tis-
sues.

In this application, a transformation is applied to each gene, given by the formula:
Y = % We note that if we assume beta-prime distributions for the two populations

in the original scale, this transformation leads to two beta distributions. After applying
this transformation to all 1536 genes, a goodness-of-fit test for beta distributions was
conducted separately for the cases and controls. A total of 915 of the genes exhibit
p-values greater than or equal to 0.05 for both cases and controls. This indicates that
for these 915 genes, there is no significant evidence to suggest a departure from the
assumed Beta distribution.

We provide the density plots for 12 specific genes, namely: g192, g233, g554, g1022,
21029, g1034, 21044, g1403, g1422, g1439, g1468 and g1515. These genes were se-
lected because they suggest a two cutpoint ROC curve as appropriate and, in addition,
have an empirical Area Under the Curve (AUC) close to 0.5, indicating that they are
individually useless when considering the classical ROC' framework.
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Figure 4: Kernel density estimates for the 12 selected Genes (black:Controls , red:Cases)
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We examined Gene g1468 in more detail. It has an empirical AUC= 0.5521739 and
s.e.= 0.08147481, yielding a 95% C.I. equal to (0.3924833,0.7118645). By using Beta
Distribution Assumptions as we have saw at section 2.4.4 we obtain the MLE estimate
for the Optimal AUC, which is equal to 0.7425499. Using the bootstrap method we
obtain a 95% C.I. (0.6364681,0.8415323), (with 1000 bootstraps).

In the following plot we present with black color the Empirical ROC' and with green
color the Optimal ROC' of Gene:g1468.

Figure 5: Empirical and Optimal ROC
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Finally, in Table 2 we present estimates and 95% confidence intervals for the optimal
F PR, Sensitivity and Cost for various values of 1.
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Table 1: Optimal F PRs, Sensitivities and Costs

Y| topt ROCopt (tope) | Q (topt) | Cligy CL ROCopt (tope) | CL Qo)

0.5 | 0.052 | 0.387 0.359 | (0.037,0.054) | (0.314, 0.466) (0.305, 0.396)
1 0.149 | 0.519 0.631 | (0.089,0.179) | (0.479, 0.556) (0.552, 0.697)
1.5 0.299 | 0.638 0.849 | (0.151, 0.419) | (0.577,0.686) (0.677,0.91)
2 0.541 | 0.775 0.991 | (0.227,0.874) | (0.626, 0.938) (0.933, 1.005)

k= —62.7, A\ = —69.6, bootsize = 1000

Following the application presented we conducted a small simulation by considering
a scenario where the number of cases is 30 and the number of controls is 23. We as-
sumed that both samples were drawn from beta distributions identical to the estimated
ones in the application. We evaluated the coverage performance of our confidence in-
terval for ¢7,, and for multiple values of ). We performed 1000 simulations with 5000
bootstrap samples for each. The resulting coverage of our 95% C.I. are summarized in
the following table:

Table 2: Coverage of Confidence Intervals
P 90% | 95% | 99%
0.5 0.897 | 0.956 | 0.986
1 0.905 | 0.946 | 0.985
1.5 | 0.912 | 0.938 | 0.989
2 0.911 | 0.965 | 0.986
k= —062.7, A\ = —69.6, bootsize = 5000, nsim = 1000

Conclusion: In this paper we presented methods for obtaining the optimal oper-
ating points on the ROC' curve given unimodality of the likelihood ratio and in the
presence of known disease prevalence and misclassification costs. Our approach was
fully parametric. In the future we will pursuit nonparametric inference under the same
assumptions.

[TEPIAHVH:

Auth n epyaoia anooxonel oTNY EEEEEVYNOT TEYVIXGDY TTOU EVOWUATWVOUY AVAAU-
o1 x60t0ug haviaouévne tadvounone otic BéATioteg xopuntieg ROC. Ewbiotepa,
UTOVETOVTOC LA OLXOYEVELNL XUTAVOUWY UE TNV LOLOTNTU TOU LOVOTOVOU AOYOU Tido-
vogdvewg, 1 Bértiotn xoumin ROC eivon wa xoumOAn ROC pe 500 xotw@hlond
onueto. AopfBdvoupe anoteAEoUaTa CYETIXG UE TNV EXTIUNGCT TOU BEATIGTOU XOTw-
pAoxo ornuelou/onuelwy xar Tou avtictotyou Peudnc Yetxol ntococtol (FPR),
Aofdvovtog unodn to 600 x6oTN AavdacUEVnE TEVOUNONS XAl TOU EMLTOAACUOD
e véoou. Iapoucidlovye AeMTOUEREIES VIOl OPLOUEVES XOLVES TIORUUETELXES OLXO-
YEVEIEC TOU EXBNADVOLY TNV WBLOTATA TOU UOVOTOVIXOU AGYOU THovOpAveELag. Suv-
oudlouye TN pévodo g péyotne miavopdvetag pe pedodoug avadelypatolnlog
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Yior OTATIO TN EXTIUNOT Tou BEATIOTOU XaTw@ALaxo) orueiou.
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ABSTRACT

Regression can be really difficult in case of big datasets, since we have to dealt with huge vol-
umes of data. The demand of computational resources for the modeling process increases as the
scale of the datasets does, since traditional approaches for regression involve inverting huge data
matrices. The main problem relies on the large data size, and so a standard approach is subsam-
pling that aims at obtaining the most informative portion of the big data. In the current paper
we provide a new algorithm based on leverages scores that improves existing approaches that
select subdata using properties of orthogonal arrays as well as information criteria. A simulation
experiment and a real data application are also provided.

Keywords: Designs of experiments; Optimality; Influential data points; Linear regres-
sion; Subsampling.

1. INTRODUCTION

Due to the size and complexity of big datasets, they can easily exceed the capacity
of traditional computing resources. This may lead to the inability to perform certain
analyses altogether. Also, more memory or processing power may be required by some
statistical models. However, due to unavailability on standard machines, the analysis
process can be really complicating.

An approach, in order to address these challenges, is the selection of subdata from
the big data to conduct the analysis. Data reduction performs the analysis on a smaller
sample that have been selected from the full data. Such an approach leads to reduction
of the computational resources that are required for analysis, and so a targeted analysis
on the smaller dataset is possible.

The selection of the subdata should be carefully done, in order to ensure that it is
representative of the big data, and so to conclusions from the analysis of the subdata
can be extrapolated to the big data. Overall, due to computational resource limitations,
significant challenges for statistical analyses can be posed by big data, data reduction
can be a useful technique for overcoming these challenges. However, before the im-
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plementation of the subsampling, it is really important to take into consideration any
potential drawbacks and limitations.

Drineas et al. (2011) proposed to select randomly a portion of the data. Their idea
based on a randomized Hadamard transform on data and then to take subdata at random
using uniform subsampling. Their goal was the approximation of the ordinary least
squares estimators in linear regression models. However, their approach suffers from
the inherent randomness.

As a consequence, an alternative approach, rapidly developing in recent years, fo-
cuses on selecting data points deterministically, so that a small portion of the full data
preserves most of the information contained in the full data. Since optimal-design prob-
lems relies on data selection, such approaches are connected with the concept of the
design of experiments. Therefore, the theory of optimal designs can be very useful in
establishing a framework to select the most informative subdata from the full data.

As a first attempt, Wang et al. (2019) proposed the information-based optimal sub-
data selection (IBOSS) approach, which is motivated by the concept of optimal experi-
mental designs. They focused on the selection of the most informative subdata from the
full data for the estimation of unknown parameters. Their idea was the “maximization”
of an information matrix, that is the central goal in the theory of optimal experimen-
tal designs. Overall, they concluded that a subdata that maximizes the determinant of
the inverse of the covariance matrix of the unknown parameters is D-optimal, and so
it contains the most informative data points from the full data. Also, they developed
an algorithm based on a result for an upper bound of the determinant of the inverse of
the covariance matrix of the unknown parameters given the subdata. The algorithm of
the IBOSS approach selects data points with the smallest as well as largest values of
all covariates sequentially, given that previous selected data points are excluded, and
its time complexity is O(np + kp?), or O(np) when n > kp. It is important to men-
tion that the IBOSS algorithm outperforms both the uniform and the leverage-based
subsampling approaches (random subsampling-based approaches) for the selection of
informative subdata from the full data.

Wang et al. (2021) proposed the orthogonal subsampling (OSS) approach to select
subdata, that is their approach is based on the optimality of two-level orthogonal arrays.
We need to mention that a two-level orthogonal array minimizes the average variance
of the estimated parameters as well as provides the best predictions (Dey and Muker-
jee, 1999), and so it represents an optimal design for linear regression. The sequential
addition algorithm developed by Wang et al. (2021) is based on the combinatorial or-
thogonality of a two-level orthogonal array. Also, they prevent the algorithm to be
time-consuming, by eliminating data points, and so its computational complexity is
O(nplogk). The algorithm is based on a discrepancy function that measures the dis-
tortion of data points on keeping two features simultaneously that are connected with
the optimality of orthogonal arrays. The first feature is the selection of extreme data
points and the second one is that the signs of the selected data points are as dissimilar as
possible (combinatorial orthogonality). Moreover, the OSS approach outperforms the
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IBOSS approach for the selection of informative subdata from the full data.

The approach of Ren and Zhao (2021), motivated by Wang et al. (2021), focuses
on selecting subdata that approach a k x p two-level orthogonal array of strength 2.
However, Chasiotis and Karlis (2023) mentioned an issue about implementation of Al-
gorithm 3 of Ren and Zhao (2021), and so their approach is not taken into consideration.

Furthermore, the approach of Chasiotis and Karlis (2023) aims at identifying and in-
terchanging data points that were not selected with those that have already been selected
by an approach, i.e. the OSS or the IBOSS one, in order to improve the value of the
D-optimality criterion. The two proposed algorithms in Chasiotis and Karlis (2023) are
considered as extensions to existing ones, and so they should be evaluated considering a
trade-off between improving the value of the D-optimality criterion at the cost of some
additional computational time.

The approach of Wang et al. (2019) has been extended to other cases, e.g. multi-
nomial logistic regression (Yao and Wang, 2019), quantile regression (Wang and Ma,
2021), and for logistic regression (Cheng et al., 2020). Also, for further related work we
refer the reader to Wang (2019), Lee et al. (2021), and Deldossi and Tommasi (2022).
More information on subdata selection or subsampling from big data based on designs
can be found in the review papers by Yao and Wang (2021) and Yu et al. (2023), which
provides a comprehensive overview of the current state of research in this area.

The approach in the current paper, which is a deterministic selection of the most
informative data points from the full data based on leverages scores (LEVSS), has al-
ready been proposed to select subdata for linear model discrimination by Yu and Wang
(2022). In the review paper by Yu et al. (2023), the authors have evaluated a numerous
of algorithms for their ability to select the most informative subdata from big data pro-
viding simulation experiments as well as a real data application. One of the evaluated
algorithms is the one by Yu and Wang (2022). However, there are some motivations
that drive us to further investigate the role of leverage scores in the selection of the
most informative data points. Also, we are interested in comparing the subdata selected
based on leverage scores with the IBOSS and OSS approaches, in case of linear mod-
els, that is we assume predictors and responses follow a postulated model. This means
that we do not take into consideration model-free subsampling methods, with the aim
of elucidating the underlying processes in case of assuming a postulated model.

At first, since the IBOSS and OSS approaches obtain subdata that are D-optimal in
some sense, Theorem 2 in Yu and Wang (2022) motivates us that the selection of the
most informative data points based on leverages scores should be further investigated.
We are also motivated by Chasiotis and Karlis (2023), who focused on selecting data
points with large convex hull as close as possible to the one generated by the full data,
that is, under the subdata, the determinant of the information matrix will be large. Also,
they proved that the maximization of the determinant of the information matrix can
be addressed as the maximization of the generalized variance of covariates under the
selected subdata. It is important to note that the volume of space occupied by the cloud
of the selected data points is proportional to the square root of the generalized variance.
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The remaining of the paper is organized as follows. In Section 2., we briefly review
the best linear unbiased estimator based on the subdata under a linear regression model.
In Section 3., we describe the algorithm of the LEVSS approach. In Section 4., we
provide simulation evidence to support the LEVSS approach, including a comparison
with existing approaches (IBOSS and OSS). In Section 5., we use a real dataset for
illustration, and in Section 6. this article is concluded with some discussions.

2. PRELIMINARIES

Assume that the full data are denoted by (x;, ¥;), - .., (Xn, yn). Let the linear regres-
sion model:
yi=Bo+x B +e, i=1,2,....n, (1)

where [y is the intercept parameter, X; = (=1, T2, - - - ,:cl-p)T is a covariate vector,
B = (B1,P2,..., 5p)T is a p-dimensional vector of unknown slope parameters, y; is
a response, and ¢; is an error term. The y;’s are uncorrelated given the covariates x;,
i=1,2,...,nand ¢’s satisfy E(¢;) = 0 and V(¢;) = o2

Taking into consideration the full data under model (1), the least-square estimator of
B = (Bo, BT)T, that is its best linear unbiased estimator, is

n -1 n
z _ ) -
Bra = Z;Z; Z;Y;,
i—1 i=1

where z; = (1,x])T.
The inverse of

n

1 T

Qrun = po) E ziz;
=1

is equal to the covariance matrix of ﬁFun, where Qg is the observed Fisher information
matrix of 3 for the full data in case that the error terms ¢;’s are normally distributed.
Qpyy 18 still called the information matrix, even though the normality assumption is not
required.

If the sample size n of the full data is too large, then a fully analysis of the whole
data may be infeasible. Therefore, based on limitations of the computational resources,
we are interested in gaining useful information from the full data by the selection of a
subset of the full data.

Let §; be a indicator variable about the inclusion of (x;, ;) in the subdata. Therefore,
6; = 01if (x4, ;) is not included in the subdata and §; = 1 otherwise. Also, we assume
that we want to select subdata of size k, that is ;" ; 6; = k. Thus, the least-square
estimator of 3 is still the best linear unbiased estimator based on the subdata, that is,

n -1 n
Bsup = (Z 5z‘Zz’ZiT> Z 0iZ;Yi.
i—1 i—1
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The information matrix under the subdata of size k£ can be written as
1 n
T
Qsup = —5 > diziz; )
i=1

The selected subdata should be optimal is some way. According to the D-optimality
criterion, a subdata of size k is D-optimal in some sense if the determinant of the corre-
sponding Qg,;, is maximized.

Chasiotis and Karlis (2023) proved that the determinant of Qg is the generalized
variance (Wilks, 1932) of covariates x;, ¢ = 1, 2, ..., p under the selected subdata, and
so they addressed the problem of maximizing the determinant of Qg as a problem of
maximizing the generalized variance of covariates under the selected subdata.

3. LEVERAGE SCORE BASED ALGORITHM

In this section, we provide the deterministic leverage score selection (LEVSS) algo-
rithm proposed by Yu and Wang (2022) for linear model discrimination.

Following the notations given by Yu and Wang (2022), let # (1) denote the cardinal
number of a set I', and  (B) := A\jaz (B) /Amin (B) denote the condition number of a
matrix B, where \y,q, (B) and A5, (B) are the maximum and minimum eigenvalues of
the squared matrix B, respectively. Also, when B is a singular matrix, then x (B) = occ.

The LEVSS algorithm is provided in Algorithm 1.

Algorithm 1 LEVSS
Input: The design matrix X = (x}),i = 1,2,...,n, the target sample size (k > p),
and the threshold 7" (> 1).
Output: The selected index set I" and the design matrix under the subdata.
Initialization: I' = 0, Ur = 0, s (ULUp) = .
Perform a singular value decomposition of X as X = UXVT, calculate the leverage

scores h;; = ||U;. 2 where U;. denotes the ith row of U, and sort h;;’s to have
foriinl,...,ndo

if # (I') < korrx (UpUp) > T then
Add the index of the data point corresponding to A to set I'.
Update the U as the selected rows of U in I
else
break
end if
end for

Yu and Wang (2022) mentioned that the stopping criterion for the LEVSS algorithm
on the condition number is in order to ensure that the design matrix under the subdata is
not ill-conditioned, that is to prevent multicollinearity. Also, they mentioned that, from
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geometrical perspective, the threshold 7' on the condition number prevents subdata to
be lied in a low-rank subspace. Moreover, in case that LEVSS algorithm selects more
than k£ data points, say £*, then they suggested a simple random sampling selecting &
out of k*.

Furthermore, they remarked that the stopping criterion for the LEVSS algorithm on
the condition number is not crucial when the covariates are from the family of ellip-
tically contoured distributions (Fang et al., 1990), since the space of covariates of the
subdata expands to the space of covariates of the full data in a quick way.

The time complexity of LEVSS algorithm is O (np?).

4. SIMULATION EXPERIMENTS

In this section, we evaluate the performance of LEVSS algorithm based on simulated
data, presenting the results of the algorithms of the approaches of IBOSS and OSS as
well, in order to make a comparison.

4.1 First-order linear model

Under model (1), the observations x;’s, 7 =1,2,...,p:
* Case 1. are independent and follow a multivariate uniform distribution on [0, 1]?
with all covariates independent.
* Case 2. follow a multivariate normal distribution, that is, x; ~ N (0, 3), with

= (0.51(1‘0‘)) i =1,2,....p, 3)

where I(i,j) =0fori=j=1,2,...,pand I(i,j) = 1fori #j=1,2,...,p.
* Case 3. follow a truncated multivariate normal distribution on [—5, 5|7, that is,

x; ~ N(0, X)), with covariance matrix X in (3).
The response data are generated from the linear model in (1) with the true value of
3 being a 51 dimensional vector with all elements equal to 1 and 02 = 9. We include

an intercept, and so p = 50.

The simulation is repeated 1000 times. We calculate the mean squared error (MSE)
of the subdata selected by the approaches of IBOSS, OSS and LEVSS. We estimate the

N ~ Sub
intercept with the adjusted estimator By = §y — XTﬁlu (Wang et al., 2019), where
is the mean of the response full data, X is the vector of means of all covariates in the

~ Sub
full data, and 3, “is the ordinary least squares estimate of 37 based on the subdata.
Therefore, we consider (Bér) — Bo)? and || ,C:}Y) — 3||? the MSE for intercept and slope
A 5 A - Sub
estimators in the rth repetition, respectively, where Bér) and 8 Y) are 3o and 3, “”in the
rth repetition.

We investigate the cases that the full data sizes are n = 5 x 103, 10%, 10° and 106,
and the subdata size is fixed at & = 1000. Figures 1, 2 and 3 show the MSEs of the
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estimated slope parameters for the subdata selected by different approaches for Cases
1, 2 and 3, respectively. We also provide the mean values (§).

Figure 1: The MSEs of the estimated slope parameters for the subdata selected by different
approaches for the covariates of Case 1, when the full data size is n = 5 x 103,10%,10° and
108 and the subdata size is k = 1000.
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Figure 2: The MSEs of the estimated slope parameters for the subdata selected by different
approaches for the covariates of Case 2, when the full data size is n = 5 x 103,10*, 10 and
108 and the subdata size is k = 1000.

n=5000 n=50000 n=500000 n=5000000
16- u .
[ ]
[ ]
s 5
(]
. s
° [} = °
(3
[ ]
H 1 |
o S ’ $
12- o $
14
ko) ]
) ] [ ]
§ o I
5 ]
Q : ° :
[} H 1
S .
2 08 - * 4 o
o R S H .
W
» L3
= 7Y
' VS
o
'
0.4- .
¢ °
[ ]
[ ]

LEVSS 0SS IBOSS  LEVSS 0SS IBOSS  LEVSS OSS IBOSS  LEVSS 0SS  IBOSS

129



Figure 3: The MSEs of the estimated slope parameters for the subdata selected by different
approaches for the covariates of Case 3, when the full data size is n = 5 x 10%,10*, 10 and
108 and the subdata size is k = 1000.

n=5000 n=50000 n=500000 n=5000000

[ ]
1.5- ° °
[ ] [ ] [ ]
° .
° X L ] °
L ]
i ]
o : i {
9
£
B .
& s
g 10 t
8 ) H s .
[72] P [ ]
5 . )
ke}
w x * ! .
n '3 q
E 'Y
5.
'Y
o 5
0.5- Py
[ ]
L ]
L ]
L ]
LEVSS 0SS  IBOSS LEVSS 0SS  IBOSS LEVSS 0SS  IBOSS LEVSS 0SS  IBOSS

The LEVSS algorithm consistently outperforms the IBOSS and OSS ones in Cases 2
and 3. Also, in Case 1, LEVSS algorithm consistently outperforms the IBOSS one, and
it is slightly better than the OSS one. This happens because the structure of the selected
subdata by the LEVSS and OSS algorithm are very similar, when the observations x;’s,
1 =1,2,...,50 are independent and follow a multivariate uniform distribution with all
covariates independent. Moreover, MSE of the estimated slope parameters by LEVSS
approach decreases as the full data size n increases, even though the subdata size is
fixed at £ = 1000. This indicates that LEVSS approach identifies more informative
data points from the full data as the full data size increases. Also, either the covari-
ates are unbounded or not, as n increases, the MSE of the estimated slope parameters
decreases fast in the LEVSS approach, as in the OSS one. Overall, LEVSS approach
provide more accurate estimates for the model parameters compared with the IBOSS
and OSS approaches, as one can see in Figures 1, 2 and 3. The MSE for intercept is
immutable among the three approaches, and so the results are omitted for brevity. For
the results from the IBOSS and OSS approaches, we refer the reader to Figure 1 in the
supplementary material by Wang et al. (2021).
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4.2 Computing time

We focus on the computing time of the approaches IBOSS, OSS and LEVSS for
Case 1 for different full data sizes n, when the subdata size is equal to & = 1000 and
the number of covariates is equal to p = 50. All computations are carried out on a PC
with 3.6 GHz Intel 8-Core 17 processor and 16GB memory.

In Table 1, we present the mean computing times (in seconds) of the approaches
IBOSS, OSS and LEVSS.

Table 1: The mean execution time (in seconds) of the approaches IBOSS, OSS and LEVSS
for different full data sizes n = 5 x 103,10%,10° and 108, when the subdata size is equal to
k = 1000 and the number of covariates is equal to p = 50.

n 5x 102 5x10* 5x10° 5 x 106
IBOSS 0.175  0.758  6.858  73.14
0SS 3205  6.886 18351  150.06
LEVSS 1205 1812 7911  83.16

For any full data size n, the algorithm of the LEVSS approach is faster than the one
of the OSS approach. Also, noting that the difference in the computing time between
the algorithms of the LEVSS and the IBOSS approach is very small.

5. REAL DATA APPLICATION

In this section, we evaluate the performance of the LEVSS approach approach on
a real data example, examining the accuracy of the ordinary least squares estimates of
slope parameters in model (1).

The dataset of the real data example consists of locations and absorbed power of
wave energy converters in four real wave scenarios from the southern coast of Australia
(Sydney, Adelaide, Perth and Tasmania). The full data consists of n = 288,000 data
points and contains readings of 32 location variables and 16 absorbed power variables,
so the number of covariates in the model is p = 48. The response variable is the total
power output of the farm, and in the analysis we work with its log-transformation. Fur-
ther information about the dataset can be found in “UCI Machine Learning Repository”
(Dua and Graff, 2019).

We compare the performance of the algorithm of the LEVSS approach with the al-
gorithms of the approaches of IBOSS and OSS, considering the MSE for the vector of
slope parameters for each algorithm by using 100 bootstrap samples, as in Wang et al.
(2019) and Wang et al. (2021). Each bootstrap sample is a random sample of size n
from the full data using sampling with replacement. For a bootstrap sample, each al-
gorithm is implemented to obtain the subdata and then from the selected subdata the
parameters of the model are estimated. The algorithm of the LEVSS approach is imple-
mented under different values for the threshold 7" on the condition number, that is for
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T = 25, 20 and 15, and when the stopping criterion on the condition number does not
exist. These modifications on the algorithm of the LEVSS approach take place in the
real data example, but not in the simulation experiments in Section 4., since the condi-
tion number was too small when the k have already been selected, that is the space of
covariates of the subdata expanded quickly to the space of covariates of the full data.

Figure 4 shows the bootstrap MSEs by different approaches for k£ = 5p, 10p, 20p and
30p. Also, we take logarithm with base 10 of each MSE for a better presentation of the
Figure 4. Moreover, we provide the mean values (¢). All modifications on the algorithm
of the LEVSS approach outperform the IBOSS and OSS algorithms in minimizing the
bootstrap MSEs. Also, as Wang et al. (2021) stated, the IBOSS approach performs
poorly in this real data example, because probably not all variables are important. On the
other hand, one could say that the LEVSS approach approximates as close as possible
the convex hull generated by the full data, and so performs very well. It is important to
make a discussion on the modifications of the algorithm of the LEVSS approach. As
the subdata size k is getting bigger, the bootstrap MSE is the smallest one for the case
that the stopping criterion on the condition number is ignored. Also, consider that the
LEVSS approach acts like simple random subsampling on the full data in some sense
when the 7' is getting smaller, since then more than k data points are selected. This
consideration seems to make sense as the subdata size k is getting larger, since for a
small k, say k = 240, the bootstrap MSE is the smallest for the case that the 7 is the
smallest one among others used. However, another value of 7', which is lower that 15,
will lead to a bigger bootstrap MSE for any subdata size k. Moreover, we should note
that the algorithm of the LEVSS approach is faster when the value of 7 is getting larger.
The fastest modification of the algorithm of the LEVSS approach is when we ignore the
stopping criterion on the condition number.
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Figure 4: The bootstrap MSEs for the subdata selected by different approaches, when the sub-
data size is k = 5p, 10p, 20p and 30p. The different values for the threshold T on the condition
number are equal to 25 (LEVSS T' = 25), 20 (LEVSS T' = 20) and 15 (LEVSS T' = 15). Also,
the algorithm of the LEVSS approach is implemented without the stopping criterion on the con-
dition number (LEVSS no T).
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6. CONCLUDING REMARKS

We have evaluated the algorithm of the LEVSS approach for the selection of data
points in an optimal way from a big dataset, in order to be able to run regression and
derive the most informative coefficients as possible. Also, the algorithm of the LEVSS
approach was compared with these of the IBOSS and the OSS approaches in order to
show the improvement gained.

Also, the modifications of the algorithm of the LEVSS approach provide very use-
ful information about the later. It seems that a larger value on threshold 7', or even
more the absence of the stopping criterion on the condition number, can lead to the
selection of more informative data points. However, one should consider the level of
multicollinearity caused when the algorithm of the LEVSS approach is applied under
such considerations, since as Yu and Wang (2022) stated, a large value on the condition
number may lead to a ill-conditioned matrix and thus cause multicollinearity.

Moreover, according to the results provided in Yu et al. (2023), some model-free
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subsampling approaches (SPARTAN, SP) perform better than the LEVSS approach in
some cases of the simulation experiments. Therefore, not only a further and a more
comprehensive investigation but also the development of new methods on the accom-
modation of real data in the big data era is required.

We need to mention that we did not optimize the R used in anyway, and so further
time savings could be possible.

[TEPIAHVH

H noAwvdpounom uropel va eivon Toh) 8UGKOAY GTNY TEQITTWOT) UEYSAWY CUVOALY
0edoEVWY, XM TEETEL Vo AVTWETWTICOUUE TepdoTIoug Oyxoug dedopévwy. H
CATNOT UTOAOYLO TIXWY TOPWY Yia T1 dtadixacio povtehonolnong auidveton 660 ou-
EqveTon 1 XAUAXO TV GUVOALY BEBOUEVKV, Xxadde oL Tapadoctaxéc TpooeYYloels
YLt TOAVOEOUNGT TERLAOUPBAVOUY TNV avVTICTEOYT TERAO TV TVIXWY OEBOUEVWYV.
To nipto mpoAnua Pactleton oto peydho uéyedog SEBOPEVLY, Xt ETOL Ual TUTLXN
TpoGEYYlon elval 1 EMAOYT EVOC AVTITPOCWTEUTIXOD OElYUUTOS amd To UEYAAL OE-
dopéva. LNy mapovoa epyacia mapéyoude Evay véo alyoprduo mou Bacileton oe
Barduoroyieg udyheuone mou BEATUOVEL TIC UTHPYOVOES TEOCEYYIOELS TOU EMAEYOUY
UTIOOEBOUEVIL YENOLLOTIOLOVTOG WLOTNTES 0pUOYOVIOY TVAXWY XIS Xl XELTHRLA
mAnpogopuwy. Ilaupéyeton emlong éva melpopo TEOCOUOIWONEC XU Uial EQUOUOYY| OE
TEOYHOTIXE OEBOUEVAL.
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ABSTRACT

We propose a new model selection criterion based on Rényi’s pseudodistance (RP) for the case
of independent and not identically distributed observations. This new criterion recovers as a par-
ticular case the classical Akaike’s criterion. The choice of RP responds to the goal of obtaining
a procedure aimed to be robust to outliers. We show that this new criterion is unbiased. Next,
we develop the case of comparing a model to a restricted model, establishing the asymptotic
distribution of the restricted estimator. We also derive a formula to decide if the restricted model
better fits the data and obtain its asymptotic distribution. A simulation study shows that this new
criterion seems to have a good behavior in the presence of outliers.

Keywords: Rényi’s pseudodistance, robustness, restricted model.

1. INTRODUCTION

Consider a set of real-life observations coming from an unknown distribution to be
statistically modeled. Then, it could be the case that different candidate models may
be considered. Hence, a natural question arises as how to choose the model that best
fits the data. Note that if the assumed model is too simple, with a reduced number of
parameters, it may not capture some important patterns and relationships in the data. In
contrast, if the assumed model is too complex with a large number of parameters, the
estimated model parameters may overfit the observed data (including possible sample
noise), then resulting in a poor performance when the model is applied to new data.

A model selection criterion is a rule used to select a statistical model among a set
of candidates based on the observed data. It consists in an objective criterion function
quantifying the compromise between goodness of fit and model complexity, measured
via an expected dissimilarity or divergence. Consequently, the dissimilarity measure
needs to be minimized to select the model with the best trade-off. In other words,
model selection criteria rely on a measure of fairness between a candidate model and
the true model (i.e., the probability distribution generating the data).
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The Akaike information criterion (AIC) developed in Akaike (1973) and Akaike
(1974) is the first model selection criterion proposed in the literature, and it is one of
the most widely known and used in statistical practice as model selection criterion.
The AIC estimates the expected Kullback-Leibler divergence defined in Kullback and
Liebler (1951) between the true model underlying the data and a fitted candidate model,
and selects as the best appropriate model the one with minimum AIC. Of course, the true
model underlying the data is generally unknown and so an empirical estimate obtained
from the observed data is used instead.

Following the same approach as AIC, several other model selection criteria have
been proposed in the literature, as the “Bayesian information criterion” (BIC) defined
in Schwarz (1978), the “Corrected Akaike information criterion” (AIC¢) developed in
Hurvich and Tsai (1989), Hurvich and Tsai (1993) and Hurvich and Tsai (1995), the
“Generalized Information Criterion” (GIC) defined in Konishi and Kitagawa (1996),
and many ohters (see Rao and Wu (2001) and Cavanaugh and Neath (2011) for inter-
esting surveys about model selection criteria).

Most of the previous procedures measure the fairness in terms of the Kullback-
Leibler divergence. However, some other divergence measures have been explored,
extending the methods with better robustness properties. For example, in Mattheou et
al. (2009) it is considered the density power divergence (DPD) defined in Basu et al.
(1998) to define a robust model selection criterion. Similarly, in Toma et al. (2020) it is
introduced another robust criterion for model selection based on the Rényi pseudodis-
tance (RP) defined in Jones et al. (2001).

All the previous criteria assume that the observations are independent and identi-
cally distributed. A new problem appears if the observations are independent but not
identically distributed (i.n.i.d.0.). In this context, in Kurata and Hamada (2018) it is
considered a criterion based on DPD, extending the theory of Mattheou et al. (2009). In
this paper we introduce a new robust model selection criterion in the context of i.n.i.d.o.
based on RP extending the methods of Toma et al. (2020).

The rest of the paper goes as follows. In Section 2 we introduce RP for i.n.i.d.o. and
we present some theoretical results necessary for next sections. The criterion based on
RP is considered in Section 3. Section 4 studies the restricted case, where some addi-
tional conditions on the parameter space are imposed. In Section 5 a simulation study
illustrates the robustness of the proposed criterion and compare it with other model
selection criteria. Some final conclusions are presented in Section 6.

2. Minimum Rényi’s pseudodistance estimators for indepen-

dent but not identically distributed observations

Let Y7, ..., Y, be i.n.i.d.o., where each Y; has true probability distribution function
Gi,i = 1,...,n, and probability density function g;,7 = 1,...,n, respectively. We
assume that the true density function g; belongs to a parametric family of densities,
fi(y,0),i =1,...,n, with & € ® C RP being a common parameter for all the density

137



functions. We shall denote by F;(y, @) the distribution function associated to the density
function f;(y,0),i =1,...,n.

The value of 6 that best fits the original distributions gy, ..., g, would naturally min-
imize some kind of distance between the true and assumed densities, (g1 (y), ..., gn(y))
and (f1(y,0), ..., fn(y,0)). Many distances can be considered, but we will use the fam-
ily of RP divergence measures.

The definition of RP is given below.

Definition 01 Consider f(-,0),g(-) two probability density functions. The Rényi’s
pseudodistance (RP) between f and g of tuning parameter o > 0 is defined by

- i - log </f(y,0)a+1dy> - élog (/ f(y, O)Qg(y)dy>

+ m log (/g(y)a“dy> :

The tuning parameter a controls the trade-off between efficiency and robustness.
Thus, small values of « lead to more efficient results while less robust. On the other
hand, for large values of «, the results will lead to robustness but with a loss of effi-
ciency.

The best model parameter value approximating the underlying distribution would
naturally minimize Eq. (1)in 8 € ©.

At a = 0, the corresponding Rényi’s pseudodistance between f and g can be de-
fined by taking continuous limits so that we obtain

R, (f(? 0)79()) =

1)

Ro(7(:0).6()) = limRa (7(5:0).9(6)) = [ ol0)1og 20y
— [ swosswis - [ gwitoat .00y @

i.e. the Kullback-Leibler divergence measure between g and f.
Note that the last term in Eq. (1) does not depend on 8. Hence, the minimizer of the
RP measure can be obtained, for o > 0, by minimizing the surrogate function

- i 7 log (/ fi(y,é’)““dy) - élog </f(y, H)O‘g(y)dy> :

The above expression can be rewritten using logarithm properties as

Loy S 5:09(w)dy
@ ([ Sy, 8)0tLdy) =T
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and thus minimizing R, (f(+,8),g(-)) in 8, for o > 0, is equivalent to minimize

[ f(y.0)%(y)dy

Vo (0) = - (3)
(J f(y, @) Ftdy) =+
Similarly, for &« = 0, minimizing Ry (f(-, ), g(-)) is equivalent to minimize
Vo' (6) = — /g(y)logf(% 0)dy. )

However, Expression (3) does not tend to Expression (4) when @ — 0. In order to
recover such convergence, we slightly modify Expression (3) as

J S0 9dy 1
o ([ f(y,@)Hdy)=T o
where of course the value of @ minimizing (3) is the same as for minimizing (5).
Now, let us denote by V; (@) the corresponding objective functions for each pair of
distributions ( f;(y, 0), gi(y)),? = 1, ..., n, as given in (5). As all densities f;(y, @) share
a common parameter, the model parameter that best approximates the different under-
lying densities should minimize the weighted objective function, giving equal weights
to all functions V; (6). Hence, we consider as objective function

Vo (0) = — )

n

H,(0) = EZVW(@) — li [_ | fi(y,0)*g:(y)dy N l] . ©

i=1 Il e/ fz’(yae)aﬂdy)“%l a

Hence, the following definition arises.

Definition 02 Consider (g1(y), ..., gn(y)) and (f1(y,8), ..., fn(y,0)), n pairs of true
and assumed densities for i.n.i.d.o. random variables Y;,1 = 1,...,n. For any o > 0,
the value 04 , satisfying

RS J fily, 0)%gi(y)dy
04, = argmin — E — e
’ [ o (J (w0 ) =

6 n
is called the best-fitting parameter according to RP.

1 1 —
—| = in — Vi o(0).
- +a] aurgm@lnni_z1 ia(0)

For any fixed ¢ = 1, ..., n, the true distribution g; of the random variable Y; is usually
unknown in practice and thus 6 , should be estimated. As we only have one obser-
vation of each variable Y;, the best way to estimate g; is assuming that the distribution
is degenerate in y;. We will denote this degenerate distribution by g;. Therefore, the
empirical estimate of the RP divergence with o > 0, given in Eq. (1) is

1
a+

Ro (5:(%.6).50 = 7 os ( [ 0 0)41ay) = Stog 000 4k, D)
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and similarly the empirical estimate of the RP for o = 0, stated in (2), yields to

where £ in (7) and (8) denotes a constant that does not depend on 6. As discussed
earlier, the best estimator of the model parameter 6, based on the RP divergence should
minimize its empirical estimate. And again, this is equivalent to
 Rv,0)e 1

o ([ fily, @)t dy)=+T @

As we Eave n observations, it makes sense to consider the arithmetic mean of ex-
pressions V; (Y, 0) , i.e.

Vi (Y:,0) =

1 - I [ fi(Vi,0)> 1
Hy0(0) = — 10 (Yi,0) = — — =+,
a(0) ”,Zlv’( ) ”Zj “Li (0) +OJ ©)
with
. A+l
L, (0) = (/ fily, 9)a+1dy>
and correspondingly,
. 1o
Hiy0(6) = lim Hy o(0) = ~ Z; Vio(Yi,6). (10)

Remark at this point that the expected values of the estimates are indeed the theoret-
ical objective functions

Via(8) = By, [Via(Vi,0)| . Ha(6) = Byi..., [Hoa(0)].
This leads to the following definition.

DeﬁnitionA03 Given Y1, ..., Y, be i.n.i.d.o. and o > 0, the minimum RP estimator
(MRPE), 6,,, is given by

As the MRPE, Ea, is a minimum of a differentiable function, it must annul the first
derivatives of the function H,, o (0). This leads to a system of equations that allows to
obtain 0,,.
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We next study the asymptotic distribution of the MRPE, Ea. Let us define the matri-
ces Wy, o (0g.a) and Q, o (0g.o) as follows:

1
‘I’n,a <eg,a) = E Z Jg) (gg,a) )
=1

with
: 92V o (Y3 6)
JD @0, .) = | By |22 v?) -1
« ( g, ) Yz 80]89k aZ 9 ana
Y90/ jk=1,..p
and

Let A1, ..., A, be the eigenvalues of €, o (04,). We assume that inf, A, > 0, so
that 2, o (04,) can be inverted.

We consider the following regularity conditions, that are the usual considered for
maximum likelihood estimators:

C1. The support, X, of the density functions f;(y, @) is the same for all  and it does
not depend on . Besides, the true probability density functions g1, ..., g, have
the same support X.

C2. For almost all y € X the density f;(y, @) admits all third derivatives with respect
tod €®andi=1,...,n.

C3. Fort = 1,2, ..., n the integrals

/fi(y, )" t*dy

can be differentiated thrice with respect to @ and we can interchange integration
and differentiation. As a consequence of this condition, it follows that

Wial®) _ pp |Vial¥i0) | 0Vial®) _ | 0Via300) | _ 50
90 Y 00 T 90007 YT 90067 o

C4. Fori =1,2,...,n the matrices ij) (64, are positive definite.

CS. There exist functions M J(l?l and constants m i such that

<MY (y),  VOE®, Ykl

V.0 (y; 0)
99,001,00,

and
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By [Mj(k)l (Y)} —mj <oco,  VOE®, Ykl

C6. For all indices j, k,[ and 8 € ©, the sequences given by {av"’g—g“m} . , by
-]_ b 7p

92V, o (Vi e)} {83\7 (Y; 9)} . .
Ll and b e T e are uniformly integrable
{ 90,00 ;i pe1. Y\ 00,0000 ;4121 y integ

in the Cesaro sense, i.e.

0V, o (Y, ) ]

lim | su By || 2o )| | =o,
n—00 <n>li n Z Yi 89]' {Ovz’gfij“e)>n}( )_
02V;.0(Y3,6) ]

lim | su E — =T oy Y; =0,
n—oo <n>11) n Z Yi 89]8% {—62‘(;3;‘;32’9) >n}( )_
9*Vi.0(Y;,0) ]

lim [ su E AL e AT ryv— Y; =0.
o <n>lf n Z Yi | 1796;00,00, {fﬁ;a—eg;m}( )_

C7. Foralle >0

{Z e o }Wﬁ”“'
= 2

Now, the following result, whose proof can be seen in Castilla et al. (2022), holds.

2

00

H 1 )a@-,a<Y;70>

Theorem 01 Suppose the previous regularity conditions C1- C7 hold. Then,

_1 > L
Vifa (03.0) % Wna (05.0) (0 — 0g0) 5 N0, 1),

being I, the p-dimensional identity matrix.

3. Model selection criterion based on RP

Let us consider a collection of [ candidate models

MO = (M7 MO}

such that each M () is characterized by the parametric density functions

f('798) = (fl('708)> ~--afn('705))7 05 € 68 C Rps’

with associated distribution functions F(.,05) = (F1(0s), ..., F(.,05)), where we
assume that @, is common for density functions in model s. That is, each candidate
model would represent a parametric family defined by a common parameter, which
may contain different number of parameters for different models. We aim to select the
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best model from the collection { M (8)} se{1,...,)} according to some suitable selection
criterion. Thus, for each model M (*), we first determine the best parameter 0, fitting
the sample and next we select the best fitted model from the collection. Then, for a set of
observations, the model selection is performed in two steps: we first fit all the candidate
models to the data, and then select the model with best trade-off between goodness of
fit and complexity in terms of RP.

We next describe the first step of the model selection algorithm. Let us consider a
fixed parametric model M (s) modeling the true distribution underlying the data. If the
true distribution of data were known, the parameter that best fits the model M (S), de-
noted by 6, can be obtained by maximizing the theoretical averaged objective function
H,(0) defined in Eq. (6) under the s-model, as proposed in Def. 02.

Following the discussion in the previous section, if the true distribution underlying
is unknown but we have a random sample Y7, ..., Y}, the best estimate of the true pa-
rameter based on the sample from the RP approach is the MRPE 52 defined in (11), as
proposed in Def. 03.

Let us turn to the second step. Once all candidate models are fitted to the observed
data, we should select the model with the best trade-off between fitness and complexity.
Therefore, we need a measure of fairness between the best candidate for each model
and the true distribution. The goodness of fit of a certain model M (s) with associated
densities f(-,0;) and the best-fitting parameter 6, based on the RP can be quantified
by the averaged objective function H,(8}) given in Eq. (6).

As the true distribution is generally unknown, 8} is estimated by 52 Hence, we can
estimate H, (60;) by H, (52) But again H, (52) needs to be estimated, and the natural

estimator is Hna@Z) given in Eq. (9). But proceeding this way, it comes up that the
sample is used both for estimating the parameter and for estimating H,, and hence

By, v, [Hn,a (52)} £ By, .y, [Ha (5‘;)} .

Even worse, the estimation bias is important for determining the best model because
it could depend on the model. Hence, we neeed to add a term correcting such bias.
The AIC criterion selects the model that minimizes

—2) "log fi(yi,0) + 2p = 2Hy 0 (6) + 2p,
=1

where 2p is the term correcting the bias. Following the same idea, we define the
RPp g —criterion as follows:

Definition 04 Let { (Ml(s), cee MT(LS)> } o) be | candidate models for the i.n.i.d.o.
sedl,...,
Y1, ..., Y. We define the RPy g—Criterion as the criterion that selects the model sat-

isfying
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Mp, .., M) = min RPyg (MY, .. M 8
( 1> 9 n) se?ll,l.r.l.,l} NH< 1 > 9 n a)a

where

RPyg (Ml(s), ...,M,SS),§Z) =H,, (52) + ltrace <Qn (52) \Il_1 (52)) .

n n

We can observe that

. (s) (s) AS) _1¢ (v p
(y_}InORPNH (M1 a"'aMn 70a n;IngZ(}/tLae)_Fn?

and hence we recover AIC criterion up to the multiplicative constant 2n.
In order to justify the R Py pg—Criterion in terms of the bias, the following can be
shown. For this purpose, we shall assume the following additional regularity condition:

C8. The matrices ¥, ! () and £2,, () are continuous for arbitrary § € ©.

Theorem 02 ! Suppose the regularity conditions C1- C8 hold. Then,

By, .y, [RPNH <M1(S), -~-7M7(LS),5Z>] =Eyi,..v, [Ha <§Z>] Vs=1,..,1

This means that there is no bias in this procedure for selecting the model. This is
important because the bias might depend on the model and hence, a model that is not
approppiate could be selected due to an unbiased estimation.

4. The restricted model

Let us study a particular case of the model selection problem. In some situations, it
is interesting to compare a full model based on 8 € ® C RP, having p parameters with
other restricted models where the parameter has to satisfy additionally linear constraints
of the form

{0 €©/m(0) =0},

where 0, denotes the null vector of dimension r with r < pand m : RP — R" is a
vector-valued function such that the p x r matrix

mT
M) = 21O

!The detailed proofs of all results in the paper can be found in A. Felipe, M. Jaenada, P. Miranda, L.
Pardo. Model Selection for independent not identically distributed observations based on Rényi’s pseu-
dodistances. To appear in Journal of Computational and Applied Mathematics.
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exists and is continuous in @, and rank(M (6)) = r, V0 € ©.

We have already given a definition of the best fitting parameter for the full model
based on RP in the previous section. Applying the same criterion for the restricted
model, we obtain that the best-fitting parameter for the restricted model is given by

or = i H,(0).
g« argoeefggbzﬂr ()

Following similar arguments than in Section 2, we define the restricted MRPE as
follows.

Definition 05 Given Y1, ...,Y,, be in.id.o., the restricted MRPE (RMRPE), 'éa, is
given by
0, = i Hp.o(6
a=arg /137111(13)):& n,a(0),

with Hy, o(0) defined in (9) for o« > 0 and in (10) for o = 0.

Note that as the full model is more general, it follows that

~ ~

Hn,oz(ea) < Hn,a(aa)-

We next present a representation of the RMPRE.

Theorem 03 Suppose the regularity conditions C1- C8 hold and assume that the best
fitting parameter, 84 ., belongs to the restricted model. Then,

n'?(0n — 0g.0) = P*(0g.0)n'/? <M> + 0p(1),
00 0=0,..
being
P*(ng) = Qa(egu)M(aga)T‘I’n (99704)_1 -, (99704)_1 )
with

QulBg.0) = 1 (Bg.0) " M(0g.0) [M(8y0) ¥, (80) " M(65)]

Suppose now that we have chosen a model as the best fitting model and we wonder
if this model overfits the data and a restricted model is more accurate. Then, we can
pose this problem as a model selection problem with two models, the full one and a
restricted model, and apply the results of the previous section. Hence, it suffices to
compute RPy H((Ml(s), s M,(LS), @) for both models and select the one attaining the
minimum. For this, the following result provides the asymptotic distribution of a test
statistic linked to this problem.
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Theorem 04 Suppose the regularity conditions C1- C8 hold and assume that the best
fitting parameter, 84 ,, belongs to the restricted model. Then, it follows that

o (RPNH ((Ml(s), ...,M,(f),@a) — RPyg ((Ml(s), ...,ng@,’éa))

coincides with the distribution of the random variable

D Ai(Bg.0) (0) ZF + 2trace(Q (Bg.0) ¥, (Bg.0)) — 2trace(S2;) (Bg.a) (7)) (8.0)),
j=1

where Z1, . .., Zy, are independent standard normal variables, A\1(0g ), ..., A\r(0g.q)
are the nonzero eigenvalues of —Q(0g.0)M(0g.)T ¥, (997(1)_1 Q,, (04.) and

r = rank (Qn (eg,a) Qa(eg,a>M(eg,a>T‘Pn (eg,a)_l Q, (ag,a)> .

5. Simulation Study

To evaluate the performance of the R Py p-criterion introduced in the previous sec-
tions, we consider the situation of a polynomial regression model. We consider n = 100
and take the model

Y, =X; +2X2 - X2+ X! +¢,i=1,...,100,
where €; ~ N (0,1) and the variables X; are fixed and given by

X;=—-2+4—(i),i=1,...,100.

We consider several theoretical models aiming to fit this data depending on the degree
p of the polynomial. We take 1000 different sample data (Y*, X*), s = 1, ..., 1000 and
for each sample, we select the best fitting model according to several criteria. We have
considered AIC, BIC, AIC, and the R Py p-criterion for different values of the tuning
parameter, namely a = 0.01,0.02,0.04,0.1,0.2,0.4,0.5,0.7 and 1.

In Table 1 we present the number of times a model is selected for each model selec-
tion criterion. From these results, it can be seen that BIC seems to be the best fitting
selection criterion.
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Table 1: Number of times each model is selected for uncontaminated data.

P 01 2 3 4 5
AIC 0 0 0 0 836 164
BIC 0 0 0 0 97 33
AIC, 0 0 0 0O 864 136

RPNHpop1 |0 0 O O 822 178
RPNHpop2 |0 0 O O 822 178
RPNHpps |0 0 0O O 826 174
RPNHy; |0 0O 0O O 822 178
RPNHps |0 0 0 0 834 166
RPNHys |0 0O 0O O 842 158
RPNHps |0 0O 0 0 841 159
RPNHp7 |0 O 0O O 838 162
RPNH;, |0 O 0 0 837 163

As it was explained in the motivation of the paper, we expect RPyg to be a ro-
bust selection criterion. To check this, we have considered the previous model but we
introduce contamination in some of the data. More concretely, we define

& ~ U(min(X; + 2X2 — X3P+ X1 —r, max(X; + 2X72 — X2+ X +r),

for some of the data chosen at random. Here, r is a constant measuring the strength
of contamination, in the sense that the bigger r, the strongest the contamination. We
have considered three values r = 1,5,10. Moreover, we have varied the proportion
of data affected by contamination. In this study, we have chosen the proportion of
contamination as 0.05, 0.10, 0.20, 0.30.

Again, we have obtained the best fitting model according different model selection
criteria, and we have conducted this experiment 1000 times. The number of times that
each model is selected for each combination of contamination and strength of contami-
nation r is given in Tables 2, 3, 4 and 5.

From the results of Tables 1-5, it can be seen that the performance of AIC, BIC and
AIC, dramatically decreases when we include contamination. As expected, the bigger
the rate of contaminated data, the poorer the performance. Note however that they are
not very affected for different values of 7.

On the other hand, the results are quite similar to the uncontaminated case if we
consider RPyp and big values of the tuning parameter. This was the expected result
and it follows the same behavior as other situations where RP has been considered. The
best behavior appears for o = 0.4 and o = 0.5, where the efficiency is good and the
performance in terms of robustness is very good. Hence, we conclude that the RPyg-
criterion seems to be a robust criterion.
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Table 2: Number of times each model is selected for a contamination degree of 5%

r=1 r=>5 r=10
P 01 2 3 4 5/0 1 2 3 4 5101 2 3 4 5
AIC 0 0 1 19 659 3210 0 10 27 622 341 (0 0 9 38 616 337
BIC 0 0 16 64 802 1180 O 39 84 751 1260 0O 57 96 715 132
AlIC, 0 0 1 22 694 283|0 0O 12 33 651 304|0 0O 12 43 634 311
RPNHyp1 |0 O 3 14 844 13910 0 S5 18 830 147|0 0 9 22 812 157
RPNHyp2 |0 O O 13 866 121 |0 O 2 47 833 1180 0 6 62 810 122
RPNHyps |0 0 2 20 844 13410 O 1 18 833 148|0 O 1 18 833 148
RPNHy; |O O O O 835 165/0 0 0O O 83 1640 0 0 0 830 170
RPNHy2 |O O O O 89 17110 O O O 833 167(0 0 0 0 833 167
RPNHys |O O O O 837 163({0 0O O 0 835 165/0 0 0 O 839 161
RPNHys |0 0 O O 837 163|0 0 0 O 848 1520 0 O 0 834 166
RPNHy7 |0 0 O O 842 15810 O O O 836 1640 0O O 0 831 169
RPNH;p |0 O O O 838 162|0 0 0O 0 83 1640 0 0 0 830 170
Table 3: Number of times each model is selected for a contamination degree of 10%.
r=1 r=>5 r=10
D 01 2 3 4 5]01 2 3 4 5]01 2 3 4 5
AIC |0 0 17 64 591 328|0 O 18 82 575 325]|0 0 47 106 538 300
BIC |0 0 94 155 629 122|0 0 95 180 611 114|0 0 153 178 558 111
AIC, 0 0 21 75 621 283|0 0 24 93 601 282|0 0 55 123 556 266
RPNHpo; |O 0 24 37 770 1690 0 26 48 750 176 {0 0O 37 61 705 197
RPNHpp2 |0 0 19 30 800 1510 O 24 40 780 156({0 0 30 60 747 163
RPNHpps [0 O 16 60 809 115/0 0 19 100 764 117|0 0 23 94 770 113
RPNHy; |0 0 O 5 85 1500 0 O 1 839 160{0 0 O 1 851 148
RPNHp2 [0 0 O 0 829 171|{0 0 O 0 85 165|{0 0 O 0 844 156
RPNHyy |0 0 O 0 89 1710 0 O 0 840 160|{0 0 O 0 850 150
RPNHys [0 0 O 0 824 1760 0 O 0 845 150 0 O 0 841 159
RPNHy7 |0 O O 0 83 169(0 0 O 0 833 167({0 0 O 0 834 166
RPNH;y, |0 0 O 0 841 1590 0 O 0 835 165|(0 0 O 0 833 167
Table 4: Number of times each model is selected for a contamination degree of 20%.
r=1 r=25 r =10
p 0o 1 2 3 4 510 1 2 3 4 510 1 2 3 4 5
AlIC 0 0 52 134 509 305[{0 O 76 176 464 2840 O 148 169 397 286
BIC 0 0 238 210 440 1120 O 278 234 398 90 [0 O 367 223 325 85
AlC, 0 0 64 154 512 270 ({0 O 91 191 476 242 {0 O 179 180 400 241
RPNHpp [0 O 41 92 59 2710 O 43 93 561 303{0 O 52 95 514 339
RPNHpp2 |0 0 37 8 625 253|0 O 39 92 589 2800 0O 47 90 561 302
RPNHpps |0 0 29 75 676 2200 O 32 8 661 2190 0 43 93 648 216
RPNHy; |0 0 42 214 631 1130 O 41 138 693 1280 O 20 64 810 106
RPNHp2 |0 0 O 0 836 164|0 0 O 0 81 169|0 0 O 0 849 151
RPNHy4 |0 0 O 0 837 163|0 0 O 0 83 167|0 0 O 0 840 160
RPNHys [0 0 O 0 836 164|0 0 O 0 89 171|{0 0 O 0 840 160
RPNHy7 [0 0 O 0 845 150 0 O 0 87 1730 0 O 0 849 151
RPNH;p |0 0 O 0 834 166|0 0 O 0 83 17710 0 O 0 836 164
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Table 5: Number of times each model is selected for a contamination degree of 30%.

r=1 r=>5 r=10
P o1 2 3 4 510 1 2 3 4 510 1 2 3 4 5
AIC 0 0 112 178 433 27710 O 114 209 373 304 ({0 0 192 183 374 251
BIC 0 0 327 256 327 90 |0 O 385 240 276 99 [0 O 457 212 253 78
AIC,. 0 0 136 191 436 237|0 O 137 233 368 262 (0 0 219 189 371 221
RPNHyp; |O O 51 79 519 351 |0 O 55 90 483 3670 0 58 90 428 424
RPNHpp2 |0 0 46 77 540 337|0 O 48 8 520 3480 0O 52 87 472 389
RPNHpps |O 0O 44 81 573 302|0 O 46 80 555 3190 0 53 78 533 336
RPNHp; |0 O 70 187 550 193 {0 0O 63 221 537 17910 0 55 139 628 178
RPNHpys |0 O 17 68 774 141 |0 0 11 13 817 159(0 0 2 8 854 136
RPNHy4s |O O O 0 856 1440 0 O 0 833 167|0 0 O 0 841 159
RPNHys |0 0 O 0 845 155|0 0 O 0 80 1700 0 O 0 832 168
RPNHy7 |0 0 O 0 834 166|0 0 O 0 815 18 |0 0 O 0 826 174
RPNH;ip |0 0 O 0 828 1720 O 1 1 813 185 |0 0 O 0 841 159

6. Conclusions

In this paper we present a new procedure for model selection for independent but
not identically distributed observations aiming to compete with other methods based on
maximum likelihood in terms of efficiency but being more robust in the presence of
outliers. For this purpose, we have chosen RP, a tool that has proved itself to lead to ro-
bust estimations in other statistical problems. Based on RP, we have developed a model
selection criterion, the R Py g-criterion, that extends the well-known AIC. Besides, we
have shown that the sample estimator is an unbiased estimator. As a special case, we
have studied the case of having a restricted model and we have developed a procedure
to decide if the restricted model is more appropriate for modeling the data. A simula-
tion study seems to show that, as expected, this new procedure works very well under
contamination, i.e. simulations suggest that the procedure is robust. Besides, it seems
that the cost in terms of efficiency is reduced for several values of the tuning parameter
« that are also robust.
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[TEPIAHVH

Y1y mapoloa epyacia npotelvoupe éva vEo xplthiplo emAoY g poviéhou ue Bdom
v Rényi’s pseudodistance (RP) yia tnv mepintwon aveldptntwv ahhd oyt iodvouo
xataveunuevey topatnerioeny. To véo xpithplo tepthaufSdvel we edxn mepintwon
T0 xhaoowxod xetthpto Tou Akaike. H emoyy) tou RP avtamoxpiveton otov 6toyo
e onuovpylog uoag dadixactog aviextinic o axpaleg Twée. o to véo xpithpto
amodexvieTon 6Tt elvon aepOANTTO eved e€eTdleTan 1 MEPIMTWON CUYXEIONG EVOS
HOVTENOU WE €V TEPLOPIOUEVO HOVTERD, %aoplilovTag TNV ACUUTTWTIXY XATOVOUN
Tou meploplopévou extunty. llpoteivouue enlong yia oTaTioTINg cLUVAETNOT Yio Va
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ATOQUCICOVUE EAV TO TEPLOPLOUEVO UOVTEND Tanpldlel xahlTepa oTar Bedouéva xon
ATOBEVVOUUE TNV ACUUTTLTIXNY XxoTavour| Tne. Mo ueAétn npocouolwaong detyvel
OTL TO TPOTELVOUEVO XPLTTELO EYEL XOAT) CUUTERLPORE TAEOVGTOL AXEUEWY TULOV.
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ABSTRACT

A variable sample size and sampling interval run sum Max chart (VSSI-RSMax) is proposed to
efficiently monitor the mean and/or variability of a process. The VSSI-RSMax chart varies the
sample size and sampling interval of the RSMax chart according to the current cumulative score.
A Markov chain method is used to evaluate the performance of the proposed chart in terms of
the average time to signal (ATS), the adjusted average time to signal (AATS), and the expected
AATS (EAATS). The VSSI-RSMax chart is compared with other competitive single control
charts, such as the standard fixed sample size and sampling interval (FSSI) Max chart, the VSSI-
Max chart, the FSSI-RSMax chart and the FSSI Max-EWMA chart.

Keywords: Average Time to Signal, Average Sample Size, Average Sampling Interval, Markov
Chains, Single Control Charts, Statistical Process Monitoring.

1. INTRODUCTION

Control chart is the most widely used technique for monitoring a process and detect
changes in it. There are several types of control charts and among them, the most
popular ones are the Shewhart, EWMA and CUSUM charts. We refer to [Montgomery
(2020)] for a gentle introduction on the fundamentals, the properties, and the use of
control charts. Shewhart-type charts are mainly used for detecting sudden and sustained
shifts in process parameters while EWMA- and CUSUM-type charts are better than
Shewhart charts in the detection of transient shifts. In addition, Shewhart charts are
control charts with no memory and they are better in the detection of shifts of large size
in process parameters. On the other hand, for small or medium sized shifts, control
charts with memory such as the EWMA and CUSUM charts, are preferable than
Shewhart charts.
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However, EWMA and CUSUM charts are not widely used in practice due to the
difficulty in choosing properly the values for their design parameters. Therefore, there
are plenty of charts that can be viewed as intermediate solutions between the Shewhart
charts and the EWMA and CUSUM charts. These charts aim to combine the simplicity
in implementation and interpretation of the usual Shewhart chart with an improved
performance in the detection of small and moderate shifts in process parameters.

One of these intermediate solutions is the run sum chart ([Roberts (1996)], [Reynolds
(1971)]) which has been applied successfully in various industries and, according to
[Jaechn (1991)], practitioners find it appealing, due to its ease in implementation and
interpretation. A run sum chart is set up by dividing the zone above and the zone below
the chart’s center line into separate (distinct) regions. Next, in each of these regions we
assign non-negative (or non-positive) scores. Thus, for each point on the chart a score
is assigned, which is accumulated as more points are plotted on it. This cumulative
score is monitored and when it reaches or surpasses a critical value, then an out-of-
control (OOC) signal is triggered. The theoretical properties of the run sum chart can
be studied via the Markov chain method of [Champ and Rigdon (1997)]. [Davis et al.
(1990)] and [Davis et al. (1994)] considered a special case of the run sum chart, known
as zone chart, which consists of four regions above (below) the center line. They
studied the performance of the zone chart for various score combinations with or
without a head-start feature. The literature on run sum charts is quite extensive and
there are schemes for monitoring a wide variety of processes. See, for example,
[Abubakar et al. (2022)], [Antzoulakos et al. (2023)] and references therein.

The majority of the available control charts is based on the assumption that the
distribution of the quality characteristic X is the normal distribution. In this case, in
order to detect changes in either or in both process parameters, two control charts need
to be applied (e.g., the X and S charts), one for detecting changes in process mean and
the other for detecting changes in process variability. However, instead of using two
different control charts for process monitoring it is possible to use a single control chart.
Single control charts are control charts that use one plotting statistic for detecting
changes in either or in both process parameters. Hence, only one chart (instead of two)
can be used.

The Max chart ([Chen and Cheng (1998)]) is the most popular single control chart. It
is a Shewhart-type chart in which the plotting statistic is the maximum of the absolute
values of the transformed sample mean and sample variance. These transformed
statistics follow the standard normal distribution when the process is in-control (IC).
Therefore, any change in process parameters is reflected on the values of this statistic
and the chart triggers an OOC signal. For a recent overview on single control charts see
[Thaga and Sivasamy (2015)] and [Jalilibal et al. (2022)]. Since the Max chart is a
Shewhart-type chart, it is not very sensitive in the detection of small and moderate shifts
in process parameters. Recently, [ Antzoulakos et al. (2023)] introduced and studied the
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run sum Max chart (RSMax) which improves the performance of the usual Max chart
in detecting changes in process mean and/or variability.

Apart from developing charts based on statistics that incorporate memory on them,
another method to improve their performance in the detection of an OOC situation, is
to use variable sample sizes and/or intervals instead of fixed ones. If at least one of the
sample sizes and sampling intervals is allowed to vary, the control chart is considered
as adaptive. See [Tagaras (1998)] and [Psarakis (2015)] for comprehensive surveys on
adaptive control charts. Recently, [Chew et al. (2015)], [Mim et al. (2022)], [Saha et
al. (2019)], [Yeong et al. (2022a)], [Yeong et al. (2022b)] and [Yeong et al. (2023)]
studied the statistical design and performance of various adaptive run sum charts.
Motivated by these works, we propose and study a single run sum chart with variable
sample size and variable sampling intervals, based on the Max statistic. We will refer
to this chart as the VSSI-RSMax chart. To the best of our knowledge, single adaptive
run sum charts have not been studied in the literature so far.

The remaining part of this manuscript is organized as follows: In Section 2, we provide
the operation of the proposed VSSI run sum Max chart. In Section 3 we introduce the
appropriate measures for evaluating chart’s performance. Section 4 consists of the
results of a numerical study regarding the statistical design and performance of several
VSSI run sum Max charts, under various scenarios. Numerical comparisons between
the proposed charts and other competitive single charts, adaptive or not, are given in
Section 5. Finally, conclusions are provided in Section 6.

2. THE PROPOSED CONTROL CHART

Let us assume that the critical-to-quality characteristic (CTQ) X is a random variable
(r.v.) that follows a normal distribution with mean u and variance o2, i.e. X~N(u, 02).
Fori=1,2,..,let X; = (Xl-l,Xiz, ...,Xl-ni) be independent random samples of size
n; = 2 from the process. Let also g and oy be the in-control (IC) process mean and
standard deviation. Furthermore, we assume that, in general, the process parameters
and o can be expressed as 4 = gy +a-gyand c =b-oy(a € R, b > 0). For an IC
process we have that a = 0 and b = 1, otherwise the process has changed due to some
assignable causes. We will denote the OOC values of the process parameters by p; and
oy. The constants a and b represent the shifts in process mean and standard deviation,
respectively.

Let X; = niizﬁlxij and S? = ﬁE}Zl(Xu — X;)? be the sample mean and the

sample variance of the i sample, respectively. We define

o Kimwe) _1{ ((ni—l)siz)}
Y R e )|

)
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where @®(-) denotes the cumulative distribution function (cdf) of the N(0,1)
distribution, and H,, () is the cdf of the chi-square distribution with m degrees of
freedom. Statistics U; and V; are independent, and they both have N(0,1) distribution
when the process is IC. Without loss of generality, we assume that the random samples
have common (fixed) sample size n (i.e., n; =n, i = 1,2,...) while the intervals
between the successive samplings are fixed, too. Both settings (fixed sample sizes and
sampling intervals) are common practices in applications of control charts.

The Max control chart of [Chen and Cheng (1998)] is a Shewhart-type single chart,
based on the statistic
M; = max{|U;], [V;[}. (1)

The values of M; are plotted on the chart against the sample number i (i = 1,2,...). A
large (positive) value of M; results from a shift in the IC process mean y, and/or IC
process standard deviation ag,. Otherwise, the value of M; will be small and the process
is IC. When X;;~N (uo + a- 0y, (b-0dy)?), the cdf of M; is given by

a

Fy,(tla,b,n) = {CD (% - \/ﬁ%) - @ (‘% B ‘/EE)}

2 2
Xn-1,0(t) An-1,0(-t)

The upper control limit ( UCL ) of the Max chart satisfies the equation
Fy,(UCL|0,1,n) = 1 — a and it is given by

1/2
(.2
UCL = (Xl;\/E)
where a is the pre-specified value of the false alarm rate of the chart, and )(12;,, denotes
the lower p-percentage point of the chi-square distribution with one degree of freedom.

1/2
Also, the center line of the Max chart is CL = ()(12 \/(ﬁ) . We will denote as ng, hg

the fixed sample size n and the fixed sampling interval h of the Max chart. In the sequel
we will refer to this chart as the fixed sampling size and sampling interval Max chart
(FSSI-Max chart).

[Antzoulakos et al., (2023)] introduced the RSMax chart by dividing the charting region
above the CL of the FSSI-Max chart into four regions and assigned scores to each one
of them. Specifically they assigned the nonnegative scores aq, a,, as, a, to the regions
R, =[CL,UCL,), R, = [UCL{,UCL,), R; =[UCL,,UCL3) and R, = [UCL5, ),
respectively, where a; <a, <az;<a, , 0<UCLy<UCL; <UCL, <UCL3 <
UCL,, UCLy = CL and UCL, = 0. As long as successive values of the plotted statistic
M; fall above the CL, the scores are accumulated. However, if the plotted statistic M;
falls below the CL the cumulative scoring process resets to zero. The cumulative score
CS; at sampling stage i is defined as follows
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CSi—l + aj+1, if UCLJ < Mi < UCL]+1
0, if M, < CL

where = 1,2, ..., j = 0,1,2,3 and CS;y = 0. Usually, CSy = 0, otherwise a head-start
feature ([Lucas and Crosier, (1982)]) is used on the chart. The RSMax chart gives an
OOC signal at the i sample if CS; = H, where H is an appropriate critical value. In the
sequel we will refer to this chart as the fixed sampling size and sampling interval run
sum Max chart (FSSI-RSMax chart).

The VSSI-RSMax results from the FSSI-RSMax chart when we allow both sample size
and sampling interval to vary. As already stated, the use of adaptive features on a
control chart improves its sensitivity and OOC performance. The operation of the
VSSI-RSMax chart requires a small sample size ng, a large sample size n; (2 < ng <
n; ), a short sampling interval hg and a long sampling interval h; (0 < hg < h;). The
sample size n;,, of the (i+1)" sample, and the sampling interval h;,; between the i
and the (i+1)" sample depend on CS; and they are determined according to the

following rule:

CS; = { (2

_((ny,hg), fH/G<CS;<H
(Miv1 hisr) = {(ns, hy), f0<CS;<H/G’ &

In Equation (3), G is a positive integer (G = 2) that controls the rate of switching
between the pairs (n;, hg) and (ng, hy).

From Equation (3) we deduce that a small sample size ng and a long sampling interval
h; should be used for the next sample, if there is not an indication of a change in the
process. On the other hand, if such indications are present, a large sample size n; and
a short sampling interval hg should be used. If the process really operates with the
presence of assignable causes, this must be detected as soon as possible.

Therefore, the idea behind the operation of the VSSI-RSMax is the following: If the
value of the current cumulative score is large but less than H (i.e. H/G < CS; < H) we
assume that this is an indication that a change has occurred in the process and the next
sample might be from an OOC process. Thus, to reduce the number of samples and the
time to detect the possible presence of assignable causes, a large sample size n; and a
short sampling interval hg should be used for the next sample. On the other hand, if the
value of the current cumulative score is small (i.e., 0 < CS; < H/G) we may
reasonably assume that there are no indications for a change in the process.
Consequently, a small sample size ng and long sampling interval h; should be used for
the next sample.

Table 1 gives a tabular representation of the VSSI-RSMax chart. Region R, extends
below CL and no score is assigned to it. The probability p; (j = 1,2,3,4) that the i
plotted point falls in region R; is given by

p; = P(UCLj_y < M; < UCLjlab,n;) = Fy,(UCL;|ab,n;) — Fpy,(UCLj_4|ab,n;)
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and
po = P(M; < CL|a,b,n;) = Fy,(CL|a,bn;)
where n; = ng or n;. For an IC process the p, = 0.5.

Table 1. Regions of the VSSI-RSMax chart with their associated control limits,
probabilities, and scores

Region  Interval Probability Score
Ro [0,CL) Po -
Ry [CL,UCL,) D1 a,
R, [UCLy,UCLy) D2 a
R3 [UCL,,UCL3) p3 as
R4 [UCL3, ) P4 ay

The upper control limits UCL; of the VSSI-RSMax chart are given by

= 2 —
UCL; = L /Xl; gy 1 =123 (4)

(see also [Antzoulakos et al., (2023)] and [Khoo et al., (2013)]). Parameter L is a
multiplication factor that needs to be determined in order to achieve the desired IC
performance. Given the set of non-negative scores (a4, a,, a3, a4), the critical value H
and the pairs (n;, hg), (ng, h;), the proposed VSSI-RSMax chart will be denoted as
VSSI-RSMaxy (a4, a,, as, ay).

3. PERFORMANCE MEASURES

Different performance measures are used when adaptive features are enabled on a
control chart or not. The most common performance measure for a VSSI control chart
is the average time to signal (ATS) which is defined as the time needed, on average,
from the beginning of process monitoring until the chart produces for the first time an
OOC signal. Using a Markov chain method (see e.g., [Saccucci et al. (1992)]), ATS is
computed as

ATS=q"(I1- Q) 'h (5)

where Q is the m X m transition probability matrix of the transient states of the chain,
q is the m X 1 initial probability vector, I is the m X m identity matrix, and h is the
m X 1 vector whose i element h; is the sampling interval corresponding to the
transient state i, i = 1,2, ..., m (h; is either hg or h;). See [Antzoulakos et al. (2023)]
regarding the construction of matrix Q. [Chew et al. (2015)] suggested a modification
on the computation of ATS and specifically, not to measure the time to signal from the
start of the process but from the time the first sample is taken. In this case, the ATS is
computed as
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ATS=q"1-Q)*h—qTh. (6)

However, a more realistic performance measure is the adjusted average time to signal
(AATS, see [Reynolds et al. (1988)]) which is the expected time from the occurrence
of the shift in the process until the chart gives an OOC signal. The AATS can measure
the average time needed by the chart to produce an OOC signal when the shift(s) in
process parameter(s) does not occur at the beginning of process monitoring but after
the process has operated in the IC state for some time. The AATS is computed as

AATS =vT[(1- Q)" —1I/2]h (7)

where v is the m X 1 vector whose i" element (i = 1,2, ...,m) is v; = g;h;/(g"h),
and g; is the i"™ element of the m X 1 cyclical steady state probability vector g. For the
determination of g we used the methodology as described by [Champ (1992)].

Even though the performance of an adaptive chart is mostly evaluated in terms of ATS
and AATS, their computation requires the knowledge of the shift sizes a and b.
However, in practice, these shift sizes are usually unknown. For this reason, we may
assume that a and b are random variables and thus proceed with measures of the overall
performance of the chart such as the expected ATS (EATS) and the expected AATS
(EAATS). See, for example, [Khaw et al. (2017)]. These measures are given
respectively by

EATS = [2™% [Pma¥ £ (5 b)ATS(a, b)dbda (8)
and
EAATS = [me% [Pmax £(3 h)AATS(a, b)dbda 9)

where f(a,b) is the joint probability density function of (a,b) and a5, amax (resp.
bmin > bmax) are the minimum and maximum shifts of a (resp. b). A common
assumption made in practice is that the random variables a and b are independent with
marginal uniform distributions over the intervals [a,,in, amax] and [Dymin, Pmaxl >
respectively.

Before closing this section, we should notice that there must be a fair comparison in
the performance of VSSI and FSSI charts. For FSSI control charts the ATS is the
product of the expected number of samples to signal and the fixed sampling interval.
The expected number of samples to signal is the so-called average run length (ARL)
and thus, ATS = hp - ARL. Let ASS, and ASI; be the IC average sample size and
average sampling interval, respectively. Then (see, e.g. [Lee and Lin (2012)]),

ANOS, ATS,
, ASly=——,
ARL, ARL,
where ARL, is the IC average number of samples to signal, and ANOSy is the IC
average number of observations to signal. The ARL,, ANOS, are computed by

ASS, =
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ARL; =q"(I—-Qp)™'1, ANOSy=q"(I1-Qp)'n,

where Qg is the IC m X m transition probability matrix of the transient states of the
chain, 1 is the m X 1 vector with all its elements being 1, and n is the m X 1 vector
whose i" element n; is the sample size corresponding to the transient state i, [ =
1,2, ..., m (thus, n; is either ng or n;). To ensure a fair comparison, the ASS, and ASI,
must be the same for all charts. For FSSI schemes we have that ASS; = ny and ASI, =
hg.

4. DESIGN AND PERFORMANCE OF THE PROPOSED CHART

In this section we present the statistical design of the VSSI-RSMaxy (a4, a,, a3, a,)
chart and assess its performance using the performance measures presented in Section
3. The parameters of the VSSI-RSMaxy (a4, a,, az, a,) chart are: the critical value H,
the set of scores (a4, ay, as, a,), the parameter L of the control limits UCL; (j = 1,2,3),
the sample sizes ng and n;, the sampling intervals hg and h;, and the parameter G
controlling the switching between the two sets of sample sizes and intervals (ng, h;)
and (n;, hs). Below, we provide the steps of the algorithmic procedure for the
statistical design of the VSSI-RSMax chart:

Step 1: Choose the score vector (aq,a,, as, a,), the critical value H, the small
sample size ng (ng < ng), the short sampling interval hg (hs < hg), and the
value of G.

Step 2: Set the in-control ARL equal to the desired value c, i.e., ARL, = c.

Step 3: Determine the value of L as the unique solution of the equation ARL, = c.

1/2
Step 4: SetUCLo = CL = (x2 q55) andUCL; =1L /;{flm,j =1,2,3.

Step 5: Determine the n; value so that ASSy = np subject to the constraint n; > n.
Step 6: Determine the h; value so that ASI, = hy subject to the constraint h; > h.
Step 7: Set up the VSSI-RSMaxy (a4, a,, az, a,) chart and declare the process as
0O0C at the i sample if CS; = H.

In the sequel, we present the results of an extensive numerical study, regarding the
design and performance of various VSSI-RSMax control charts. The score sets and the
critical values for each of these schemes are (see also [Antzoulakos et al., (2023)] and
references therein):
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Table 2. Scores and Critical Values for the VSSI-RSMax control charts

Scheme (al, a,,as, a4_) H Scheme (al, a,, asz, a4_) H
C, 0,1,2,3) 5 Ce (1,2,7,14) 14
C, (0,1,2,4) 4 c, (1,3,11,19) 19
Cs (0,1,6,12) 12 Ce (1,3,8,15) 15
C. (0,3,4,12) 12 Co (1,2,7,13) 13
Ce (0,2,3,8) 8

For the IC settings, we chose ARLy = 250, ASS, = 5, ASly = 1, (ns, hs) = (4,0.1)
and G = 3. The OOC performance of the VSSI-RSMaxy (a4, a,,asz, a,) chart is
evaluated in terms of AATS while the ATS is used for the IC performance. Thus, all
schemes have the same IC ATS.

Table 3. Best VSSI-RSMax chart based on AATS for ng = 4, hg = 0.1, G = 3,
ASly =1, ASSy =5, ARLy = 250

a b h; ny L AATS Chart
0 0.25 1.1270 12 0.9196 1.35 Cy
0.5 1.1270 12 0.9196 7.34 C;
1.5 1.1270 12 0.9196 345 Cy
2.0 1.1270 12 0.9196 1.36 Cy
0.5 0.25 1.1270 12 0.9196 1.35 C;
0.5 1.1189 12 1.0312 4.59 Cq
1.0 1.0682 19 1.0246 9.80 C,
1.5 1.1270 12 0.9196 2.49 Cy
2.0 1.0930 15 0.9743 1.26 (A
1.0 0.25 1.1270 12 0.9196 1.15 Cy
0.5 1.1270 12 0.9196 1.53 Cy
1.0 1.1270 12 0.9196 1.82 C;
1.5 1.1270 12 0.9196 1.47 Cy
2.0 1.0930 15 0.9743 1.05 Cy
1.5 0.25 1.0568 22 0.9516 0.61 Cs
0.5 1.1270 12 0.9196 0.71 Cy
1.0 1.0930 15 0.9743 0.91 (o
1.5 1.0930 15 0.9743 0.96 (o
2.0 1.0930 15 0.9743 0.85 (o

In Table 3 we provide the best scheme among the considered schemes C;-Cq, i.¢., the
scheme achieving the minimum OOC AATS. For the shift sizes we chose a €
{0,0.5,1,1.5} and b € {0.25,0.5,1, 1.5, 2}. The results in Table 3 show that the C;
scheme has the best performance for most of the considered shifts. In addition, Table 3
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can be used by the practitioners who would like to implement a VSSI-RSMax chart in
practice, since it provides the best chart to use, for the examined ng, hg, G,a and b
values.

Next, in Table 4, we provide the EAATS values of the schemes C;-Cq for ARLy = 250,
(ng, hg) = (4,0.1), G = 3, ASS, = 5 and ASI, = 1. The boldfaced entries indicate
the chart attaining the lowest EAATS value. The lesser the value of EAATS, the better
is the overall performance of the chart. For the distribution of the independent random
shifts a and b we assume that a,b~U(0.3,2), where U(64,60,) is the Uniform
distribution with support the interval [84, 8,]. Note also that a large difference 6, — 6;
indicates a high degree of uncertainty. The results of Table 4 show that the scheme C;
is the one with minimum EAATS value among the nine schemes.

Table 4. EAATS values of VSSI-RSMax charts

Chart C1 Cz C3 C4_ C5 C6 C7 CS Cg
EAATS |2.4146(2.6813|3.1687|2.5523(2.5730(2.6082|2.6175[2.5534|2.6306

5. NUMERICAL COMPARISONS

In this section we provide numerical comparisons between the proposed VSSI-RSMax
chart, the VSSI-Max chart of [Lee and Lin (2012)] and the (FSSI) Max-EWMA chart
of [Chen et al., (2001)]. Due to space economy, we do not present results from the
comparisons between the proposed chart and the (FSSI) Max and RSMax charts since
the latter have worse performance.

For all the examined adaptive schemes we use (ng, hg) = (4,0.1) and G = 3 (for the
VSSI-RSMax chart). To ensure a fair comparison between adaptive and fixed control
charts we set ARLy, = 250, np = ASSy = 5 and hy = ASI, = 1. Also, for the shift
sizes we choose a € {0,0.5,1,1.5} and b € {0.25,0.5,1, 1.5,2}. The values of the
design parameters of the VSSI-Max chart when ASS, = 5, ASIy = 1 and (ng, hg) =
(4,0.1) are (ng, h;,UCL,,UWL;) = (27,1.0451,3.089,2.2581). These values have
been derived using the procedure described in [Lee and Lin (2012)].

Additionally, for the (FSSI) Max-EWMA control charts we use the four pairs for the
design parameters (4, K) provided in [Chen et al. (2001)], which are (0.05,2.45),
(0.10,2.78), (0.20,3.03) and (0.30,3.14). According to [Chen et al. (2001)], the
value M| = max{|Y;|,1Z;1}, i = 1,2, ..., is plotted on the Max-EWMA chart where

Yi=A=-DYo1 +AU;, Z; =1 =-DZi + AV,

and the statistics U;, V; are those defined in the Max chart. Also, Y, = Z, = 0. Since
M; = 0, only an upper control limit is needed (say UC Lyqxgwma), Which is given by

UCL = (1.12838 + 0.60281 - K)\/1/(2 — A).
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The parameter A € (0,1] is the smoothing parameter of the chart while parameter K
controls the limits width.

In Table 5 we provide numerical comparisons in terms of AATS for the examined
control charts. The bold-faced entries correspond to the minimum AATS value of each
row. The control chart among C; — Cq with the best performance for every pair of shifts
(a,b) is given in parenthesis (see in column labeled VSSI-RSMax). For the (FSSI)
Max-EWMA chart the AATS values are calculated as ARL — 0.5 (see, e.g. [Lee and
Lin, (2012)]).

The results from Table 5 show that the VSSI-RSMax chart is more efficient than the
VSSI-Max chart for small and moderate shift sizes (a, b). However, for large shifts in
the IC process standard deviation oy (i.e., b = 2) and/or large shifts in the IC process
mean Y, (i.e. a = 1.5), the VSSI-Max chart outperforms the proposed chart. This fact
was also mentioned by [Lee and Lin (2012)] and it is attributed to the ability of
Shewhart-type charts to react more quickly than control charts with memory to large
shifts in process parameters. Also, the VSSI-RSMax chart outperforms the (FSSI) Max-
EWMA chart for almost all shifts, except for the cases (a,b) = (0.5,1) and (0,0.5).

Table 5. AATS comparison between VSSI-Max, Max-EWMA, and VSSI-RSMax charts
for G =3, ASIy =1, ASS, = 5, ARLy = 250

a | b [VSSI-Max|Max-EWMA (LK) | VSSI-RSMax
0.0[0.25] 1.91 1.90 (03,3.14) | 1.38(Cy)
05| 11.80 4.89 02,3.03) | 7.28(Cy)
15| 3.77 5.80 (0.3,3.14) | 3.40(C,)
20| 131 2.17 (0.3,3.14) | 1.36(Cy)
0.5[0.25] 1.91 1.91 (03,3.14) | 1.37(Cy)
05| 11.04 4.73 0.2,3.03) | 4.59 (Cy)
1| 14.68 8.09 0.2,3.03) | 9.37(Cy)
15| 263 4.11 (0.3,3.14) | 2.48(C,)
20| 121 1.99 (03,3.14) | 1.26(Cy)
1.0[0.25] 1.54 1.86 (03,3.14) | 1.18(Cy)
05| 244 2.37 (0.3,3.14) | 1.53(Cy)
1| 207 2.53 (0.3,3.14) | 1.82(Cy)
15| 146 2.30 (0.3,3.14) | 1.47(Cy)
20| 1.00 1.61 0.3,3.14) | 1.05(C,)
1.5[0.25]  0.58 1.49 (0.3,3.14) | 0.61 (Cy)
05| 0.64 1.47 0.3,3.14) | 0.71 (C5)
1| o086 1.43 (0.3,3.14) | 091 (C,)
1.5  0.90 1.41 0.3,3.14) | 0.96 (C,)
20| 0.80 1.23 (0.3,3.14) | 0.85(C,)
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Finally, in Table 6 we provide EAATS values for all the examined control charts in the
scenario for the support of the random shifts a and b introduced in Section 4. The
VSSI-RSMax chart consistently attains the lowest EAATS value according to Table 6
(case (ng, hg) = (4,0.1)). Especially, the C; scheme is recommended when there is
further information regarding the shift sizes in process parameters.

Before closing this section, it is worth noting that the best Max-EWMA chart either in
terms of AATS or EAATS is the one with A = 0.3. Such a value is not very typical
since smaller values (e.g., A = 0.05 or 0.10) are suggested for better performance in
the detection of small shifts in process parameters.

Table 6. EAATS values of the VSSI-Max, Max-EWMA and VSSI-RSMax charts
ASly =1, ASSy =5, ARLy = 250

VSSI- Max-EWMA VSSI-RSMax
Max 0.05/0.10{0.20|0.30 C1 C2 C3 C4 C5 C6 C7 Cg Cg
3.90 4.09(3.3112.84(2.74(2.41|2.68(3.17|2.55|2.57(2.61|2.62|2.55|2.63

6. CONCLUSIONS

In this work, we studied the statistical design and performance of a variable sample size
and sampling interval single run sum chart, namely the VSSI-RSMax chart, which it is
suitable for the monitoring of a normally distributed process. The run sum chart offers
an improved sensitivity in the detection of small and moderate shifts in process
parameters, compared to Shewhart-type charts while it is considered as simpler in
implementation and interpretation.

The results of an extensive numerical study showed that the proposed VSSI-RSMax
chart outperforms the VSSI-Max chart for almost all the shift sizes. Also, under certain
cases, the proposed chart outperforms the fixed sample size and sampling interval Max-
EWMA chart. The latter is better when there is a small decreasing shift in standard
deviation (e.g., for b = 0.5) and a small shift in mean (e.g., a = 0.5). In addition,
among nine commonly used run sum charts, the C; scheme, is the one with the best
performance in most of the examined OOC situations while it outperforms the VSSI-
Max chart and the Max-EWMA in terms of overall performance. Therefore, we
recommend the use of this scheme in practice, especially when is no prior information
regarding the shift(s) in process parameters.

Finally, we should mention that the results presented in this work are valid only under
the assumption of normality for the distribution of X. A separate study is needed to
assess how robust is the proposed VSSI-RSMax chart, as well as the Max-EWMA
chart, when this assumption is violated.
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HHEPIAHYH

2V mopodoo pYcio TPOTEIVETAL 1| EPUPIOYTN TNG TEXVIKNG TG pong afpoiouatog o€
éva Max dudrypappio ELEYY0L EPOSIOCLEVO LE TIS S1dTKAGIES TOV LeTafANnTov peyéboug
detyparog ko dwwotipatog derypatoinyiog (VSSI-RSMax dwdypappa). To VSSI-
RSMax duaypappo petofarer to péyedog Tov EmOUEVOL OELYLOTOC KOl TO SLOCTNUA
OelypatoAnyiog oOPQOVO pHE TNV TPEYOLGO T TOL afpPOlcTIKOV  GKOp.
Xpnowonoteital  néBodog tng Maprofiovig aAvcidag yio ToV VTOAOYIGHO S10POpOV
LETPOV 0IOS0CNG TOL TPOTEWVOUEVOL dtarypdppiotog eéyyov. Emiong, to VSSI-RSMax
LY POIO. CLUYKPIVETOL PE GALD OVTOYOVIGTIKG Sty pAppoTa EAEYYOL OTTmG To VSSI-
Max owdypappa kot to FSSI Max-EWMA duypoppa.
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ABSTRACT

Medical research and technologies play a crucial role in the welfare of humanity, as they ensure
that people have access to effective healthcare. The diagnosis of diseases for the application of
preventive measures along with the timely detection and containment of pandemics and
epidemics have been brought to the spotlight in recent years, particularly during the COVID-19
pandemic. Medical companies and technological giants strive to provide Information and
communications technology (ICT) solutions for medical diagnosis, to be leveraged in a plethora
of cases. As competition is high and each company has benefits and profits from these
technologies, many organizations secure their inventions by patenting them. Patents are a highly
efficient way of protecting the commercial rights of an invention while they are also proven to
be excellent indicators of technological innovation and progress. The information hidden in
patent applications, which is frequently in textual form, can uncover valuable insights regarding
the thematic trends and topics in granted patents as well as pinpoint the organizations and
companies that have the highest patent shares in medical diagnosis technologies. In this study,
a patent dataset related to ICT technologies for medical diagnosis and epidemic monitoring from
the United States Patent and Trademark Office (USPTO) is collected and the topic modeling
algorithms Pseudo-document based Topic Modeling (PTM), Correlated Topic Models (CTM),
Hierarchical Pachinko Allocation (HPAM) and Latent Dirichlet Allocation (LDA) algorithms
are applied. The optimal algorithm is then chosen for topic analysis, in combination with a
specialized indicator for topic growth throughout the years. The results from the topic analysis
indicate that medical diagnosis patents cover multiple thematic axes, ranging from disease
prevention (cancer, diabetes, neural stimulation) and human welfare (circadian rhythm, dental
practices, orthopedics) to expanded practices (sleeping and eating disorders, bullying) and
innovative technologies (wearables, biometric augmented reality, microbiome diagnostics).

Keywords: Topic Modeling, CAGR, Patent Analysis, Medical Diagnosis
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1. INTRODUCTION

The advanced capabilities of computer science have contributed to the development of
significant technologies that provide efficient solutions in different domains and
applications, including medicine and diagnostics. According to Tian et al. (2019), the
process of disease diagnosis and potential treatment is currently assisted by artificial
intelligence, and often achieves more accurate results than the existing approaches. In
recent research, deep learning architectures constitute a common practice in providing
solutions and outcomes for medical diagnostics by uncovering patterns from image and
sound data (Bakator and Radosav, 2018).

Thus, the various medical diagnoses ICT are of great importance since the healthcare
industry has active implementations that leverage these technologies daily. In this
study, at the main goal is to demystify the primary investors and thematic axis related
to medical diagnosis ICT by analyzing patents from the United States Patent and
Trademark Office (USPTO). Patent data are usually considered as a knowledge basis
in identifying the main industrial trends, across the years, and competitors of a specific
technological domain (Abbas et al., 2014).

The process of analyzing and extracting knowledge from patent data is described as
patent analysis. In this study, the framework introduced by Choi et al. (2018) which
leverages the different patent properties to detect the main topics and assignees from a
patent dataset is employed, which leads to providing insights about the emerging and
dominant technologies of medical diagnosis ICT along with their main
investors/competitors. Overall, the findings of this study can help researchers and
industries, which are relevant to medical diagnosis ICT, in important objectives like
strategic planning, competitor analysis, trending forecasting, technology scouting as
well as developing new technologies.

2. RELATED WORK

In this Section, the main existing research that is relevant to medical technologies is
discussed, especially covered by patents. Among the many applications of machine
learning in diagnostics, cardiovascular disease classification or heartbeat classification,
diabetes mellitus, tuberculosis, and Alzheimer’s disease are frequently considered as
research areas of interest (Chui et al., 2017). Overall, the primary contributions of
Artificial Intelligence (AI) applications in the healthcare industry are related to
advancing disease treatments, enhancing patient engagement, improving accuracy,
reducing errors as well as optimizing costs and efficiency (Lee and Yoon, 2021).
Although the advances of Al offer numerous benefits, He et al. (2019) suggest that
there are some practical issues concerning clinical workflows, data sharing, privacy,
and patient safety that should be addressed before implementing such methods. Thus,
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Al technologies have not yet been completely adopted in the healthcare sector and
associated industries.

In the field of cardiovascular diseases, Flores et al. (2022) review several patents to
address the current practices aiding the process of patient well-caring and treatment for
different types of relevant diseases. The objective that is covered by this research is to
provide insights on some critical technologies that should be studied in order to develop
new sufficient inventions that would provide in time and empowered solutions.

Moreover, the rise of Covid-19 urged the development of new technologies and
methods that would help the mitigation and treatment of this disease. Soni et al (2022)
investigate relevant patent technological areas, including medical diagnostics, and
further discuss the content, importance and development of relevant inventions which
have recently emerged and carry a vital role in this crisis, hence providing valuable
insights on significant inventions that would enhance the public awareness and
knowledge sharing.

From a different perspective, Wang and Hsu (2023) analyze smart health patent data
aiming at assessing and forecasting multiple technology convergence patterns, i.c.,
innovations that are formed by multiple existing technologies. Their outcomes
uncovered some new core technologies implementing machine learning algorithms and
manufacturing wearable devices. At the same time, some emerging technological areas
are distinguished which are associated with communication networks, data
transmission, speech recognition, and head-up displays. Finally, this study proposes
that the related patent data and outcomes offer valuable knowledge that could benefit
both inventors and firms.

In general, the various applications of patent analysis have contributed to extracting
valuable findings from many areas of interests. Briefly, patent analysis has been notably
used in the domain of Augmented Reality (Evangelista et al., 2020) to discover
prominent technologies and the industrial landscape. In addition, various ICT domains
such as the Internet of Things (IoT) and Al have been studied under the spectrum of
patent analysis (Ardito et al., 2018, Liu et al., 2021) with the purpose of mapping the
primary technologies, the innovations that patents entail as well as pinpointing primary
assignees and organizations. In other domains, patent analysis has been used in low-
carbon energy technologies (Albino et al., 2014) for the purpose of establishing policies
via the profiling of patent commercialization, logistics (Choi et al., 2018, Kwon et al.,
2022) with the purpose of extracting thematic axes and defining topics that drive
innovation and photovoltaics (Sampaio et al., 2018) for identifying areas of knowledge
and country specific competitors.
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3. METHODOLOGY

In this Section, the main framework of this study which leads to the identification of
the main topics and assignees of medical diagnosis ICT patents are presented. A patent
entry provides information concerning several patent properties and characteristics
such as assignees, titles, inventors, countries and more (Figure 1).

Figure 1. Example of a patent entry

Physically realistic computer simulation of medical procedures

Abstract

US8184094B2
An apparatus for interfacing the movement of a shaft with a computer includes a support, a gimbal United States
mechanism having two degrees of freedom, and three electromechanical transducers. When a shaft
is engaged with the gimbal mechanism, it can move with three degrees of freedom in a spherical
coordinate space, where each degree of freedom is sensed by one of the three transducers. A fourth
transducer can be used to sense rotation of the shaft around an axis.

[§ Download PDF  [& Find Prior Art 3 Similar

Inventor: Louis B. Rosenberg

Images (12) Current Assignee :

> § W0’ . 3 p. Worldwide applications

1994 -US 1997 -US 1999 -US 2001 -US 2003 - US
2007 - US 2009 -YUS

Application US12/537,967 events @
« First worldwide family litigation filed @
Classifications 2009-08-07 * Application filed by Immersion Corp
2009-08-07 - Priority to US12/537,967
® A61B34/76 Manipulators having means for providing feel, e.g. force or tactile feedback 2009-12-03 + Publication of US20090299711A1
2012-05-22 -« Application granted
2012-05-22 * Publication of US8184094B2

2015-06-19 * Adjusted expiration

The first step of the employed framework includes all the necessary steps that help in
forming a representative dataset with relevant patented technologies. To do so, the
Cooperative Patent Classification (CPC) scheme was manually searched in order to
detect an appropriate classification that is relevant to this study. After a thorough
examination, the subgroup G16H50/00, entitled “ICT specially adapted for medical
diagnosis, medical simulation or medical data mining; ICT specially adapted for
detecting, monitoring or modeling epidemics or pandemics”, was selected as a
representative classification of medical diagnosis ICT. Thus, after collecting all the
USPTO patent data that fall under this classification, a dataset of 15734 entries is
established.

Afterwards, the methodology proposed by Choi et al. (2018) is employed to identify
and classify the underlying topics of patent titles, through topic models, while also
assess the main assignees per topic. In the process, multiple text preprocessing
techniques are applied to transform the initial text into an appropriate data format that
can be pipelined into a topic model (Maier et al., 2021). These techniques are lower-
case transformation, punctuation and stopwords removal, tokenization and stemming.
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In addition, a Document-Term Matrix is formed where only the stemmed words that
occurred in more than 5 patent titles are included. This matrix constitutes the input to
the topic models.

To reveal the main topics of the retrieved patents, four different algorithms are
implemented to train topic models in the range from two to twenty topics. These
algorithms are the following: i) Pseudo-document based Topic Model (Zuo et al.,
2016), ii) Correlated Topic Models (Blei and Lafferty, 2006), iii) Hierarchical Pachinko
Allocation (Mimmo et al., 2007), iv) Latent Dirichlet Allocation (Blei et al., 2003). To
select the optimal model, two evaluation metrics that are relevant to topic coherence
(Roder et al., 2015) and topic divergence (Dieng et al., 2020) are aggregated. Thus, for
the rest of the employed methodology, the model that obtains the maximum cumulative
evaluation is utilized.

In general, the main outputs of a topic model are the Document — Topic Matrix, usually
referred to as theta or gamma, and the Term — Topic Matrix, usually referred to as phi
(Blei et al., 2003). Briefly, theta stores the distributions of topics over documents, i.e.,
the probability of a document belonging to a topic, and phi stores the distributions of
words over topics, the probability that a randomly selected token that belongs to a topic
is a specific word. It should be noted that the rows of these two matrices sum to one.
Also, these two matrices constitute the basis in the interpretation of the representative
titles of each topic, where the concepts of the most probable words and documents
(patent titles) are considered more.

Furthermore, the dominant topic for a document is denoted as the topic that obtains the
highest probability. This information helps in evaluating the patent share of a topic
(Equation 1), in different time periods, and in assessing the ten-year Compound Annual
Growth Rate (CAGR) of each topic (Equation 2).

#patents in the topic

patent share in a topic = X 100 (D

total # patents

1
Patent share of topic in 2023)2023_2013 1| x 100 (2)
Patent share of topic in 2013

CAGR per Topic = [(

where #patents in the topic denotes the number of patents in which the topic is
dominant.

Finally, each topic is classified into one of the four classes, as proposed by Choi et al.,
2018, describing Emerging, Declining, Dominant and Saturated topics. These classes
are assessed by evaluating the CAGR (y axis) and the 2023 patent share (x axis) of each
topic in a two-dimensional scatter plot. This plot is split into four quartiles, one for each
class, which are formed using two thresholds denoting the neutral CAGR (CAGR equal
to 0) and the median 2023 patent share. Thus, the aforementioned classes can be
discriminated as follows:
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Emerging: High CAGR — Low 2023 patent share
Dominant: High CAGR — High 2023 patent share
Saturated: Low CAGR — High 2023 patent share
Declining: Low CAGR — Low 2023 patent share

The final step towards this approach is to identify the representative assignees per topic
where the technology share of an assignee into a topic is measured by the number of
patents that are owned-assigned by the assignee and belong to this topic (Equation 3).

3)

The motivation of this study is to provide answers for two Research Questions (RQs)
encompassing concepts that are relevant to the general objectives of patent analysis:

# patents that the assignee has in the topic

technology share = - .
total # patents in the topic

RQ:: Which are the primary thematic axes derived from medical diagnosis ICT
patents and which are driving innovation? Uncovering and assessing the main
themes of a patent dataset is a usual choice in tasks like technology forecasting and
scouting as well as trending analysis. To provide insights regarding these general goals,
a methodology that both uncovers and classifies the main topics of medical diagnosis
ICT patents is employed.

RQ:: Which are the leading organizations in medical diagnosis patenting? The
identification of the main competitors, i.e., competitor analysis, in a technology domain
is very important task that can help organizations in decision making and strategic
planning. To satisfy this goal, an approach that distributes the various organizations-
assignees in the classified topics is applied and leads to the extraction of valuable
information depending on the goals and interests of each researcher-organization.

4. RESULTS

This Section discusses the main results of this study, with respect to the two RQs. In
Section 4.1 the main topics of medical diagnosis ICT patents, as extracted by patent
titles, are presented and classified according to the employed methodology. Also,
Section 4.2 provides insights on the main investors of the different technologies,
expressed by topics, belonging to the investigated domain. In summary, the
interpretation of the topics will help in assessing the overall main areas of interest that
are related to medical diagnosis while the topic classifications will help in providing
information on trending and emerging themes (RQ:). Regarding RQ», the evaluation
of the technology shares for each assignee and topic will distinguish the main
stakeholders of dominant and emerging technologies, thus showing which assignees
carry a beneficiary positioning in the investigated technological area.
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4.1 RQq: Which are the primary thematic axes derived from medical diagnosis
ICT patents and which are driving innovation?

By finalizing the text preprocessing steps, a Document-Term Matrix is established and
consists of 1815 words. By pipelining this matrix into the different topic models,
overall 76 topic models, for 4 algorithms and 19 different parameters for numbers of
topics, are evaluated. Figure 2 presents the topic coherence, Figure 3 presents the topic
divergence and Figure 4 shows the aggregated scores of the trained topic models.

Figure 2. Topic coherence of the models
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Figure 3. Topic divergence of the models
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Figure 4. Combined score of the models
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The above figures indicate that the overall best performing topic modeling algorithm
for the utilized Document-Term Matrix is the Correlated Topic Models, since the
majority of the models that are trained using this algorithm outperform the rest models
for the same number of topics. At the same time, the aggregated/combined score shows
that the best performing model is trained under the aforementioned algorithm for 13
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topics. As discussed previously, from now the respective model will be used for the
rest of this study. Thus, Table 1 presents the representative topic titles and the current
patent share along with the CAGR of each topic.

Table 1. Topic information

Topic No Topic Title Share CAGR
(2023) (2013 —2023)

1 Wearables, monitoring systems

and genetic anomalies/cancer

detection 8,109826 -0,36195
2 Blood pressure and blood vessels

diagnostics 7,741197 -1,1312
3 Diagnostic ultrasound systems and

risk measuring methods 7,353502 -0,68917
4 Artificial intelligence methods and

neural processing 7,029363 -0,08043
5 Models and systems for therapy

treatment plans in  specific
conditions (e.g. radiation, diabetes) | 7,442481 1,229627
6 Monitoring systems for
patient care, condition and status 7,309012 0,26861
7 Bio-enhanced management
environments and systems 7,105631 0,027456
8 Anatomical anomalies and drug
delivery 7,47426 -0,1095
9 Scanners, optical devices and data
mining procedures 6,342952 0,269275
10 Image processing models and
methods 7,28359 0,571198
11 Tissue analysis and cardiac
monitoring 7,220033 0,744442
12 Deep Learning and neural
networks for advanced reporting
and evaluations 8,681836 -0,58146
13 Devices and information systems
for data, records and case
classification (e.g. pneumonia) 10,90632 0,243823

An early inspection of the above table reveals that the evolution of topics is evenly
distributed, with some topics having a positive growth (for example 5, 6, 7) and some
topics having a slight decline (topic 1,2,12). In addition, can also be observed that the
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extracted topics cover a wide range of areas, with wearables, Al, treatment and
monitoring plans, blood pressure diagnostics as well as anatomical issues, image
processing, tissue analysis and deep learning. This is an indicator that medical diagnosis
patents cover a wide range of fields. Moreover, according to the two thresholds,
discussed in Section 3, the topic classifications are presented in Figure 5.

Figure 5. Classification of topics
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The first area, where positive CAGR and small patent share evaluations are apparent,
depicts emerging topics that capture the interest of investors. Here the notable topics
are the Scanners and Data Mining (9), Tissue Analysis (11) and Bioenhanced
Management Systems (7) among others. The second area, where negative CAGR and
small patent share evaluations are apparent, depicts declining topics that have lost the
interest of investors over time. Paradoxically, here the topic that is relevant to Al
appears, but this may be attributed to the fact that patents with Al objectives may belong
to other topics as well.

The third area, where positive CAGR and large patent share evaluations are apparent,
depicts dominant topics that drive innovation and retain their position of importance in
a period of 10 years. The two dominant topics are associated with therapy treatment
plans and specific conditions along with data records and case classification. These
topics retain their position possibly due to their combination with innovative
technologies.

Finally, the fourth area, where negative CAGR but large patent share evaluations are
apparent, depicts saturated topics that, while important, may have an overabundance of
ideas, contributions and patens leading to confusion and mixed solutions. Multiple
topics belong here such as wearables, blood pressure diagnostics, Anatomical
anomalies and Deep learning. These topics are far from trivial but may need careful
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inspection of the patent grants to discover the truly innovative ones. Finally, two topics
Patient Care and Ultrasound and Risk Measuring balance between Emerging/Dominant
and Declining/Saturated.

4.2 RQ;: Which are the leading organizations in medical diagnosis patenting?

In this second Section, the top competitors in each topic are traced, where the following
table (Table 2) reveals that multinational corporations such as IBM, Philips, Toshiba,
Canon, and Siemens lead the way in patenting. Eventually, the main activities of the
leading assignees reveal that a variety of technology domains are combined in
developing medical diagnosis ICT. Overall, apart from the multinational corporations,
other assignees, such as HeartFlow, Inc., Cardiac Pacemakers, Inc. and Medtronic,
which are dedicated to developing products/innovations that are more relevant to the
general field of medical technologies and devices, encompass medical diagnosis ICT
as well.

Table 2. Top assignees

Topic No Top assignees

1 IBM, Philips, FujiFilm, Toshiba

2 IBM, Siemens, Medtronic

3 IBM, ZOLL Medical Corporation
Cardiac Pacemakers, Inc., IBM

5 HeartFlow, Inc., Align Technology, Inc.,
People.ai, Inc.

6 IBM, uBiome, Inc., General Electric
Company

7 CERNER INNOVATION, INC., Hill-
Rom Services, Inc.

8 IBM, Siemens, Samsung

9 IBM, Caltech, Siemens

10 IBM, Toshiba

11 IBM, Magic Leap, Canon

12 IBM, HealthTrio LLC

13 IBM, DexCom, Inc., FujiFilm

However, the next figure (Figure 6) is more important as the companies are distributed
with respect to the different topic categories. Here it is evident that IBM participates in
almost every topic category, indicating a top competitor in this patent dataset, while the
Declining topic class involves only one competitor, Cardiac Peacemakers. In the
Dominant category, an interesting finding is that Al companies, such as People.ai and
Align Technology, have a significant involvement while companies with expertise in
electronics mainly participate in the saturated topics (Siemens, Samsung, Philips,
Toshiba).
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Figure 6. Top assignees per topic

IBM, HeartFlow, Inc., Align | IBM, Siemens, Samsung, Philips,
Cardiac Pacemakers Technology, Inc., People.ai, FujiFilm, Toshiba, Medtronic,
Inc., FujiFilm HealthTrio LLC

IBM, Caltech, Siemens,
Toshiba, Canon

5. CONCLUSIONS

In this Section, the main conclusions of this study are presented, as indicated by the
respective outcomes. Some potential ideas for future work that apply to the general
field of patent analysis are also discussed. As shown by the analysis of this study,
innovative technologies, and products are usually patented by large and small-medium
companies that are relevant to the investigated domain, i.e., medical diagnosis, while
also by technology companies that expand their interest in multiple areas of interest
through Al and electronic products/technologies. Regarding the leading competitors, it
was revealed that IBM is the main stakeholder which is also involved in the majority
of the topics, while the following companies, in terms of overall involvement, include
Samsung, Siemens and Toshiba.

As far as the topics are concerned, the primary extracted topics revolved around Al,
medical procedures such as Tissue Analysis and Patient Care along with data mining.
The drivers of innovation, i.e. dominant topic (topic 13), however seem to be the
development of effective treatment plans and case classification. At the same time, the
therapy treatment plans, i.e. topic 5, constitutes an interesting domain for future
research as it obtains a relatively high patent share and carries the highest CAGR.

Thus, according to the findings of this study, it is suggested that researchers and
companies should develop their experiments and future innovations around these main
technology areas which seem to attract many activities. In addition, future investors
and inventors should be encouraged to study the strategies and developed technologies
of the leading assignees, i.e., assignees that are related to emerging and dominant
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topics, in order to establish and obtain a significant strategic positioning in the medical
diagnosis ICT.

6. FUTURE WORK

Regarding the future research, it should be mentioned that although the analysis of this
study addressed some important research questions and provided valuable insights,
there are still some unexplored research gaps and patent properties. Prior research
showed that the various citation indicators can be used as knowledge basis in assessing
the technological value and influence of patents, topics and assignees. In addition,
while the titles and abstracts of the patents are usually leveraged to identify the main
concepts of a patent dataset, the patent classifications also contain valuable information
that can be used in a similar manner. Thus, future research can leverage this information
to discover some additional or more detailed areas of interest, that were possibly not
detected by the employed approach, complementing in this way the findings of this
study.

Furthermore, despite the inclusiveness of USPTO in many technological fields, it is
reasonable that a single patent office does not cover all possible aspects of the relevant
technologies, as many innovations that are either patented in different continents or not
patented at all are overseen. Hence, future research may focus to including multiple
data sources that can provide valuable information on medical diagnosis ICT. Also,
since a single CPC subgroup was used to collect relevant data, it is proposed that
additional subgroups or keywords should be evaluated to collect and analyze
supplementary information as well as provide a more general overview.

[NEPIAHYH

H 1atpwkn €pgvva ko ot teyvoroyia mailovv éva kpicyo poio otnv gunuepia g
avBpordmrag, kabdg dSwoeaAiifovv 6Tt or dvBpwmor €yovv mpdoPacrm e
OTOTEAECUATIKY VYyElovokn mepiBoiyn. H dudyvoon acbeveidv kol 1 epapuoyn
TPOMNTTIKOV UETP®Y, GE GLVOLACUO HE TOV EYKOLPO EVTOTMICUO KOl TEPLOPIGUO
TOVOM LMV KoL ETONDV, EY0VV £pPEL GTO TPOCKIVIO TOV TEAEVTAIO KOO, 1010iTEPT
Katd 1 dbpkeln g movonuicg COVID-19. latpucég etanpeieg ko te)voroyikol
yiyavteg mpoomafodv va mapéyovv Avcelg [IAnpoeopikng yio v wTpikn ddyveon,
oV pmopovv va a&lorombovv oe TAnBdpa tepmtdcewv. Kabmg o avrayoviopdc sivol
VYNAOG kot kaBe eToupeio emmeeleiton Kot e&oydyel KEPOOC Omd VTEC TIG TEYVOLOYIES,
TOALOL OpYOaVIGHOTL TPOGTATEDOLY TIG EPEVPEGELS TOVC UECH TTATEVTOV. Ol TOTEVTEG
OTOTELODV DYNAL ATOTEAEGLOTIKO LEGO TPOGTAGIOG TV EUTOPIKMY OIKOIMUATMV LG
epevpeonc, evad €yovv amodeyybel emiong efoipetikol OgikTeg TNG TEYVOAOYIKNG
Kovotopiag kot Tpoddov. Ot TAnpogopieg Tov KPVPOVTOL GTIG UTNGELS TOTEVIMOV, O
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omoieg gival cuYVA 08 KEWEVIKN LOPPN], OTTOKAADTTOVYV TOADTULES YVDGELG CYETIKA LE
TG OepoTikég TACES OTIG YOPTYOVUEVEC TOTEVIEG, KOOMG KOlU OTOV EVIOMIGUO
OPYOAVIGLOVG KOl TIG ETALPELES TTOL EYOLV TO LYNAOTEPO LEPIOIO OyOpdS GTIS TATEVTES
WIPIKNG Odyvmong. Ze autiv T HeAétn, cvAiéyovpe €vo oOVOAO Oedopévav
EVPECLTEYVIDV OV GYeTIloVTan e TG TeYvoroyiec ITANpo@opIkng Y10, 1TpIKn SLdyvmaen
Kol mwapokolovnon emdnudv ond 10 [pagpeio Evpeotteyviov kor Epmopikav
Inudtev tov Hveopévev Molrewwy (USPTO) kat epapuolovpe akyopibuovg pseudo-
document based Topic Modeling (PTM), Correlated Topic Models (CTM),
Hierarchical Pachinko Allocation (HPAM) kou Latent Dirichlet Allocation (LDA). O
BéATIOTOG aAYOPIOLOG EMAEYETOL GTT GUVEYELD Y10 TV OVAAVOT) TOV BepdTmv, VO o8
oLVOLOCUO UE Evav E10KO delTn Yoo TV ovamtuén Bepdtov Katd T SiipKeLn TOV
etov. Ta amoteléopata and v avaivon v OgpdTov deiyvouv OTL Ol TATEVTEG
LWTPIKNG O1AyvmONG KAADTTOLY TOAAOVG BEpaTIKOVG AEOVEG, TTOV KUUAIVOVTOL OO TNV
Tponymn acbeveidv (Kapkivog, dtafrtng, vevpoAroykn déyepon) kot v avlpdmivn
eunuepio (Kipkadiovo puOUAOC, 000VTINTPIKES TPOKTIKES, 0pOOTEDIKE) MG TT10 EI0TKOVG
LTPIKOVG TopElg (Sratapayég VTIVOL Kol S TPOPNS, EKPOPIOUOS) Kol TIC KAUIVOTOUES
TeYVoLOYies (EEumveg GLOKEVEG, PIOUETPIKN EMAVENUEVT] TPAYLOTIKOTNTA, O1AyvmOON
UIKpOYA®PIdag).
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ABSTRACT

Multivariate datasets that contain mixed-type data offer researchers various opportunities to
employ diverse statistical methods for dimensionality reduction and clustering. This study aims
to compare several dimensionality reduction methods, including Principal Components
Analysis, Factor Analysis, Multiple Correspondence Analysis, Categorical Principal
Components Analysis with optimal scaling and Factor Analysis for Mixed Data. Additionally,
the study examines clustering methods, including k&-Means and Hierarchical Clustering. These
methods are applied to the "Forest Cover Type" dataset, which pertains to the forest cover type
within four wilderness areas. The dataset comprises 581,012 objects, obtained from forest
sections measuring 30m x 30m, and it includes 55 mixed-type variables. Throughout the study,
various strategies are implemented concerning the selection of the measurement scales for input
variables and the coding of variable values. The aim of this study is to compare the
aforementioned methods and strategies in terms of results and execution times, using Python
and SPSS. The disadvantages of dimensionality reduction methods include the "curse of
dimensionality", which pertains to determining the number of significant dimensions, the
increased computational demands, the lack of software code for certain methods, variation in
result calculations between software packages, and the limitations of some software in handling
numerous binary coded variables or running Parallel Analysis. Clustering methods have their
own disadvantages including software limitations in extracting Hierarchical Clustering results
(and dendrograms), and the dependence of k-Means on the chosen analysis strategy.
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1. INTRODUCTION

Scientific research often relies on complex multidimensional and multivariate datasets,
commonly known as big data, which contain a mix of data types including categorical
(nominal, ordinal), binary, circular and scale variables [Hendrickson (2014); Menexes
(2006)]. The challenge with using mixed-type data lies in effectively applying them to
multivariate data analysis. To address this, two prominent schools of data analysis have
proposed contrasting approaches. The Dutch School suggests converting categorical
data into scale data [Van Rijckevorsel and De Leeuw (1988); Young (1981)], while the
French School recommends transforming scale data into categorical data [Menexes
(2006); Papadimitriou (1994)]. However, these conversions may lead to a loss of
information compared to the original data [Menexes (2006)].

The development of multivariate and multidimensional analysis, including
dimensionality reduction and clustering methods, traces its roots back to the French
and Dutch Schools of data analysis and it continues to evolve in the fields of Statistics
and Machine Learning. As a result, numerous methods and their extensions exist,
demonstrating the intricate complexity of dimensionality reduction and clustering
techniques [Cunningham and Ghahramani (2015)].

Dimensionality reduction methods aim to produce a compact representation of the
original dataset that retains critical and useful information while reducing its overall
"volume" [Sharma (1996)]. However, these methods also come with inherent
disadvantages, such as the "curse of dimensionality" [Bellman (1961); Nguyen and
Holmes (2019)], challenges in determining the number of important dimensions, high
computing time requirements, handling missing values [Hair et. al. (2010)], outliers
and extreme values [Menexes (2006); Hair et. al. (2010)] and difficulties in visualizing
the results [Menexes (2006)].

On the other hand, clustering methods aim is to partition a set of objects into clusters
based on pre-defined criteria-variables with the goal of grouping similar objects
together and distinguishing them from objects in other clusters [Ahmad and Khan
(2019); Jain and Dubes (1988)]. However, a significant limitation of clustering methods
is their inability to handle datasets that consist of mixed-type data [Ahmad and Khan
(2019)].

This study seeks to investigate the application of five dimensionality reduction and
two clustering methods to a multidimensional mixed-type dataset. The goal is to
compare these methods, in terms of their results and execution times, using two
different statistical software packages. Through this comparison we aim to highlight
significant computational and interpretive disadvantages of these methods.
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2. MATERIALS AND METHODS
2.1 Methods and Computer system specifications

The dimensionality reduction methods employed in this study include Principal
Components Analysis (PCA) [Anderson (1984); Hair et. al. (2010); Jolliffe (2002)],
Factor Analysis (FA) [Anderson (1984); Hair et. al. (2010); Jolliffe (2002)], Multiple
Correspondence Analysis (MCA) [Menexes (2006); Messaoud et. al. (2007)],
Categorical Principal Components Analysis with optimal scaling (CATPCA) [Gifi
(1990); Markos et. al. (2020); Menexes (2006)] and Factor Analysis for Mixed Data
(FAMD) [Kassambara (2017); Markos et. al. (2020); Pagées (2014)]. The clustering
methods employed in this study are Partitioning Clustering (k-Means) [Izenman
(2008); Jobson (1992)] and Hierarchical Clustering (HC) [Hair et. al. (2010); Jobson
(1992)]. To implement these methods, various strategies are employed in terms of
selecting the main factorial axes, determining the measurement scale of the variables
and coding the variable values.

For the implementation and comparison of the above methods, a Dell Vostro 5490
laptop is used, with an Intel(R) Core(TM) i7-10510U CPU @ 1.80GHz (8 CPUs)
processor, 2.3GHz and Windows 11 Pro 64-bit (10.0, Build 19043)
(19041.vb_release.191206-1406) operating system. The RAM type is DDR4, with a
speed of 2666MHz and 16GB memory. The hard drive type is M.2 PCle NVMe, with
a capacity of 512GB and with read and write speeds of 1483MB/sec and 786MB/sec,
respectively. The statistical software packages used are Python 3.10, via the Anaconda
platform and Jupyter Notebook 6.4.5, and IBM SPSS Statistics v26.0.

2.3 Dataset

The dataset used in this study is the “Forest Cover Type” dataset [UCI Machine
Learning Repository]. This dataset concerns the forest cover types found in four
wilderness areas of the Roosevelt National Forest in northern Colorado, USA. These
four wilderness areas exhibit minimal human disturbance, resulting in the presence of
seven forest cover types that are primarily influenced by ecological processes rather
than forest management practices. The dataset comprises 581,012 objects, obtained
from forest sections measuring 30m x 30m, and consists of 55 variables of mixed types.
Specifically, the “Cover Type” variable is nominal variable and contains seven
categories. The “Wilderness Area” variable is also nominal with four categories or can
be represented by three independent binary dummy variables (coded as 0 or 1).
Similarly, the “Soil Type” variable can be treated as a nominal variable with 40
categories or as 39 independent binary dummy variables (coded as 0 or 1). The
“Elevation” (m) of the forests and the four variables related to the “Distances of forests
from four nearby landmarks” (m) are scale variables. The three “Hillshade” variables
at 9am, noon and 3pm are also scale variables measured on an index ranging from 0 to
255. Lastly, the “Aspect” and “Slope” variables, which represent the orientation and
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steepness of the forests are scale variables that fall under the category of circular data.
Their unit of measurement is in degrees (x°), which are converted to radians (rad) using
the following equation:

rad = x° (7T/ 180")’ wheremr=3.14.
3. RESULTS
3.1 Dimensionality Reduction

Principal Components Analysis

The PCA method is applied to the dataset's 10 scale variables, as well as to the 40-1=39
binary dummy variables for “Soil Type” and the 4-1=3 binary dummy variables for
“Wilderness Area”. To account for the different units of measurement in these
variables, Pearson’s » correlation matrix is chosen as the input matrix. Additionally, the
rotation of the factorial axes is performed using the Varimax method to enhance the
interpretability of the extracted factors.

Consistent results are obtained in both software packages. The execution time for
the results is 20 seconds in SPSS and 6.3 seconds in Python. Six different criteria
(strategies) are employed to select the most significant principal components. The first
criterion selects factorial axes with eigenvalues >1, resulting in the extraction of 38
principal components that explain 89% of the total variance (inertia). The second
criterion selects factorial axes with eigenvalues >0.7, yielding 41 principal components
that explain 94% of the total variance. The third criterion selects factorial axes with a
percentage of explained variance >5%, resulting in the extraction of two factorial axes
explaining 12% of the total variance. The fourth criterion selects factorial axes with a
percentage of total variance explained >60%, leading to the extraction of 23 principal
components that explain 60% of the total variance. The fifth criterion selects factorial
axes based on the eigenvalues’ diagram (Scree-plot, Figure 1), which is consistent
across both software packages. This criterion extracts four principal components
explaining 20% of the total variance. The sixth criterion selects factorial axes using
Parallel Analysis, which compares the eigenvalues from the analysis with those resulted
from a correlation matrix computed from a random sample with the same dimensions
as the “Forest Cover Type” dataset. The application of Parallel Analysis in SPSS is
applied using code in SPSS Syntax [O’Connor (2000)]. Factors and eigenvalues
exceeding those of the random sample are selected. Using this criterion, Python extracts
38 principal components explaining 89% of the total variance (Table 1). However,
SPSS fails to reproduce results.

Figure 1. Scree-plot of PCA eigenvalues. The circle marks the point where the curve
shows an elbow and indicates the number of the most important principal components
(source: SPSS).
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Table 1. Table of PCA eigenvalues and eigenvalues of the random sample based on
Parallel Analysis (source: Python)

Factors Eigenvalues of PCA Eigenvalues of random sample
Factor 1 3.535 1.017

Factor 2 2.727 1.016
Factor 38 1.000 0.993
Factor 39 0.980 0.993

Factor 40 0.893 0.992

A comprehensive presentation of the PCA analysis and its output is provided in the
flowchart of Figure 2.

Figure 2. A comprehensive overview of PCA performed on a 581,012 %52 data
matrix. The analysis includes 10 scale variables and 42 binary dummy variables. The
figure provides information on the types of variables involved in the analysis, the
criteria used for selecting factorial axes, the statistical software packages employed
for the analysis, the execution time of results in each software, and the number of
extracted principal components (PCs) along with the corresponding percentages of
total variance explained.
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Factor Analysis

The FA method is applied to the dataset's 10 scale variables, as well as the 40-1=39
binary dummy variables for “Soil Type” and the 4-1=3 binary dummy variables for
“Wilderness Area”. Pearson’s r correlation matrix is selected as the input matrix and
the axes rotation is performed using the Varimax method. It is worth noting that both
PCA and FA attempt to reduce the mathematical dimensions of a dataset, but whereas
PCA assumes that the common variance is equal to the total variance, FA assumes that
the total variance is split into common and unique variance [Fabrigar et. al. (1999)].

However, SPSS fails to extract results regardless of the number of factorial axes
extracted and the number of iterations selected. This limitation is attributed to the
extensive number of dummy variables involved in the analysis. Conversely, the
execution time for obtaining the results in Python is 3.7 seconds. To select the most
significant factors, five different criteria (strategies) are employed. The first criterion
involves selecting factorial axes with eigenvalues >1, resulting in the extraction of 38
factorial axes that explain 77% of the total variance. The second criterion selects
factorial axes with eigenvalues >0.7, leading to the extraction of 41 factorial axes that
explain 82% of the total variance. The third criterion involves selecting factorial axes
with a percentage of explained variance >5%, resulting in the extraction of two factorial
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axes explaining 10% of the total variance. The fourth criterion selects factorial axes
with a percentage of total variance explained >60%, leading to the extraction of 27
factorial axes explaining 60% of the total variance. The fifth criterion involves selecting
factorial axes based on the scree-plot of eigenvalues, which is the same as in the PCA
method (Figure 1). This criterion results in the extraction of four factorial axes
explaining 17% of the total variance. Figure 3 presents a comprehensive overview of
the FA analysis, along with the FA output.

Figure 3. A comprehensive overview of FA performed on a 581,012 %52 data matrix.
The analysis includes 10 scale variables and 42 binary dummy variables. The figure
provides information on the types of variables involved in the analysis, the criteria

used for selecting factorial axes, the statistical software packages employed
for the analysis, the execution time of results in each software, and the number of
extracted factorial axes along with the corresponding percentages of total variance
explained.
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[ii. 41 FAs — 82% of total variance explained.
[iv. 27 FAs — 60% of total variance explained.

iii. 2 FAs = 10% of total variance explained. ]

[v. 4 FAs — 17% of total variance explained.

Multiple Correspondence Analysis

MCA is applied to the two nominal variables (“Wilderness Area” and “Soil Type” with
four and 40 categories, respectively) and the 10 discretized scale variables of the
dataset. “Cover Type” (seven categories) is included as a supplementary variable,
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which does influence the analysis results. In SPSS, the selection of the most important
factorial axes is based on the Cronbach's alpha criterion with thresholds of ¢>0.7 and
a>0.6. However, no code for extracting Cronbach's alpha values is found in Python.
As a result, two and three important factorial axes are extracted based on the SPSS
results. Two strategies are employed to categorize the scale variables.

In the first strategy, the values of each scale variable are divided into three intervals
or classes, ensuring that 33% of the values fall into each class. The execution time for
obtaining the results is 30.9 seconds in SPSS and 8.2 seconds in Python. For ¢>0.7, two
factorial axes are extracted explaining 51% of the total inertia in SPSS and 10% in
Python. For ¢>0.6, three factorial axes are extracted explaining 69% of the total inertia
in SPSS and 13% in Python.

In the second strategy, the values of each scale variable are divided into four
intervals or classes, with 25% of the values falling into each class. The execution time
of results is 31 seconds in SPSS and 8.2 seconds in Python. For ¢>0.7, two factorial
axes are extracted, explaining 53% of the total inertia in SPSS and 9% in Python. For
a>0.6, three factorial axes are extracted, explaining 73% of the total inertia in SPSS
and 12% in Python. A comprehensive presentation of the MCA analysis and its output
is provided in the flowchart of Figure 4.

Figure 4. A comprehensive overview of MCA performed on a 581,012%12 data
matrix. The analysis includes 12 nominal variables. The figure provides information
on the types of variables involved in the analysis, the criteria used for selecting
factorial axes, the statistical software packages employed
for the analysis, the execution time of results in each software, and the number of
extracted factorial axes along with the corresponding percentages of total variance
explained.
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Categorical Principal Components Analysis with optimal scaling

The CATPCA method is employed using three different strategies, considering the
measurement scale of the variables. Additionally, the variable “Cover Type” (with
seven categories) is included as a supplementary variable. In SPSS, the selection of the
most significant factorial axes is based on the Cronbach's alpha criterion, with a
threshold of ¢>0.7 and ¢>0.6, respectively. However, there is no available Python code
to perform CATPCA.

In the first strategy, the analysis includes two nominal variables (“Wilderness Area”
and “Soil Type”) with four and 40 categories, respectively and 10 scale variables from
the dataset. The execution time for obtaining the results in SPSS is 27.7 seconds. For
a>0.7 and a>0.6, two principal components are extracted, explaining 49% of the total
variance.

In the second strategy, the analysis includes the same two nominal variables
(“Wilderness Area” and “Soil Type”) along with the 10 categorized scale variables
from the dataset, which are treated as ordinal variables. Two different strategies are
used to discretize the scale variables:

The first strategy divides the values of each scale variable into three intervals with
33% of the values in each class. The execution time for obtaining the results in SPSS
is 25.7 seconds. For ¢>0.7 and a>0.6, two principal components are extracted,
explaining 47% of the total variance in SPSS.

The second strategy divides the values of each scale variable into four intervals,
with 25% of the values falling into each class. The execution time for obtaining the
results in SPSS is 29 seconds. For a¢>0.7 and a>0.6, two principal components are
extracted, explaining 48% of the total variance in SPSS. A comprehensive overview of
the CATPCA analysis can be found in Figure 5.
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Figure 5. A comprehensive overview of CATPCA performed on a 581,012%12 data
matrix. The analysis includes two nominal and 10 ordinal or scale variables. The
figure provides information on the types of variables involved in the analysis, the

criteria used for selecting factorial axes, the statistical software packages employed
for the analysis, the execution time of results in each software, and the number of

extracted factorial axes along with the corresponding percentages of total variance

explained.
Type of variables Type of variables Type of variables
» 2 nominal * 2nominal « 2nominal
» 10 scale categorized into 3 classes (ordinal) 10 scale categorized into 4 classes (ordinal) « 10 scale
Significant dimensions: Criterion Significant dimensions: Criterion Significant dimensions: Criterion
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Results Results Results
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Factor Analysis for Mixed Data

The FAMD method is applied to the two nominal variables (“Wilderness Area” and
“Soil Type” with four and 40 categories, respectively) and to the 10 scale variables of
the dataset. In SPSS no option or code in the Syntax is found to run FAMD, while in
Python no code is found to extract Cronbach's alpha values. The execution time of the
results is 31.7 seconds in Python. Two different criteria (strategies) are used to select
the most important factorial axes, based on the results of the MCA and CATPCA
methods. In the first strategy two factorial axes are extracted that explain 10% of the
total variance in Python. In the second strategy three factorial axes are extracted that
explain 14% of the total variance in Python. A comprehensive overview of the FAMD
analysis can be found in Figure 6.
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Figure 6. A comprehensive overview of Factor Analysis for Mixed Data (FAMD)
performed on a 581,012%52 data matrix. The analysis includes two nominal and 10
scale variables. The figure provides information on the types of variables involved in

the analysis, the criteria used for selecting factorial axes, the statistical software

packages employed for the analysis, the execution time of results in each
software, and the number of extracted factorial axes along with the corresponding
percentages of total variance explained.
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Results
[i. 2 FAs — 10% of total variance explained.
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3.2 Clustering

Partitioning Clustering
The k-Means method is applied with five different strategies. More specifically:

In the first strategy, the method is applied to the 10 scale variables of the dataset.
Using the Elbow Score criterion [Tripathi et. al. (2018)], as shown in Figure 7, six
clusters are selected that include 24.8%, 3.7%, 17.1%, 12, 5%, 34.3% and 7.5% of the
objects, respectively. Based on the coefficients #* [Michos et. al. (2012)], the horizontal
distance of forests from roads has the greatest contribution to the formation of the
clusters (7°=0.831), followed by the horizontal distance of forests from fire points (*=
0.776). The execution time of the results is 5.7 seconds in SPSS and 1.2 seconds in
Python.

Figure 7. Score elbow plot for determining the number of clusters (source: Python).
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In the second strategy, the method is applied to the two factorial axes resulting from
MCA (after categorizing the 10 scale variables into three classes, as nominal variables),
based on the Cronbach's alpha criterion for ¢>0.6 [Menexes (2006)], which explain
51% of the total inertia in SPSS. Using the Score Elbow criterion, four clusters (C1-
C4) are selected that include 35.2%, 17.7%, 17.3%, and 29.8% of the objects,
respectively. Based on the coefficients #?, the first factor has the greatest contribution
to the formation of the clusters (#?=0.889), followed by the second factor (°=0.732).
The execution time of the results is 2.8 seconds in SPSS and 0.8 seconds in Python.

In the third strategy, k-Means is applied to the two factorial axes resulting from
MCA (after categorizing the 10 scale variables into four classes, as nominal variables),
based on the Cronbach's alpha criterion for ¢>0.6, which explain 53% of the total
inertia in SPSS. Using the Score Elbow criterion, four clusters (C1-C4) are selected
that include 27.3%, 27.2%, 23.8%, and 21.7% of the objects, respectively. Based on
the coefficients #?, the first factor has the greatest contribution to the formation of the
clusters (7°=0.851), followed by the second factor (#°=0.738). The execution time of
the results is 2.8 seconds in SPSS and 0.8 seconds in Python.

In the fourth strategy, the method is applied to the two factorial axes resulting from
CATPCA (after categorizing the 10 scale variables into three classes, as ordinal
variables), based on the Cronbach's alpha criterion for a>0.6, which explain 47% of
the total inertia in SPSS. Using the Score Elbow criterion, four clusters (C1-C4) are
selected that include 28.9%, 19.2%, 14.5%, and 37.4% of the objects, respectively.
Based on the coefficients #?, the first principal component has the greatest contribution
to the formation of the clusters (7*=0.892), followed by the second principal component
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(7*=0.702). The execution time of the results is 1.8 seconds in SPSS and 0.9 seconds
in Python.

In the fifth strategy, k-Means is applied to the two factorial axes resulting from
CATPCA (after categorizing the 10 scale variables into four classes, as ordinal
variables), based on the Cronbach's alpha criterion for a>0.6, which explain 48% of
the total inertia in SPSS. Using the Score Elbow criterion, four clusters (C1-C4) are
selected that include 37.0%, 25.5%, 16.6%, and 20.9% of the objects, respectively.
Based on the coefficients #?, the first principal component has the greatest contribution
to the formation of the clusters (#?=0.839), followed by the second principal component
(7*=0.687). The execution time of the results is 1.8 seconds in SPSS and 0.9 seconds
in Python. A comprehensive overview of the k-Means analysis can be found in Figure
8.

Figure 8. Flowchart of k-Means (types of variables involved in the analysis, number
of selected clusters based on Score Elbow criterion, execution time of results in each
software, percentages and number of objects in each cluster).
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Hierarchical Clustering (HC)
The HC method with the respective dendrograms cannot be performed as both software
packages “crashed”, due to the large sample size.

4. CONCLUSIONS

This study shows that at least five dimensionality reduction methods and one clustering
method can be used for the same dataset, combined with different analysis strategies in
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terms of how the data are coded and how the measurement scale of the variables is
determined. It also shows that it is necessary to use several analysis strategies, until a
satisfactory dimensionality reduction and clustering solution is found to strengthen the
validity of the results. Furthermore, Python has the fastest execution times.

Regarding the dimensionality reduction methods, the above analyses show that for
the “Forest Cover Type” dataset, the most satisfactory reduction of the mathematical
dimensions is achieved with MCA and CATPCA. When the Parallel Analysis is
applied, SPSS is unable to extract results, possibly due to the limited memory space of
the system. Also, when FA is applied, SPSS “crashes” due to the large number of
dummy variables involved in the analysis. Specifically, the Varimax rotation of the
axes is not performed, and the factorial loadings and scores are not extracted.
Furthermore, it is observed that when applying PCA and FA, removing a different
dummy variable each time produce different results. There are also slight differences
between the results of the PCA and FA methods. These small differences are considered
insignificant in the context of an empirical study. In addition, regarding MCA, it is
observed that the calculation of the percentage of the explained total variance is differed
between SPSS and Python due to different method of inertia correction used or/and the
type of input matrix (Burt matrix or logical matrix with binary 0-1 coding).
Additionally, for MCA and FAMD, no code is found in Python for the values of the
Cronbach's alpha criterion. Also, no code is found in Python to run the CATPCA
method, while the FAMD method is not supported by the SPSS statistical package. For
future research, it is proposed to develop code in Python or SPSS Syntax for the
CATPCA and FAMD methods, respectively.

Disadvantages of dimensionality reduction methods are identified for this particular
dataset, are the "curse of dimensionality", in the sense of determining the number of
important dimensions-axes, the increased computing power required in some cases, the
lack of software code for certain methods and criteria, the differentiation between the
software packages in terms of calculations and by extension the extraction of different
results, the collapse of SPSS in terms of managing too many dummy variables and
running the Parallel Analysis and finally the difficulty of highlighting the most
appropriate method for the reduction of mathematical dimensions.

Regarding the clustering methods, the above analyses show that for the “Forest
Cover Type” dataset there are many clustering strategies, as more than one strategy can
be used. However, the composition and number of clusters are different depending on
the analysis strategy. Regarding the limitations of HC, it seems that the method cannot
be performed on this dataset or on datasets of similar size (mainly in terms of the
number of cases), since both software packages "crashed". This fact is rather a
disadvantage, because HC may not have "meaning" in "Tall" datasets (dendrogram
construction), however it gives the possibility to estimate the number of clusters,
combining various distances and joining methods. Finally, the main limitation of -
Means is that the user cannot choose a distance and clustering method.
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HHEPIAHYH

Ta moAivpetoPfAntd chvora dedopéveOV LEIKTOD TUTTOL ®OOLV TOLG EPEVLYVNTEG GTNV
EQUPLOYY] TOAADV GTATICTIKAOV LeBOO®V pelwong TV dloTdcE®V Kol Ta&vounong.
2V mapovoa perétn ot uéBodot peimong Tov SleTAcEMY OV GLYKpPivovTo gival M)
Avaivon oe Kopieg Xvviotmoeg, 1 [Topayoviikry Avdiven, n Iapayovtiky Avéivon
tov [loAamhov Avtictoyidv, n Kamyopiky Avdivon oe Kopieg Xvvictdoes e
Bértiom Khpaxomoinon kot 1 [apayovtikn Avdivon yio Meiktod tomov Aedopéva.
Ot péBodor tagvounong mov ovykpivovron glvor m k-Means kor 1 Iepoapykn
Tagvounon. Avtég ot pébodot gpappodlovtar 6to cuvoro dedopévav "Forest Cover
Type", 10 omoio a@opd Tov TOTO SAGIKNG KAALYNS TECCAP®Y TEPLOYDY AypLag GVOTG.
To cvvoro dedopévev anotereitar and 581.012 avtikeipeva, ta omoia eA@ONcay amd
Tuuota ddoovg 30m x 30m kor omd S5 petafintéc pewktov tomov. H pelém
EQUPUOLEL OLAPOPES OTPATNYIKEG MG TPOG TNV EMAOYN TNG KAILOKOG HETPNONG TOV
UETAPANTAOV KO TNV KOSIKOTOINGT TOV TILOV TOV UETOPANTOV. ZKOTOG TNG TOPOVGIS
HEAETNG €lval M oOYKPIoT aLTOV TOV HEBOdOV KOl GTPOTNYIKOV OCOV aQopd Ta
OTTOTEAECUATO KOl TOVG YPOVOLS eE0y@YNG TV OMOTEAECUATOV, PE TN YPHON NG
Python xat tov SPSS. Ta pelovexmparta tov pebddmv peimong tov daotdoewy ivar
n “xotdpa TV OSwotdoewv’, pe v évvow Tov Kobopiopod tov appod twv
ONUOVTIK®V O10GTAGE®Y, 1 GLENUEVT VTOAOYIGTIKT 1GYVG TOV AOLTEITOL, 1| EAAEWYT
KOOIKA TOV AOYICUIKOV Y10 Oplopéveg peBodovg, m dapopomoincn ™G TPog Tovg
VTOAOYIGHOVG HETAED TV AOYIGHIK®MV, 1] KATAPPEVCT] OPIGUEVOV AOYIGUK®DV (OC TPOG
™ Swyeipion mToAAGV yevdopeTaPAnTdv kol v extédeon g Parallel Analysis. Ta
pelovekTuote TV  peboddwv tafivounong elvar n advvopic eSayoyng tov
aroteleopdtav ¢ lepapyinc Ta&vounong (Kot T@v SeVOPOYPAUUAT®Y) KOl TO
yeyovoc 0Tt o, amoteléopata TG k-Means e€apt@vTal amd TNV EKAGTOTE GTPUTNYIKN
avdivonc.
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ABSTRACT

A fleet of aircraft is often deployed in a location to accomplish a specific mission. In such cases,
the aircraft maintenance managers face the problem of defining the required number of spare
parts that should be available during the mission to maximize its success, under a total weight
and/or volume restriction. A reliability-based statistical analysis is a prerequisite for dictating
the optimal solution to this problem. This study uses a cold standby redundancy strategy to
examine the mission reliability problem for multiple, non-identical, parts. The formulated
optimization problem is solved using dynamic programming and simulation-based
optimization. To demonstrate the applicability of the model, an amphibious aircraft type for
firefighting operations is employed as a case study.

Key Words: Reliability; Redundancy; Cold standby; Spare parts

1. INTRODUCTION

System reliability optimization is critical in the real world, and significant work has
been undertaken over the last decades in this direction. The improvement of reliability
may be achieved through the following main approaches: a. improving the reliability
of the system’s components; b. employing redundant components (Kuo & Prasad,
2000; Yeh and Hsieh, 2011).

The main drawback of the first approach is that the system’s reliability can be improved
only to some extent. Specifically, the overall reliability of a system is limited by its
least reliable component, and improvements to other components cannot surpass this
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constraint. To this end, the second approach is a complementary approach that helps
overcome this limitation by providing alternatives in case of failures and aims to
maximize reliability by utilizing backup components. This widely applied approach for
improving system reliability (Reihaneh et al. 2022) is known as the Reliability
Redundancy Allocation Problem (RRAP). RRAP deals with determining the optimal
allocation of redundant components in a system, based on the importance and criticality
of each element, to maximize the overall system reliability, while considering various
constraints such as cost, weight, and space limitations (Yeh et al. 2022).

The RRAP typically considers two types of components: primary components, which
are essential for the system to function, and redundant components, which serve as
backups in case of primary component failures. The parts that are in standby mode can
be further classified as hot, warm, or cold standby, depending on the failure probability
during inactivity. Specifically, in the hot standby strategy, the failure probability is the
same compared to the respective active component, whereas a very low and zero failure
probability is considered in the warm and cold standby strategies, respectively (Amari
and Dill, 2009). Nevertheless, most of the studies in the relevant literature implemented
the active standby strategy, i.e., the redundant components are subject to operational
stresses, and only a few papers have dealt with the cold-stand redundancy strategy
(Ardakan et al. 2016). Specifically, Coit (2001, 2003) was the first to introduce the cold
standby strategy in the redundancy allocation problem. Furthermore, Wang et al. (2015,
2016, 2018) used the cold standby strategy by considering degrading components,
parameter uncertainty, and periodic inspection and maintenance, respectively. Ardakan
and Hamadani (2014) studied the cold standby strategy in the RRAP. Finally, Garg and
Sharma (2013) and Ardakan and Rezvan (2018) developed multi-objective RRAP with
conflicting objectives, i.e., cost and reliability.

The RRAP can be formulated as a mathematical optimization model, often using: a.
exact optimization methods (e.g., Kuo, 2001; Reihaneh et al. 2022); b. meta-heuristic
algorithms, including, inter alia, genetic algorithm (e.g., Tavakkoli-Moghaddam et al.,
2008; Lins and Droguett, 2011), tabu search (e.g., Kulturel-Konak et al., 2003; Ouzineb
et al., 2008), particle swarm optimization (e.g., Dos Santos Coelho, 2009; Beji et al.,
2010), memetic algorithm (e.g., Pourdarvish and Ramezani, 2013), ant colony
optimization (e.g., Liang and Smith, 2004; Nahas et al., 2007), artificial immune
algorithms (Chen, 2006), artificial bee colony (Garg et al., 2013), and imperialistic
competitive algorithms (Afonso et al. 2013), stochastic fractal search (Mellal and Zio,
2016); c. hybridization techniques, which have been recently proposed, that aim to
enhance the performance of the abovementioned methods (Thymianis et al. 2023).

In this study, the deployment of an aircraft fleet for a mission and the problem of
defining the components that should be also deployed to support the fleet and minimize
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the mission abortion probability is formulated as an RRAP problem. Multiple
redundant components that can be shared among the aircraft are considered, and a cold
standby strategy is applied during their inactivity. Moreover, the use of any distribution
of parts’ time-to-failure enhances the model’s applicability. The objective function of
the model represents the system’s reliability, and the constraints capture the limitations
and requirements of the system under a realistic framework. Dynamic programming
and simulation-based optimization are used to define the optimal redundancy allocation
of components to achieve a high level of system reliability and so, improve system
performance, reduce downtimes, and enhance the overall system robustness.

2. PROBLEM SETTING

Let us assume a fleet of aircraft located permanently in a specific airbase, denoted
hereafter as home base. Occasionally, there is an operational demand for several aircraft
to deploy to another airbase to fulfill a mission. Specifically, part of the fleet must
relocate from its home base to a different airfield to carry out a specific military
operation. These missions could include, for example, participation in a military
exercise, humanitarian assistance, or the deployment of firefighting aerial means across
a region to maximize the proximity to potential fire incidents. Therefore, the necessity
of aircraft deployment is very common, especially in military aviation applications.

Nevertheless, aircraft are very complex systems that are prone to stochastic failures.
Consequently, there is a high possibility that after deployment, one or more aircraft
may face a problem and either become unairworthy or unable to fulfill their mission.
In such cases, there are usually the following options: a. All aircraft, or only the failed
ones, come back to their home base because their mission has not been completed.
However, this option is available only if the discrepancy does not affect their
airworthiness, e.g., a failure in the firefighting system which does not prevent the
aircraft from returning to its home base (ferry flight), whatsoever; b. Another aircraft,
usually a cargo aircraft, must transport the required spare parts to restore the failure,
which is a very time-consuming and costly option. It should be noted that in such
applications, military transportation options are preferable because they offer greater
security and direct control over the shipment process, whereas commercial
transportation options require, apart from additional security measures, coordination
with civilian partners, as well.

Hence, to avoid the abovementioned scenarios and ensure sustained operations during
the deployment interval, efficient and extensive logistical planning is necessary.
Maintenance engineers should define the quantity of redundant spare parts of each type
of component that should be relocated to the new airbase to support the mission, or
equivalently maximize the mission reliability. These backup parts are in a cold standby
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mode because they are considered not to have any operating stresses before their
installation on an aircraft. However, in practice, capacity and/or weight limitations
constrain the number of redundant parts that can be carried out for the deployment.
Moreover, in real-world applications, each type of part may follow a different failure
probability density function, thereby arising an additional challenge.

In this study, an appropriate mathematical model is developed, which defines the
optimal solution to the abovementioned realistic problem, characterized by complexity
and uncertainty.

3. MODEL FORMULATION
3.1 Notations

For the model formulation, the following parameters are considered:

a. The number of aircraft to be deployed (N ) .

b. The different types of components (n) .

c. The weight and volume of each type of component i € [1, n] , denoted by w; and v;
, respectively.

d. The total available weight and capacity for redundant components, denoted by W
and V', respectively.

e The optimal number of spare parts of each type i € [l,n], which is the decision

variable of the model, denoted by m, .

3.2. Assumptions
The proposed model is developed on the basis of the following assumptions:

1. Each type of component of the deployed fleet is considered independent of another.
This is a reasonable assumption since, in practical applications in aviation, the failure
probability of one type of component is not related to the failure probability of another
type of component.

2. If any type of component fails, then the entire system fails. The reasoning behind
this assumption is that the successful completion of the mission prerequisites the
operability of all deployed aircraft during the interval.

3. Perfect switching to standby parts is considered.

4. The redundant parts are assumed to perfectly restore the failure.
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5. The failure probability for the standby parts is assumed to be zero (cold standby).

6. The system’s reliability is not affected by the time required for part replacement.
This assumption is justified by the routine post-flight inspections and servicing
procedures that every aircraft undergoes, regardless of the reason for landing, i.e.
failure or not. In practice, the duration of these post-flight maintenance actions is
generally adequate for the replacement of the majority of aircraft parts.

3.3 Model Description

The system, i.e., the aircraft fleet, is represented as a series of blocks. To facilitate the
quantitative assessment of the effect of multiple, non-identical, types of redundant parts
on the system’s reliability, the different types of parts, i.e., appurtenances, devices, and
accessories, are used as the distinctive components of the system. Each part has two
possible states, i.e., operating and failing to operate. The assumption that the failure of
any type of part causes a system’s failure (see Assumption No.2), entails an in-series
connection among the different types. Furthermore, each type of part consists of N
primary components, which are put on the aircraft fleet and are initially operating, and
a number of spare parts in cold standby mode, in case one or more out of the primary
components of the same type fails. The utility of carrying a specific number of backup
parts for each type of component is related to its effect on the system’s reliability. The
reliability block diagram of the system is presented in Figure 1.

Figure 7 Reliability Block Diagram of the system
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Consequently, the problem is formulated as an RRAP problem with multiple non-
identical components with a cold stand-by strategy.

According to Yeh et al (2022), the most usual structure in RRAP is the series-parallel,
i.e., subsystems in series and components are parallel to each subsystem. Nevertheless,
most studies in the relevant literature focus on different subsystems, each supported by
components dedicated to specific subsystems (see e.g., Tian et al. 2008; Khalili-
Damghani et al. 2013; Mellal and Zio 2016; Reihaneh, et al. 2022). However, in our
study, redundant components may be used in any of the subsystems, i.e., aircraft, that
fail. This flexibility allows for a different configuration compared to studies that restrict
the use of redundant components to specific subsystems. Hence, the model employs a
connection of types of parts rather than aircraft. This choice facilitates an extension to
a k-out-of-N redundancy model, a scenario often met in practice when deploying more
aircraft than required to an airbase to fulfill a mission. Such situations arise either due
to compliance with pilot crew rest regulations or the unique requirements of the
mission.

4. THE OPTIMIZATION PROBLEM

The optimization purpose of the problem is to maximize the system’s mission
reliability, by considering the optimal number of redundant parts of each of the n

different types, i.e., m;, Vie [1, n] . Based on the assumption that the system functions
only if all mission-related aircraft are airworthy and capable of fulfilling the mission

(see Assumption No. 2, Section 3.2), the system’s reliability is determined by assessing
the respective probability of success for each of the n types of parts given that m; items

are decided to be available in cold standby mode for each type i (i € [l,n]) . Hence,

the overall system reliability is derived as the product of the respective reliabilities of
each type:

max RSystem = Rllml 'R2|m2 '..anlm'1 (1)

Furthermore, the reliability optimization includes total weight and capacity constraints,
which are inherent in the aviation industry. These constraints arise from the safe
operating limits set by the aircraft manufacturer and/or aviation regulations. In
particular, the combined weight and volume of the backup parts cannot exceed the total
available weight and capacity:

n
> mpow <W 2)
i=l
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n
D> omv <V 3)
i=l1

The following constraints set the boundaries of the decision and nominal variables of
the problem. In particular, the number of deployed aircraft for the mission and the
number of different types of parts, are, by default, positive integer numbers (Equations
(4)-(5)), whereas the number of backup parts for each type is a non-negative integer,
with zero indicating the absence of redundant part for a specific type (Equation (6)):

Nell* )
nell* &)
m; ell, Vie[l,n] (6)

Moreover, the weight and volume of each type of part and the total available weight
and volume, are inherently positive numbers (Equations (7)-(8)):

w;,v; >0, Vie[l,n] @)
w.,V >0 (®)
By default, the reliability of each distinct type of component lies within the range of

zero to unity (Equation (9)):
0<Ry, <. Vie[Ln], m el 9)
Finally, the maximum weight and volume of each type, must not exceed the total
available weight and capacity, respectively; otherwise, the type of component
associated with the maximum value of weight and volume could not be considered

(Equations (10)-(11)):
W >maxw;, Vie[l,n] (10)
1

V >maxv,, Vie[l,n] (11)
1
5. SOLUTION PROCEDURE

Dynamic programming, an exact algorithm that results quickly in the optimal solution,
is used to solve the problem. In our study, the problem is divided into separate stages,

where each stage corresponds to a different type of component i (i e[l,n]) . The

decision made at each stage involves selecting the number of items of the specific type
to be available during the mission. The possible states, at each stage, represent the
remaining weight and capacity, denoted by »w and rv, respectively. Then, the optimal
solution is obtained through backward recursion, i.e., moving from the terminal stage
to the initial one, while applying the following recursive formula:
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Ri*(rw,rv)zmax{Ri R;](rw—ml.-wl.,rv—mi-vi)} (12)

[mt; '

where Rl.*(rw, rv) for i e[l,n—l] denotes the optimal system's reliability when

considering stages i to n with available weight rw and capacity v at the i stage

(R: (rw,rv) =max{Rn|m }) . Subsequently, R (W,V) represents the maximum

reliability of the system, i.e., max R achieved when optimal decisions are made

System >

at each stage, considering the initial available weight and capacity.

Moreover, the problem was addressed through simulation, which concurrently
validated the results obtained from the respective dynamic programming model. Figure
2 presents the flow diagram of the simulation process.

Figure 2 Flow chart of the simulation process
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A computer program developed in MATLAB R2017a dictates the optimum solution to
the optimization problem both for the dynamic programming and the simulation-based
solution approach.

6. CASE STUDY

To demonstrate the applicability of the proposed model, a case study of an aerial
firefighting fleet is employed. Aircraft failure data were collected from a maintenance
department, covering a nominal period of a ten (10), fully operational, years span
regarding a ten aircraft fleet. Thereby, trustworthy information about the system failure
mechanism was available. The data set was in a two-dimensional matrix format, where
each row is a single restoration action and the following variables were the columns in
the data frame: Aircraft, affected subsystem, failure description, maintenance actions,
date, and time of failure, i.e., when the failure happened, date and time of restoration,
i.e., at what time the repair was completed. Therefore, a rectangular array of data
consisting of six (6) columns and approximately seven thousand (7000) rows was
available. An indicative example of the format of the data set is provided in Figure 3.
Unfortunately, the real data set is confidential but can be made available upon request
to the authors.

Figure 3 Format of the available raw data set

Aircraft | Subsystem Failure Restoration Date/Time | Date/Time of
Description Actions of Failure Restoration
S/N 1 Hydraulic Failure 1 Restoration 01/01/2020 01/01/2020
Action 1 08:15 12:15
Restoration
Action 2
S/N 4 Avionics Failure 2 Restoration 10/01/2020 10/01/2020
Action 1 13:45 15:22
S/N 3 Engine Failure 3 Restoration 02/02/2020 04/02/2020
Action 1 16:05 10:44

6.2. Data Preprocessing

The raw data had to be cleaned and transformed to be used for our model. To this end,
the data preprocessing phase consisted of the following steps:

a. Identification and handling of missing values. The missing data can be categorized
as completely random, and the reason for missing is reasonably considered to be human
errors. These missing values of the data set were handled in several different ways. In
particular, missing values in the subsystem column could be easily completed
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manually, since the failure description indicated the affected subsystem in all cases.
However, given that the categorization of failures into affected subsystems added no
value to our analysis, this column was deleted. On the other hand, missing values in the
restoration actions column were either manually completed in case additional
information could be provided from the aircraft’s logbook, or the respective failure was
deleted, otherwise. Furthermore, missing values in the date/time columns of restoration
were filled by inserting the mean time to repair the same failure if applicable or deleted
otherwise.

It should be mentioned that the affected aircraft and the failure description are
mandatory fields to insert a new record. Moreover, each record's failure date is
automatically filled as the insertion date. Therefore, there were no missing values in
these columns.

b. Identification and handling of incorrect values. The problem of inaccurate values
pertains solely to the date and time of restoration of a failure. At this phase, only data
that are obviously entered incorrectly are characterized as outliers. Similarly to the
former category of missing values, incorrect data were handled either through
imputation, by substituting inaccurate values with the expected data and time of
restoration, or by deleting the respective entries.

c. The restoration of a failure may include replacing a component and/or other
maintenance actions. For example, a failure in controlling the aircraft’s movable
surfaces can be rectified through proper cable rigging, a maintenance action that does
not require the use of a spare part. Furthermore, a failure’s restoration may necessitate
multiple actions. For instance, the recovery process might involve removing corrosion,
applying lubrication, and subsequently replacing a specific part. To align with the focus
of this study on replaceable items, and to enhance the utilization of data, the column
initially designated for restoration actions has been converted into a column specifying
the necessary backup parts.

d. A failure may be restored by multiple restoration actions, which implies that a
specific action did not correct the issue, and so, another action was required. Therefore,
the replacement of a part does not necessarily signify that the part failed.

On the other hand, apart from corrective maintenance actions, i.e., restoration actions
performed in response to an unexpected failure, a proactive maintenance approach is
implemented to prevent a failure before it happens. Age-based preventive maintenance
policies are usual in the aviation industry; thus, specific aircraft parts may be
proactively replaced before failure.

Consequently, in case a part was replaced erroneously or proactively, the exact time an
aircraft part would have failed if continued its operation is unknown, resulting in right-
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censored failure data. Therefore, for the reliability analysis, failure data had to be
categorized into exact and right-censored failure data, and so, an additional column was
added that divides the entries into these two categories: exact (E) and right-censored
(RO).

Figure 4 Format of the final data set

Aireraft Failure Spare Part Date/Time | Date/Time of | Exact (E)/Right-
Description p of Failure Restoration Censored (RC)
S/N 1 Failure 1 Spare Part | 01/01/2020 | 01/01/2020 E
08:15 12:15
. 10/01/2020 | 10/01/2020 E
S/N 4 Failure 2 | Spare Part 2 13:45 15:2
. 02/02/2020 | 04/02/2020 RC
S/N 3 Failure 3 Spare Part 1 16:05 10:44

6.3 Reliability Analysis

A reliability analysis, which is a prerequisite for defining the optimal solution to this
RRAP problem, was conducted. Since the study focuses on the successful completion
of a mission, the reliability analysis was limited to parts that belong to at least one of
the following categories: a. Minimum Equipment List (MEL) of the aircraft, i.e., the
minimum equipment requirements for the specific type of aircraft to be considered
airworthy. The parts that belong to the MEL allow an aircraft to continue operating
even if other parts or systems are inoperative; b. Mission-Related (MR) parts, i.e.,
specific parts that are related to the mission. These parts do not affect the airworthiness
of an aircraft, but their failure results in its inability to fulfill the mission, e.g., a failure
in the fire system of a firefighting aircraft, or a failure in the reconnaissance pod of an
aircraft during an aerial photography mission. Hence, although the MEL is the same
for a specific type of aircraft, the MR parts should be considered ad-hoc, especially for
multi-role aircraft.

To perform the reliability analysis of the above-mentioned parts, the final data set along
with flight data and maintenance-related data, and the analysis was conducted using the
Minitab software. First, the trend and correlation for the failure data of each part and
each aircraft were tested to validate the assumption of independent and identically
distributed data.
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Furthermore, several candidate distributions were studied for suitability. In particular,
the dataset was fitted to Weibull, lognormal, exponential, loglogistic, normal, and
logistic distributions. The choice of candidate distribution functions is justified based
on the following considerations: a. Aircraft parts can be broadly categorized into
electronic components and mechanical components (see e.g., Sadananda Upadhya and
Srinivasan 2012; Guo et al. 2019); b. From a practical applications perspective, the
exponential distribution is a good fit for modeling the failure of electronic components
(Wessels 2007), whereas the Weibull distribution is the best fitting distribution for
modeling problems associated with mechanical components’ aging, wear, and
deterioration (Billinton and Allan, 1983); c. Normal, lognormal, and loglogistic
distributions are also quite effective for modeling positively skewed reliability data,
which is often the case for mechanical parts during the wear-out phase (Ragab et al.
2018; Ebeling, 2019); d. The logistic distribution offers versatility in reliability
modeling and describes well the degradation process of many systems in practice
(Wang and Pham. 2006). The maximum likelihood estimation method was used for
each distribution and the suitability of fitted parameters was evaluated through the
Anderson-Darling (AD) goodness-of-fit test.

The output of the optimal solution contains the total reliability without available
redundant parts, the optimal quantity of each type of part, the available free space, and
the total reliability with the optimal solution.

7. SUMMARY AND FUTURE RESEARCH

In this study, a decision-making tool on reliability redundancy allocation problem in
case of aircraft deployment for a mission, is developed. The model incorporates many
important and realistic factors to dictate the optimal quantity of many different types of
components that should be available during the mission to avoid the undesirable and
costly scenario of an aircraft aborting the mission. The total number of spare parts that
are in a cold standby mode is subject to weight and/or volume constraints, and each
component type is considered to follow different failure probability density functions.
The solution procedure entails both a dynamic programming and a simulation-based
optimization approach. The model was evaluated in the case study of an aerial
firefighting aircraft. Several possible directions of this study are suggested: a. The
extension to a k-out-of-N redundancy model; b. The use of a metaheuristic algorithm
to find a near-optimal solution but in less computational time; c. The incorporation of
a cost function into the model. This extension would facilitate decision-making not only
on an operational level but on a tactical level as well. For example, it would be possible
to define whether the deployment of a larger number of backup parts by a cargo airplane
to the mission airbase is a more cost-efficient option compared to the transportation of
fewer spare parts by the deployed aircraft; d. The relaxation of the assumptions of a
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perfect switch in case of a part replacement, and zero failure probability in standby,
would enhance the model’s applicability.

HHEPIAHYH

2tV agpomopiky Propunyavia, Kot Kupiog 6TV GTPATIOTIKY 0EPOTOPIKN Propnyavia, eyeipetal
GLYVA 1 amaitnon HETACTAOUEVONG €VOG CUYKEKPLUEVOL OpBIOD OEPOCKAPOV GE [a
SLPOPETIKY GO TN UNTPIKN 0EPOTOPIKT PACT TPOKEWEVOD VO EKTAT|PDGOVV [0 CUYKEKPLULEVT
amooToA. QQ0TOG0, TO 0EPOCKAPT OMOTELOVV GUVOETO CLUGTNLATA T OTOi0 VITOKELVTOL OE
oTOY Ao TIKEG PAAPES. C2g €K TOVTOV, T GTEAEYT OV EIVOL ETUPOPTIGUEVA LLE TN GLUVTIPNON KoL
VROOTHPIEN TOV 0EPOCKAPDV OVTILETOTILOVY TO TPOPANLLA TPOGIIOPIGHOD TOV ATALTOVUEVOV
avTOALOKTIKGOV TOV Oo wpémel va givarl Sob€oipo Katd ™ SIpKEW TNG OTOGTOANG DOTE vVl
peytotomoindei n wbavdmra emttvyovg olokApmong avte. H exthoyn tov aviadloktikdv Ba
npémel vo. AapPavel voym mepopiopovs Papovg kol GYKov ot omoiot veioTavTal Yio T
HETAPOPE OVTOV GE GLUVOLAGHO HE KOTOAANAN perétn aflomiotiog. e avtn ™V gpyocio
e&etaleton 10 GVYKEKPIUEVO TPOPANLA Y10 TOAAATAOVG, UN-O1010VG THTOVG OVTOAAAKTIKOV TO,
omoia Bpickovtal o€ yoyp1 katdotaot avopovig. To TpdPinua emAdeTal pe xpnon dvvapukon
TPOYPOUUOTICHOD  KOODG Kol péow mpooopoimong. 'Evag thmog oaepookapdv mov
YPNOOTOLEITAL Y10, ATOGTOAEG AlEPOTVPOGPESNC EXEL XpNOLHOTOMNOEl G PeEAETN TTepinTmOONG
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Xopnyieg

H Opyavwrtikn Emtponn odellel va euxapLotnoeL TIG o katw Etatpeieg kat Qopeig
TIOU OUVELCEPEPAV OTNV EMLTUXN Slopyavwaon Tou Zuvedpiou.
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